
The values of the angular power spectrum at higher degrees,    , are crucial to modern cosmology and are more difficult to calculate. The 
first two numerical tests demonstrate the accuracy of the new HP2SPH method relative to the HEALPix approach for problems involving 
synthetic data with no noise. The results from the second numerical test specifically show that when the function is deterministic, the 
HP2SPH method can more accurately recover the angular power spectrum at high degrees when compared to the method used by the 
HEALPix software.  In the case of a real CMB map, which is inherently noisy, the power spectrums computed by the two methods show 
good agreement, as seen in the third numerical test.
Our new method, HP2SPH, utilizes the FFT, NUFFT, and the FSHT to accurately compute the angular power spectrum of CMBR data 
maps, even at higher spherical harmonic degrees, with near optimal computational complexity 

Motivation
Faintly glowing at the edge of the observable universe, the Cosmic
Microwave Background (CMB) is “relic radiation” that represents the
first light to travel during the early stages of the universe's development
and gives the strongest evidence for the Big Bang theory. Since the
discovery of the CMBR in 1964, scientists have worked to measure it in
full detail using a Hierarchical Equal Area isoLatitude Pixelization
scheme on the sphere. While these “HEALPix” points allow for a
quasiuniform discretization of the sphere, they are not well suited for the
fast algorithms necessary for mining the massive CMBR data sets. For
this work, we apply the Double Fourier Sphere method and fast Fourier
transforms for uniform and non-uniform point distributions in order to
to efficiently compute the bivariate Fourier series coefficients. We then
utilize a state-of-the-art method which computes spherical harmonic
coefficients from these bivariate Fourier coefficients. This algorithm
enables us to quickly and more accurately compute the angular power
spectrum of CMBR data sampled at the HEALPix points.
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<latexit sha1_base64="jwKlOyL73bltDdchheycsYZGEIs=">AAACB3icZZC9TsMwFIUdfkv5CzAyYFEhMVRVwgJslVgYC6K0Eq0qx72hFo4d2TeIKurIwquwMABi5RXYeBvcNgPQI1n6fO3r63OiVAqLQfDtzc0vLC4tl1bKq2vrG5v+1va11Znh0ORaatOOmAUpFDRRoIR2aoAlkYRWdHc2Pm/dg7FCqyscptBN2K0SseAMXann73UQHjCK806m+mDGz+SXEIMBxcGORj2/EtSCiegshAVUSKFGz//q9DXPElDIJbP2JgxS7ObMoOASRuVOZiFl/I7dwo1DxRKw3XxiZEQPXKVPY23cUkgn1d8dOUusHSZRlTpIGA4mgIOkSsc71Fra6rTt3ySMT7q5UGmGzth0UJxJipqOU6F9YYCjHDpg3Aj3V8oHzDCOLruyCyH8b3kWmke101p4cVSpnxRplMgu2SeHJCTHpE7OSYM0CSeP5Jm8kjfvyXvx3r2P6dU5r+jZIX/kff4AWTeaHw==</latexit><latexit sha1_base64="jwKlOyL73bltDdchheycsYZGEIs=">AAACB3icZZC9TsMwFIUdfkv5CzAyYFEhMVRVwgJslVgYC6K0Eq0qx72hFo4d2TeIKurIwquwMABi5RXYeBvcNgPQI1n6fO3r63OiVAqLQfDtzc0vLC4tl1bKq2vrG5v+1va11Znh0ORaatOOmAUpFDRRoIR2aoAlkYRWdHc2Pm/dg7FCqyscptBN2K0SseAMXann73UQHjCK806m+mDGz+SXEIMBxcGORj2/EtSCiegshAVUSKFGz//q9DXPElDIJbP2JgxS7ObMoOASRuVOZiFl/I7dwo1DxRKw3XxiZEQPXKVPY23cUkgn1d8dOUusHSZRlTpIGA4mgIOkSsc71Fra6rTt3ySMT7q5UGmGzth0UJxJipqOU6F9YYCjHDpg3Aj3V8oHzDCOLruyCyH8b3kWmke101p4cVSpnxRplMgu2SeHJCTHpE7OSYM0CSeP5Jm8kjfvyXvx3r2P6dU5r+jZIX/kff4AWTeaHw==</latexit><latexit