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Introduction

Chemical reaction networks model the change in the concentrations
of a set of chemical species within a system, e.g., inside a cell. Under
the assumption of mass-action kinetics, each chemical reaction net-
work gives rise to a differential system of equations governing the
change in species concentrations. Monomial terms appearing in the
ideal generated by the differential equations tell us some behavior
of the dynamics at steady state. This lead us to the question: when
do two networks have the same ideal? Are these ideals monomial?
We will introduce network operations which preserve the network
associated ideals.

Background and Notation

A chemical reaction network (CRN) is a triple N = (8, G, R) where
8 is a finite set of chemical species, C C Z2 , is a finite set of chemical
complexes, and R, a set of reactions, is a relation — on €. Each com-
plex y; = Y ocs7sis € Cis associated to a monomial x¥ = [ cgx4™
where x; is the concentration of species s. Under the assumption of
mass action kinetics, we obtain a system of differential equations:

dx |
= d—ts = Z Ki(Ysir — Vsi) X,
yi—yER

Xs

where «; is the rate constant for y; — y.. The steady state ideal
is Z(N) = (X; : s € 8). We mostly restrict to CRNs such that
vsi € {0,1} and call such networks, 0, 1-networks.

Example: Consider the following CRN with three complexes :
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XA = —lei — KoX AXB — 2K3x124

Xg = lezzq + KoX 4XB + 2K3x124

Combinatorics of CRNs

Definition: Given a CRN, N = (§,C,R), let u; = y; and v; = yg for
each y; — y: € R. The associated hypergraph is H(N) = (V,E)
where V = {u;,v; : y; = y; € R} and E is a set containing the hy-
peredges E; = {u;,v;} whenever y; — y: € R and the hyperedges
Es={ue€V:se&supp(u)} foreachs € 8.

Example: Associated hypergraph of previous example is below. The
hyperedge E; = {2A, A+ B} is red and corresponds to2A — A+ B
etc.

Definition: Given a hypergraph H(N) = (V,E), a bi-colored edge
set is a multiset € with underlying set E where we color the edges
two colors and write € = &, U, A vertex v € V is said be
almost balanced with respect to € if deg, (v) # deg, (v) and

deg. (1) = deg, (u) forallu € H(V)\ {v}.

Lemma: Let N = (§,C,R) be an 0, 1-network. If y; € C is almost bal-
anced with respect to € = &, U &y, then k;¢¥' = ) g ce Xs — Y p.cg, Xs-

Example: Consider the following 0, 1-network with its associated
hypergraph (only edges in bi-colored edge set are drawn).
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A+B —5 D
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B+C — D
e D

We see that A + B is almost balanced with & = {E4, Eg} and
&y = {Ec}. Further, observe that:

Y ds— Y g =dXc—Xa—Xp
Escé&, Escé,
= (—KXAXC — K3XBX()
— (—K1XAXB — K2X AX(C)
— (—K1XAXB — K3XBX(C)
— ZleAxB.

Network Operations

Theorem 1: Let N be a 0,1-network and suppose u; € V is almost
balanced with respect to the two-colored multiset &€ = &, U &;,. Sup-

pose sy is a species such that s & supp(y;), andlet N' = (N \ {y; —
v U{yi = yi+sgb. B Es, & €, thenZ(N') = Z(N).
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Theorem 2: Let N be a 0,1-network. Suppose there are distinct re-
actions y; — y; and y; — y;. such that x¥/ | x¥ and u; is almost
balanced with respect to some two-colored edgeset € = &€, LI €. Let

s; be a species such that s; ¢ supp(y;), and let N’ = (N \ {y; —
y;}) U {yz + S — y;} I Es, Z &, then I(N/) = Z(N).

Theorem 3: Let N be a 0,1-network. Suppose there is some vertex
v; € V such that v; is almost balanced with respect to the two-

colored multiset &€ = &, U &;,. Let N = NU{y; — 9}. If E; € &,
then Z(N') = Z(N).
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Question: For monomial ideals, are these ideal preserving opera-
tions minimal in the sense that any ideal preserving operation is
some combination of the above three?
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