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Application: Shallow Flows

Relevant scale is the shallowness

S =
water height

wave length
=
h

λ

Model equation is the incompressible Navier-Stokes Equation

∇ · uuu = 0, ∂tuuu + uuu · ∇uuu = −1
ρ
∇p + 1

ρ
∇ · σ + g

Ansatz: Polynomial velocity profile [1]

A constant velocity profile (as common for shallow water equations) is an unphysical
simplification.
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u(t, x, z) = um(t, x)︸ ︷︷ ︸
mean of u

vs u(t, x, z) = um(t, x) +

M∑
i=1

αi(t, x)φi

(
z − hb
h

)
Use Legendre basis polynomials φi, which are orthogonal on [hb(x), h(t, x)].
Projection onto test functions leads to moment model

∂tw + ∂xF (w) = Q∂xw + S, w = (h, hum, hα1, . . . , hαM)T

Equations 1: Shallow Water Moment Model [1]

Example: N = 2
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with non-conservative part Q and friction term P

Q =


0 0 0 0
0 0 0 0
0 0 um − α2

5
α1

5

0 0 α1 um + α2

7

 and P =
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Equations 2: Hyperbolic regularization [2]

Model is not hyperbolic and requires regularization: ∂tw +A∂xw = S
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Regularized model is hyperbolic with real eigenvalues

λ1,2 = um ±
√
gh + α2

1

λi+2 = um + bi · α1, i = 1, . . . ,M

Results 1: Smooth wave transport[1, 2]
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Hyperbolic moment model converges to reference solution with increasing M .

Results 2: Shallow sediment transport [5]
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Vertical velocity profile of moment model yields realistic bottom sediment transport.

Further work:

(1) equilibrium stability analysis [3]

(2) well-balanced numerical schemes [4]

(3) Savage-Hutter friction term
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