sha1_base64="jwKlOyL73bltDdchheycsYZGEIs=">AAACB3icZZC9TsMwFIUdfkv5CzAyYFEhMVRVwgJslVgYC6K0Eq0qx72hFo4d2TeIKurIwquwMABi5RXYeBvcNgPQI1n6fO3r63OiVAqLQfDtzc0vLC4tl1bKq2vrG5v+1va11Znh0ORaatOOmAUpFDRRoIR2aoAlkYRWdHc2Pm/dg7FCqyscptBN2K0SseAMXann73UQHjCK806m+mDGz+SXEIMBxcGORj2/EtSCiegshAVUSKFGz//q9DXPElDIJbP2JgxS7ObMoOASRuVOZiFl/I7dwo1DxRKw3XxiZEQPXKVPY23cUkgn1d8dOUusHSZRlTpIGA4mgIOkSsc71Fra6rTt3ySMT7q5UGmGzth0UJxJipqOU6F9YYCjHDpg3Aj3V8oHzDCOLruyCyH8b3kWmke101p4cVSpnxRplMgu2SeHJCTHpE7OSYM0CSeP5Jm8kjfvyXvx3r2P6dU5r+jZIX/kff4AWTeaHw==</latexit><latexit sha1_base64="v+a23l4P+wz+jIo4bGE9UFDmHr4=">AAAB2HicZZDNSsNAFIUn9a/GqnXtZrAILkpJ3Kg7wY3LCsYW2lAmk0kzdH7CzI1QQl/AhRvFB3Pn2zhNu9D2wMB3z3C5956kENxCEPx4jZ3dvf2D5qF/1PKPT07brRerS0NZRLXQZpgQywRXLAIOgg0Lw4hMBBsks4fl/+CVGcu1eoZ5wWJJpopnnBJwVn/S7gS9oBbehnANHbTWpP09TjUtJVNABbF2FAYFxBUxwKlgC39cWlYQOiNTNnKoiGQ2ruo1F/jSOSnOtHFPAa7dvx0VkdbOZdLFDiSBvAbIZRcvK9Ba2O6qbWMSZLdxxVVRAlN0NSgrBQaNlzfjlBtGQcwdEGq42xXTnBhCwSXjuwzCzYu3Ibru3fXCpwA10Tm6QFcoRDfoHj2iPooQRSl6Qx9e7r17n6uoGt46szP0T97XLzmziYY=</latexit><latexit sha1_base64="29RMW3RfU21Fm7H/no6KYlrubtQ=">AAAB/HicZZC7TgMxEEVneYbwCrQUWCAkiijapQE6JBrKgAhBIlHkdWYTK157Zc8iolVKGn6FhgIQ30HH3+A8Ch5XsnQ81sz43jhT0lEYfgVz8wuLS8ullfLq2vrGZmVr7caZ3ApsCKOMvY25QyU1NkiSwtvMIk9jhc14cD5+b96jddLoaxpm2E55T8tECk6+1KnstggfKE6KVq67aMdjiitM0KIW6EajTmU/rIUTsf8QzWAfZqp3Kp+trhF5ipqE4s7dRWFG7YJbkkLhqNzKHWZcDHgP7zxqnqJrFxMjI3bgK12WGOuPJjap/uwoeOrcMI2rzEPKqT8B6qdVNr6RMcpVp21/NlFy0i6kznLyxqaLklwxMmycCutKi4LU0AMXVvq/MtHnlgvy2ZV9CNFfy/+hcVQ7rUWXIZRgB/bgECI4hjO4gDo0QMAjPMMrvAVPwUvwPk1rLpjFtg2/FHx8A7znmLk=</latexit><latexit sha1_base64="29RMW3RfU21Fm7H/no6KYlrubtQ=">AAAB/HicZZC7TgMxEEVneYbwCrQUWCAkiijapQE6JBrKgAhBIlHkdWYTK157Zc8iolVKGn6FhgIQ30HH3+A8Ch5XsnQ81sz43jhT0lEYfgVz8wuLS8ullfLq2vrGZmVr7caZ3ApsCKOMvY25QyU1NkiSwtvMIk9jhc14cD5+b96jddLoaxpm2E55T8tECk6+1KnstggfKE6KVq67aMdjiitM0KIW6EajTmU/rIUTsf8QzWAfZqp3Kp+trhF5ipqE4s7dRWFG7YJbkkLhqNzKHWZcDHgP7zxqnqJrFxMjI3bgK12WGOuPJjap/uwoeOrcMI2rzEPKqT8B6qdVNr6RMcpVp21/NlFy0i6kznLyxqaLklwxMmycCutKi4LU0AMXVvq/MtHnlgvy2ZV9CNFfy/+hcVQ7rUWXIZRgB/bgECI4hjO4gDo0QMAjPMMrvAVPwUvwPk1rLpjFtg2/FHx8A7znmLk=</latexit><latexit sha1_base64="/pIHbKHoDESvn4ewHW0AhXWJ2aU=">AAACB3icZZC7TsMwFIYdrqXcAowMWFRIDFWVsFC2SiyMBRFAolXluCfUwrEj+wRRRR1ZeBUWBkCsvAIbb4PbZuDyS5Y+H/v4+P/jTAqLQfDlzczOzS8sVpaqyyura+v+xuaF1bnhEHEttbmKmQUpFEQoUMJVZoClsYTL+PZ4fH55B8YKrc5xmEE3ZTdKJIIzdKWev9NBuMc4KTq56oMZP1OcQQIGFAc7GvX8WtAIJqL/ISyhRkq1e/5np695noJCLpm112GQYbdgBgWXMKp2cgsZ47fsBq4dKpaC7RYTIyO65yp9mmjjlkI6qf7sKFhq7TCN69RBynAwARykdTreodbS1qdtfyZh0uwWQmU5OmPTQUkuKWo6ToX2hQGOcuiAcSPcXykfMMM4uuyqLoTwr+X/EB00jhrhaVBrNcs0KmSb7JJ9EpJD0iInpE0iwskDeSIv5NV79J69N+99enXGK3u2yC95H99Yl5od</latexit><latexit