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Problem
Navier-Stokes equations are given as

∂Q

∂t
+ ∇ · Fc(Q) = ∇ · Fv(Q, ∇Q), (x, t) ∈ Ω × (0, T ).

where Q = (ρ, ρu, ρv, E)T . The viscous flux is defined as

Fv(Q, ∇Q) =


0 0

τ11 τ12
τ21 τ22

uτ11 + vτ21 + µγ
Prex uτ12 + vτ22 + µγ

Prey


The viscous stress tensor is

τ = µ

(4
3ux − 2

3vy uy + vx

uy + vx −2
3ux + 4

3vy

)
.

The DG scheme for the NS equations is given as∫
K
Qt v dxdy =

∫
K

(Fc(Q) − Fv(Q, ∇Q)) · ∇v dxdy

−
∫

∂K

(
F̂c(Q) − F̂v(Q, ∇Q)

)
· v n ds −

∫
∂K
Icorr(Q, v) · n ds.

The original direct DG scheme fails to formulate F̂v(Q, ∇Q) and Icorr(Q, v).

Our objective is to reformulate the direct DG method with interface correction to

compute the viscous numerical flux and interface correction.

Contributions

Easy-to-implement new numerical flux and interface correction definitions.

A nonlinear diffusion model based on sum of multiple individual diffusion processes.

An algorithm that is extensible to more general conservation laws such as turbulence

models and turbulent combustion.

The direct DG method for scalar nonlinear diffusion equations
A single nonlinear diffusion process can be modeled by

∂u

∂t
= ∇ · (A(u)∇u), (x, t) ∈ Ω × (0, T ),

The weak form is given by∫
K

utv dxdy =
∫

∂K
Â(u)∇u · n v ds −

∫
K
A(u)∇u · ∇v dxdy

We define the interface jump and average operators:

JuK = u+ − u−, {{u}} = u+ + u−

2
.

The original direct DG numerical flux formula:

̂aij(u)uxj = β0
h

Jbij(u)Knj + {{bij(u)xj}} + β1hJbij(u)x1xjn1 + bij(u)x2xjn2K.

where bij(u) =
∫ u aij(s)ds might not be explicitly available.

Our newmethod for scalar diffusion equations

We consider the adjoint-property of the inner product:

A(u)∇u · n = ∇u · A(u)Tn = ∇u · ξ(u)
where ξ(u) = A(u)Tn. On the discrete level, we redefine the numerical
flux as:

Â(u)∇u · n = ∇̂u · ξ ({{u}}) with ξ ({{u}}) = A({{u}})Tn
and compute the numerical flux only for the solution gradient.

ûx = β0
JuK
h

n1 + {{ux}} + β1hJuxxn1 + uyxn2K,

ûy = β0
JuK
h

n2 + {{uy}} + β1hJuxyn1 + uyyn2K.

K

K ′

n

ξ

The new direct DG methodwith interface correction for NS equations

The viscous flux F̂v(Q, ∇Q) · n can be written as a combination of multiple individual diffusion processes.

We consider the x-momentum equation:

F
(2)
v · n =

(
τ11
τ12

)
· n = µ

(4
3ux − 2

3vy

uy + vx

)
· n = A(21)(Q)∇ρ · n + A(22)(Q)∇(ρu) · n + A(23)(Q)∇(ρv) · n

where the diffusion matrices are given by

A(21)(Q) = −µ

ρ

(4
3u −2

3v
v u

)
, A(22)(Q) = µ

ρ

(4
3 0
0 1

)
, A(23)(Q) = µ

ρ

(
0 −2

3
1 0

)
.

Defining ξ(2m)(Q) = A(2m)(Q)Tn form = 1, 2, 3, we can write

F
(2)
v · n = µ

(4
3ux − 2

3vy

uy + vx

)
· n = ∇ρ · ξ(21)(Q) + ∇(ρu) · ξ(22)(Q) + ∇(ρv) · ξ(23)(Q).

This holds true on the continuous level.

At the discrete level, the numerical flux for the viscous term is then defined as:

F̂v(Q, ∇Q) · n =


0

∇̂ρ · ξ(21) + ∇̂(ρu) · ξ(22) + ∇̂(ρv) · ξ(23)

∇̂ρ · ξ(31) + ∇̂(ρu) · ξ(32) + ∇̂(ρv) · ξ(33)

∇̂ρ · ξ(41) + ∇̂(ρu) · ξ(42) + ∇̂(ρv) · ξ(43) + ∇̂E · ξ(44)

 .

The interface correction term can be derived similarly:

Icorr(Q, v) · n = 1
2


0(

JρKξ(21) + J(ρu)Kξ(22) + J(ρv)Kξ(23)
)

· ∇v(
JρKξ(31) + J(ρu)Kξ(32) + J(ρv)Kξ(33)

)
· ∇v(

JρKξ(41) + J(ρu)Kξ(42) + J(ρv)Kξ(43) + JEKξ(44)
)

· ∇v

 .

where ξ(lm) = ξ(lm)({{Q}}) = A(lm)({{Q}})Tn for l = 2, 3, 4, m = 1, · · · , 4

A pressure pulse in a periodic domain
We consider a square domain Ω = [0, 1] × [0, 1]with the initial conditions:

ρ(x, y, 0) = 1, u(x, y, 0) = v(x, y, 0) = 0,

E(x, y, 0) = 12
γ − 1

+ 1
2

exp
(

−
(

cos(πx)2 + cos(πy)2
))

.

Error analysis has been conducted on a set of triangular meshes:

We obtain (k + 1)th order convergence.

L2 errors and orders for (ρu)
h h/2 Order h/4 Order h/8 Order

k = 3 6.08E-5 2.57E-6 4.56 1.60E-7 4.00 9.28E-9 4.11

k = 4 1.05E-5 2.62E-7 5.33 8.53E-9 4.94 2.76E-10 4.95

L2 errors and orders for E
h h/2 Order h/4 Order h/8 Order

k = 3 7.71E-4 2.66E-5 4.86 1.65E-6 4.02 9.88E-8 4.06

k = 4 1.16E-4 2.91E-6 5.31 7.91E-8 5.20 3.12E-9 4.66

Unsteady flow over a cylinder

The new direct DG method accurately calculates

the physical quantities:

M = 0.2 and Re = 75
Cl is lift coefficient

St is Strouhal number

Cd is drag coefficient

Cd Cl St = fD/U
k = 3 1.396 ± 0.00342 ±0.211 0.150

k = 4 1.396 ± 0.00351 ±0.211 0.150

Canuto and Taira 1.390 ± 0.00310 ±0.212 0.150

FutureWork

Stability and adjoint consistency analysis.

Positivity-preserving limiter.

Extension to turbulence simulations.
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