sha1_base64="jwKlOyL73bltDdchheycsYZGEIs=">AAACB3icZZC9TsMwFIUdfkv5CzAyYFEhMVRVwgJslVgYC6K0Eq0qx72hFo4d2TeIKurIwquwMABi5RXYeBvcNgPQI1n6fO3r63OiVAqLQfDtzc0vLC4tl1bKq2vrG5v+1va11Znh0ORaatOOmAUpFDRRoIR2aoAlkYRWdHc2Pm/dg7FCqyscptBN2K0SseAMXann73UQHjCK806m+mDGz+SXEIMBxcGORj2/EtSCiegshAVUSKFGz//q9DXPElDIJbP2JgxS7ObMoOASRuVOZiFl/I7dwo1DxRKw3XxiZEQPXKVPY23cUkgn1d8dOUusHSZRlTpIGA4mgIOkSsc71Fra6rTt3ySMT7q5UGmGzth0UJxJipqOU6F9YYCjHDpg3Aj3V8oHzDCOLruyCyH8b3kWmke101p4cVSpnxRplMgu2SeHJCTHpE7OSYM0CSeP5Jm8kjfvyXvx3r2P6dU5r+jZIX/kff4AWTeaHw==</latexit><latexit sha1_base64="jwKlOyL73bltDdchheycsYZGEIs=">AAACB3icZZC9TsMwFIUdfkv5CzAyYFEhMVRVwgJslVgYC6K0Eq0qx72hFo4d2TeIKurIwquwMABi5RXYeBvcNgPQI1n6fO3r63OiVAqLQfDtzc0vLC4tl1bKq2vrG5v+1va11Znh0ORaatOOmAUpFDRRoIR2aoAlkYRWdHc2Pm/dg7FCqyscptBN2K0SseAMXann73UQHjCK806m+mDGz+SXEIMBxcGORj2/EtSCiegshAVUSKFGz//q9DXPElDIJbP2JgxS7ObMoOASRuVOZiFl/I7dwo1DxRKw3XxiZEQPXKVPY23cUkgn1d8dOUusHSZRlTpIGA4mgIOkSsc71Fra6rTt3ySMT7q5UGmGzth0UJxJipqOU6F9YYCjHDpg3Aj3V8oHzDCOLruyCyH8b3kWmke101p4cVSpnxRplMgu2SeHJCTHpE7OSYM0CSeP5Jm8kjfvyXvx3r2P6dU5r+jZIX/kff4AWTeaHw==</latexit><latexit sha1_base64="jwKlOyL73bltDdchheycsYZGEIs=">AAACB3icZZC9TsMwFIUdfkv5CzAyYFEhMVRVwgJslVgYC6K0Eq0qx72hFo4d2TeIKurIwquwMABi5RXYeBvcNgPQI1n6fO3r63OiVAqLQfDtzc0vLC4tl1bKq2vrG5v+1va11Znh0ORaatOOmAUpFDRRoIR2aoAlkYRWdHc2Pm/dg7FCqyscptBN2K0SseAMXann73UQHjCK806m+mDGz+SXEIMBxcGORj2/EtSCiegshAVUSKFGz//q9DXPElDIJbP2JgxS7ObMoOASRuVOZiFl/I7dwo1DxRKw3XxiZEQPXKVPY23cUkgn1d8dOUusHSZRlTpIGA4mgIOkSsc71Fra6rTt3ySMT7q5UGmGzth0UJxJipqOU6F9YYCjHDpg3Aj3V8oHzDCOLruyCyH8b3kWmke101p4cVSpnxRplMgu2SeHJCTHpE7OSYM0CSeP5Jm8kjfvyXvx3r2P6dU5r+jZIX/kff4AWTeaHw==</latexit><latexit sha1_base64="jwKlOyL73bltDdchheycsYZGEIs=">AAACB3icZZC9TsMwFIUdfkv5CzAyYFEhMVRVwgJslVgYC6K0Eq0qx72hFo4d2TeIKurIwquwMABi5RXYeBvcNgPQI1n6fO3r63OiVAqLQfDtzc0vLC4tl1bKq2vrG5v+1va11Znh0ORaatOOmAUpFDRRoIR2aoAlkYRWdHc2Pm/dg7FCqyscptBN2K0SseAMXann73UQHjCK806m+mDGz+SXEIMBxcGORj2/EtSCiegshAVUSKFGz//q9DXPElDIJbP2JgxS7ObMoOASRuVOZiFl/I7dwo1DxRKw3XxiZEQPXKVPY23cUkgn1d8dOUusHSZRlTpIGA4mgIOkSsc71Fra6rTt3ySMT7q5UGmGzth0UJxJipqOU6F9YYCjHDpg3Aj3V8oHzDCOLruyCyH8b3kWmke101p4cVSpnxRplMgu2SeHJCTHpE7OSYM0CSeP5Jm8kjfvyXvx3r2P6dU5r+jZIX/kff4AWTeaHw==</latexit><latexit sha1_base64="jwKlOyL73bltDdchheycsYZGEIs=">AAACB3icZZC9TsMwFIUdfkv5CzAyYFEhMVRVwgJslVgYC6K0Eq0qx72hFo4d2TeIKurIwquwMABi5RXYeBvcNgPQI1n6fO3r63OiVAqLQfDtzc0vLC4tl1bKq2vrG5v+1va11Znh0ORaatOOmAUpFDRRoIR2aoAlkYRWdHc2Pm/dg7FCqyscptBN2K0SseAMXann73UQHjCK806m+mDGz+SXEIMBxcGORj2/EtSCiegshAVUSKFGz//q9DXPElDIJbP2JgxS7ObMoOASRuVOZiFl/I7dwo1DxRKw3XxiZEQPXKVPY23cUkgn1d8dOUusHSZRlTpIGA4mgIOkSsc71Fra6rTt3ySMT7q5UGmGzth0UJxJipqOU6F9YYCjHDpg3Aj3V8oHzDCOLruyCyH8b3kWmke101p4cVSpnxRplMgu2SeHJCTHpE7OSYM0CSeP5Jm8kjfvyXvx3r2P6dU5r+jZIX/kff4AWTeaHw==</latexit><latexit sha1_base64="jwKlOyL73bltDdchheycsYZGEIs=">AAACB3icZZC9TsMwFIUdfkv5CzAyYFEhMVRVwgJslVgYC6K0Eq0qx72hFo4d2TeIKurIwquwMABi5RXYeBvcNgPQI1n6fO3r63OiVAqLQfDtzc0vLC4tl1bKq2vrG5v+1va11Znh0ORaatOOmAUpFDRRoIR2aoAlkYRWdHc2Pm/dg7FCqyscptBN2K0SseAMXann73UQHjCK806m+mDGz+SXEIMBxcGORj2/EtSCiegshAVUSKFGz//q9DXPElDIJbP2JgxS7ObMoOASRuVOZiFl/I7dwo1DxRKw3XxiZEQPXKVPY23cUkgn1d8dOUusHSZRlTpIGA4mgIOkSsc71Fra6rTt3ySMT7q5UGmGzth0UJxJipqOU6F9YYCjHDpg3Aj3V8oHzDCOLruyCyH8b3kWmke101p4cVSpnxRplMgu2SeHJCTHpE7OSYM0CSeP5Jm8kjfvyXvx3r2P6dU5r+jZIX/kff4AWTeaHw==</latexit>

[2] K. M. Gorski, B. D. Wandelt, E. Hivon, and F. K. Hansen, The HEALPix Primer, (2010).
<latexit sha1_base64="Ear1DnvkeRoa04dTvgU/sCnYs24="></latexit><latexit sha1_base64="Ear1DnvkeRoa04dTvgU/sCnYs24="></latexit><latexit sha1_base64="Ear1DnvkeRoa04dTvgU/sCnYs24="></latexit><latexit sha1_base64="1RltIJ8R28o4mKuhHm8shpV63kM="></latexit><latexit sha1_base64="Zgtp1clKcrBe0P22MaIeLZ4jzDs="></latexit><latexit sha1_base64="Zgtp1clKcrBe0P22MaIeLZ4jzDs="></latexit><latexit sha1_base64="2yifVDN6WADDsC57vqBtzxE0UV4="></latexit><latexit sha1_base64="Ear1DnvkeRoa04dTvgU/sCnYs24="></latexit><latexit sha1_base64="Ear1DnvkeRoa04dTvgU/sCnYs24="></latexit><latexit sha1_base64="Ear1DnvkeRoa04dTvgU/sCnYs24="></latexit><latexit sha1_base64="Ear1DnvkeRoa04dTvgU/sCnYs24="></latexit><latexit sha1_base64="Ear1DnvkeRoa04dTvgU/sCnYs24="></latexit><latexit sha1_base64="Ear1DnvkeRoa04dTvgU/sCnYs24="></latexit>

g(�, ✓, l, t) = (2� 2(x · x(l, t) + y · y(l, t) + z · z(l, t))) 3
2

<latexit sha1_base64="3rlhunUXlYv/PdkOqPxKuZwcu9U="></latexit><latexit sha1_base64="FEJVx4lNxgyhaG2PsHoPtV+Vzvg="></latexit><latexit sha1_base64="FEJVx4lNxgyhaG2PsHoPtV+Vzvg="></latexit><latexit sha1_base64="ellaVdlr4l/x4IlgUuW7/tjKSnQ="></latexit>

x = cos(�) sin(✓), y = sin(�) sin(✓), z = cos(✓), 0 < l1, l2, l3 < 2⇡, 0 < t1, t2, t3 < ⇡
<latexit sha1_base64="45cRjtfzv19CBQ8oJD1Sx7GHjA4="></latexit><latexit sha1_base64="6O4cmLZG5HUKmNvIkP6hUqnlUPE="></latexit><latexit sha1_base64="6O4cmLZG5HUKmNvIkP6hUqnlUPE="></latexit><latexit sha1_base64="vWi+I49F4FSUjWyzRSYH7WRp8M4="></latexit>

Spherical	Harmonics

` = 0
<latexit sha1_base64="Kdp+7LXm4Kecp484Mu5fIlM3nQM=">AAAB73icZZDLSgMxGIUz9VbrrerSTbAIFUqZUVA3YsGNywr2Ap2hZNJMG5qZjMk/Qil9BsGNC0Xc+g6ufAR3Poh705kutB4IfDnJ4b/4seAabPvLyi0sLi2v5FcLa+sbm1vF7Z2mlomirEGlkKrtE80Ej1gDOAjWjhUjoS9Yyx9eTt9bd0xpLqMbGMXMC0k/4gGnBIzVdpkQ+Bzb3WLJrtqp8H9wZlC6eC9/f9y7h/Vu8dPtSZqELAIqiNYdx47BGxMFnAo2KbiJZjGhQ9JnHYMRCZn2xmm/E3xgnB4OpDInApy6vxNjEmo9Cv0KNhASGKQAg7CCpzeQUuhKFpurBMGZN+ZRnACLaFYoSAQGiafD4x5XjIIYGSBUcdMrpgOiCAWzooJZgjM/8n9oHlWd46p9bZdqJyhTHu2hfVRGDjpFNXSF6qiBKBLoAT2hZ+vWerRerNfsa86aZXbRH1lvP31/kmk=</latexit>

` = 1
<latexit sha1_base64="/FivwuqsldFHb8hEahFAJEyMbmY=">AAAB73icZZDLSgMxGIUz9VbrrerSTbAIFUqZUVA3YsGNywr2Ap2hZNJMG5qZjMk/Qil9BsGNC0Xc+g6ufAR3Poh705kutB4IfDnJ4b/4seAabPvLyi0sLi2v5FcLa+sbm1vF7Z2mlomirEGlkKrtE80Ej1gDOAjWjhUjoS9Yyx9eTt9bd0xpLqMbGMXMC0k/4gGnBIzVdpkQ+Bw73WLJrtqp8H9wZlC6eC9/f9y7h/Vu8dPtSZqELAIqiNYdx47BGxMFnAo2KbiJZjGhQ9JnHYMRCZn2xmm/E3xgnB4OpDInApy6vxNjEmo9Cv0KNhASGKQAg7CCpzeQUuhKFpurBMGZN+ZRnACLaFYoSAQGiafD4x5XjIIYGSBUcdMrpgOiCAWzooJZgjM/8n9oHlWd46p9bZdqJyhTHu2hfVRGDjpFNXSF6qiBKBLoAT2hZ+vWerRerNfsa86aZXbRH1lvP38Dkmo=</latexit>

` = 2
<latexit sha1_base64="ZONLmFhS/B+sWoCB1Ira2hUvzpc=">AAAB73icZZDLSgMxGIUz9VbrrerSTbAIFUqZqaBuxIIblxXsBdpSMmnahiaTMflHKKXPILhxoYhb38GVj+DOB3FvOtOFtgcCX05y+C9+KLgB1/12UkvLK6tr6fXMxubW9k52d69mVKQpq1IllG74xDDBA1YFDoI1Qs2I9AWr+8Or6Xv9nmnDVXALo5C1JekHvMcpAWs1WkwIfIFLnWzOLbqx8CJ4M8hdfuR/Ph9ax5VO9qvVVTSSLAAqiDFNzw2hPSYaOBVskmlFhoWEDkmfNS0GRDLTHsf9TvCRdbq4p7Q9AeDY/ZsYE2nMSPoFbEESGMQAA1nA0xsoJUwhic1Vgt55e8yDMAIW0KRQLxIYFJ4Oj7tcMwpiZIFQzW2vmA6IJhTsijJ2Cd78yItQKxW9k6J74+bKpyhRGh2gQ5RHHjpDZXSNKqiKKBLoET2jF+fOeXJenbfka8qZZfbRPznvv4CHkms=</latexit> bm` =

Z 2⇡

0

Z ⇡

0
f(�, ✓)Y

m
` (�, ✓) sin ✓d✓d�

<latexit sha1_base64="Uuj72ZaVF+6rhi5mlVT1Z1J3XX8="></latexit>

m = �2 m = �1 m = 0 m = 1 m = 2
<latexit sha1_base64="hsPlkCug9N21fORXC9DgIMhP0X0=">AAACEHicZZBNSwMxEIaz9avWr6pHL8Eieqhlt4oKIhS8eKxgP6AtJZumbWiyWZJZoZT+BC/+FS8eFPHq0Zv/xuxuD9oOhPfJZIbJvH4ouAHX/XEyS8srq2vZ9dzG5tb2Tn53r25UpCmrUSWUbvrEMMEDVgMOgjVDzYj0BWv4o9v4vfHItOEqeIBxyDqSDALe55SATXXzx/LmtIzb19iql6obS0IetppQuZsvuCU3CbwI3gwKaBbVbv673VM0kiwAKogxLc8NoTMhGjgVbJprR4aFhI7IgLUsBkQy05kkC03xkc30cF9pewLASfZvx4RIY8bSL2ILksAwARjKIo5voJQwxbRtbhL0rzoTHoQRsICmg/qRwKBw7A7ucc0oiLEFQjW3f8V0SDShYD3MWRO8+ZUXoV4ueWcl9/68ULmY2ZFFB+gQnSAPXaIKukNVVEMUPaEX9IbenWfn1flwPtPSjDPr2Uf/wvn6BatHlww=</latexit>

Example:
Let f(�, ✓) be a smooth function
on the surface of the sphere

<latexit sha1_base64="Vj98qpUiv0M1SKQ2gl94oYed0kg="></latexit>

Spherical analogue of Fourier series
<latexit sha1_base64="eEvWhN7Ch61xhoWWoQttKv4VGG4=">AAACDXicZZBNSwMxEIaz9bt+VT16CVbBQym79aDeBEE8KlpbaEvJprNtaDZZklmhlP4BL/4VLx4U8erdm//GdNuDtgOBZ2byZjJvmEhh0fd/vNzC4tLyyupafn1jc2u7sLP7YHVqOFS5ltrUQ2ZBCgVVFCihnhhgcSihFvYvx/3aIxgrtLrHQQKtmHWViARn6ErtwuFd0gPjUkmZYlJ3U6A6olfufQGGWtcD2y4U/bKfBZ2HYApFMo2bduG72dE8jUEhl8zaRuAn2Boyg4JLGOWbqYWE8T7rQsOhYjHY1jDbZkSPXKVDI23cUUiz6l/FkMXWDuKwRB3EDHsZYC8u0XGGWktbmshmJmF01hoKlaQIik8GRamkqOnYGtoRBjjKgQPGjXB/pbzHDOPoDMw7E4LZlefhoVIOTsr+baV4cT61Y5XskwNyTAJySi7INbkhVcLJE3khb+Tde/ZevQ/vc3I15001e+RfeF+/2iSbJg==</latexit>

C` =
1

2`+ 1

X

m

|bm` |2
<latexit sha1_base64="v16gjA2sv6i4wJKW4mFFpzpGTSI="></latexit>

The angular power spectrum measures
the amplitude of temperature fluctuations
of the CMB and is calculated with the
spherical harmonic coe�cients, bm` :

<latexit sha1_base64="MzNdDEP+KZJjT7CnG7ANw9RFEBk="></latexit>

HEALPix Points
Advantages

<latexit sha1_base64="IhqdKtC7O04VfbacyRL3J1JTrT8=">AAACCHicZZBLSwMxEMezPmt9VT16MFgED6Xs1oPiqeLFYwWrQltKNjvbBrPJkswWy9KjF7+KFw+KePUjePPbmD4OPgYCv5nkP5P5h6kUFn3/y5ubX1hcWi6sFFfX1jc2S1vb11ZnhkOTa6nNbcgsSKGgiQIl3KYGWBJKuAnvzsf3NwMwVmh1hcMUOgnrKRELztCVuqW9NsI9hnHezlQEZtwmP4sGTCHrgR2NuqWyX/UnQf9DMIMymUWjW/psR5pnCSjkklnbCvwUOzkzKLiEUbGdWUgZv3PtWw4VS8B28skiI3rgKhGNtXFHIZ1Ufypyllg7TMIKdZAw7E8A+0mFjjPUWtrKVPZnEsYnnVyoNENQfDooziRFTceu0EgY4CiHDhg3wv2V8j4zjKPzruhMCP6u/B+ua9XgqOpf1sr105kdBbJL9skhCcgxqZML0iBNwskDeSIv5NV79J69N+99+nTOm2l2yK/wPr4B8fiaSw==</latexit>

Disadvantages
<latexit sha1_base64="mKhJvZSZyRTWxs7hQq67bz5NWnk=">AAACC3icZZBNSwMxEIaz9avWr6pHL8EieChltx4UT4IePFawrWBLyWZnbTCbLMmsWJbevfhXvHhQxKt/wJv/xmzbgx8DgWcmeWcyb5hKYdH3v7zS3PzC4lJ5ubKyura+Ud3c6lidGQ5trqU2VyGzIIWCNgqUcJUaYEkooRvenhb33TswVmh1iaMU+gm7USIWnKErDaq7PYR7DOO8l6kITNEmPxOWRXdMIbsBOx4PqjW/4U+C/odgBjUyi9ag+tmLNM8SUMgls/Y68FPs58yg4BLGlV5mIWX81rW/dqhYArafT3YZ0z1XiWisjTsK6aT6U5GzxNpREtapg4ThcAI4TOq0yFBraetT2Z9JGB/1c6HSDEHx6aA4kxQ1LYyhkTDAUY4cMG6E+yvlQ2YYR2dfxZkQ/F35P3SajeCg4V80ayfHMzvKZIfskn0SkENyQs5Ji7QJJw/kibyQV+/Re/bevPfp05I302yTX+F9fANuvJup</latexit>

Current	Method:	HEALPix

New	Method:	HP2SPH

Let f(�, ✓) be bi-periodic on [�⇡,⇡]2:
<latexit sha1_base64="gEd3gMkLPxIzn5rUfj9uXEjrxDk="></latexit>

f(�, ✓) =
1X

n=�1

1X

m=�1
an,mein✓eim�

<latexit sha1_base64="4QWK9cqGVC3ici0O3Jnw0PF9mcw="></latexit>

HEALPix points are non-equispaced in longitude, so we use the Nonuniform FFT
<latexit sha1_base64="6LDzmmQJwHCUxAyfMWxb7SoenPs="></latexit>

fj =
N�1X

k=0

cke
�2⇡ixjk () f = eFc, ( eF )jk = e�2⇡ixjk

<latexit sha1_base64="Yc2/OrsRSrqq8rQCXypDbFEEhqM="></latexit>

Let x be non-equispaced and 0  j, k  N � 1:
<latexit sha1_base64="d86wFDK2PViVrNl2G26xS6TeOwc="></latexit>

By relating F̃ to the standard DFT matrix
�
Fjk = e�2⇡ijk/N

�
with a low rank

approximation (rank K), the NUFFT simplifies to K FFT computations [4]
<latexit sha1_base64="H5faTFbWtMTFo6dfYVAVHIV9j1A="></latexit>

HEALPix software estimates the angular power spectrum of a function f on the sphere

by first using a low-order approximation to calculate the spherical harmonic coe�cients:
<latexit sha1_base64="7EdS6bq7oGc8pfkX+0tbyOdMcu8="></latexit>

Due to the isolatitude nature of the pixels, this computation is done with O(N3/2
pix )

<latexit sha1_base64="nhN0esx2L+dKI6vjwde9QOtC7/k="></latexit>

The Fast Spherical Harmonic Transform [1] quickly computes spherical harmonic

coe�cients from the bivariate Fourier coe�cients with a complexity of O(N logN)

(minus some precomputational cost).
<latexit sha1_base64="GqNT35P/6sje+bPndnkesg/siGo="></latexit>

Angular power spectrum of CMBR map
<latexit sha1_base64="+Ak7AYeyyDMVNf+dz25k3pXNaig=">AAACC3icZZC7SgNBFIZnvRtvUUubwSBYhLAbCy2jNjZCFBMFs4TZyWwyODdmziphSW/jq9hYKGLrC9j5Nk4uhcYfBr5zZn7OnD8xgjsIw+9gZnZufmFxabmwsrq2vlHc3Go6nVnKGlQLbW8S4pjgijWAg2A3xjIiE8Guk7vT4f31PbOOa3UFfcNiSbqKp5wS8K12cfdYdTNBLDb6gVnsDKNgM4l1ik/PTy6xJKZdLIWVcCT8H6IJlNBE9Xbxq9XRNJNMARXEudsoNBDnxAKngg0KrcwxQ+gd6bJbj4pI5uJ8tMsA7/lOB6fa+qMAj7q/HTmRzvVlUsYeJIHeCKAny3hYgdbClce2qUmQHsU5VyYDpuh4UJoJDBoPg8Edbv3uou+BUMv9XzHtEUso+PgKPoRoeuX/0KxWooNKeFEt1aqTOJbQDtpF+yhCh6iGzlAdNRBFj+gZvaK34Cl4Cd6Dj/HTmWDi2UZ/FHz+AFmrmak=</latexit>

CMBR is strongest evidence for the Big
Bang theory. Refined analysis of the
angular power spectrum promises insight
into dark matter (95% of the universe).

<latexit sha1_base64="ZzJOTnA3RVsGKiIQT42yj3ye0dc="></latexit>

Unequal spacing:
Pixels are misaligned and unequally spaced
in longitude, making fast bivariate Fourier
analysis impossible without modification

<latexit sha1_base64="6zjVJhqGSIPQ1hDw4tUnHVG/QEk="></latexit>

Hierarchically tessellated:
the pixel structure lends itself to simple and
direct movements to more refined levels of
grid resolution

<latexit sha1_base64="zUIlp8Ny0KU+5DlhI+o1gOUbLI0="></latexit>

isoLatitude:
Pixels are distributed on lines of constant
latitude, which aids univariate Fourier
analysis and computations

<latexit sha1_base64="qlN1a9iAb/a0Yr16rEUFmH77HhQ="></latexit>

HEALPix points on the sphere (top)

and mapped to a rectangle (bottom)
<latexit sha1_base64="oyTkMPVEKD+KYkNCXqrt1Q3sDPU="></latexit>

Step 2: Iterative Refinement
<latexit sha1_base64="2PrZIVX/SRA21N1uqK6wv3lULak="></latexit>

Spherical harmonics, Y m
` , degree ` and order m

<latexit sha1_base64="CkLPbdyIO0ZAWLWEwTQqIuj8i3c="></latexit>

f(�, ✓) =
1X

`=0

X̀

m=�`

bm` Y m
` (�, ✓),

<latexit sha1_base64="peSNlr0QlecfPqrIrfMTJ/E6j3s="></latexit>

Step 1: “Zeroth” Order Approximation
<latexit sha1_base64="HnunS9VSEFab1LJstn7fZlV23pA="></latexit>

Analysis (function to coe�cients):
<latexit sha1_base64="KVpHnQ2tEMccIi2+e9D9nJyf1CY="></latexit>

bm` =
`maxX

`=0

X̀

m=0

Ȳ m
` (�, ✓)f(�, ✓)

<latexit sha1_base64="EZp3Ti5xaJo+5XYmCseoXO+DFpA="></latexit>

Synthesis (coe�cients to function):
<latexit sha1_base64="E2QA7Nn87r63IvR6ZvQsRTwgDWE="></latexit>

ef(�, ✓) =
`maxX

`=0

X̀

m=�`

Y m
` (�, ✓)bm`

<latexit sha1_base64="cQUasoktnuCCvFpV+UAr+l5UmSY="></latexit>

() b = Af
<latexit sha1_base64="wm5q2gE8roxtAu/VLm1R8v+vQog="></latexit>

() ef = Sb
<latexit sha1_base64="r2s0r2RRnoTV8tmruryoogFd13I="></latexit>

b(0) = Af , b(k) = b(k�1) +A
⇣
f � Sb(k�1)

⌘

<latexit sha1_base64="pHwKSzE76Hh/b2Yd98lvgxzVh4E="></latexit>

In order to improve the estimate of the bm` s, HEALPix uses an iterative process.
<latexit sha1_base64="EEIt1WeuQykzPprqiff9TpoJgZk="></latexit>

These operators are used in the iterative refinement scheme, which converges to the
<latexit sha1_base64="nDzXbDyeNEKT8+VvR1tFzx7lZyo="></latexit>

least squares solution to the coe�cients:
<latexit sha1_base64="1bPnlv/9rL6tnUUuSDRU2lJaGPg="></latexit>

HEALPix points upsampled in longitude
<latexit sha1_base64="EulPoHLOTgEHmEhqtWLxkXCmQzI="></latexit>

(a) The surface of the Earth
<latexit sha1_base64="kQ1O4VsKfMJQYj9bOhOu7ZiNkhY="></latexit>

(b) projected onto a lat-lon grid
<latexit sha1_base64="ftLq9Xt9rVdCDOuxWriq+x0t9t0="></latexit>

(c) “doubled up” with DFS
<latexit sha1_base64="UvGbi2tH+WMwG/wIzxlSR8UKbS0="></latexit>

Numerical	Test	#1

Numerical	Test	#2

In order to use fast Fourier analysis in longitude, we need
to upsample to an equal number of points on each ring

<latexit sha1_base64="cdPENjUSF1wRxbUqP/St5AfArdQ="></latexit>

f(x) =
N�1X

k=0

cke
�2⇡ikx

<latexit sha1_base64="+u0MSVm1nYhWETWlTUAuVnRpSPo="></latexit>

Sparsity at poles:
functions are grossly undersampled
near the poles of the sphere

<latexit sha1_base64="CKXCHfZC+ZBqpIR6SCctefrqNSM="></latexit>

Step 2: Double Fourier Sphere
<latexit sha1_base64="/Yqru8mWK23foiJV1KvbK8lApps="></latexit>

Step 3: Nonuniform FFT
<latexit sha1_base64="e3h/Jy3R2PCdtT8EjDMD3kxhCiM="></latexit>

Step 1: Upsample in latitude
<latexit sha1_base64="U/V26JzmwzXrSdRLZLzGmH27Xfk="></latexit>

The Double Fourier Sphere technique allows for fast Fourier analysis in longitude
<latexit sha1_base64="MblF/Q+YIAyBj+1Jk6ffNvefjKg="></latexit>

Step 4: Fast Spherical Harmonic Transform
<latexit sha1_base64="qwHThvzHG+6mLHlZNGqcQkGTx3c="></latexit>

Since the points are equispaced in latitude, we can solve
for the upsampled function values using the fast Fourier
transform with a complexity of O(N logN)

<latexit sha1_base64="ScUWAE2QoApJ1LTlsFvUOylQkmA="></latexit>

, x 2 [0, 1]
<latexit sha1_base64="Dfsn182tT5mDAbVV7OTP/zYkKzw="></latexit>

Achieved using trigonometric interpolation and the DFT:
<latexit sha1_base64="TyTQVaIp2VvPCOTRLW0yBUlTBb4="></latexit>

Finally take the FFT in latitude to get the bivariate Fourier coe�cients
<latexit sha1_base64="wN5kG5+W5d4xH4uqwLnfhtFqtd8="></latexit>

f(�, ✓) = 5g(�, ✓, l1, t1)� 3g(�, ✓, l2, t2) + 8g(�, ✓, l3, t3),
<latexit sha1_base64="/2W/Bxs2rbcVeTl5uzmc756ClDk="></latexit>

Discussion	&	Conclusions

Future	Work	&	References

This new method utilizes the FFT, NUFFT, and the FSHT (O(N logN), for N total nodes) to more

accurately compute the angular power spectrum of CMBR data (even at higher spherical harmonic

degrees, `) with near optimal computational complexity.
<latexit sha1_base64="D9jq7Tak6GLynvnSSaJVW6bTxY4="></latexit>

Future Work
<latexit sha1_base64="/JdjuAXDuBnGPfSmPI8mMWh82lk=">AAACCXicZZDLSgMxFIYzXmu9VV26CRbBRSkzutCFi4IgLivYC7SlZNIzbWgmGZIzYhm6deOruHGhiFvfwJ1vY3pZaD0Q+PInf07OHyZSWPT9b29peWV1bT23kd/c2t7ZLezt161ODYca11KbZsgsSKGghgIlNBMDLA4lNMLh1eS8cQ/GCq3ucJRAJ2Z9JSLBGTqpW6BthAcMo6ydqh6YyTPZdYqpAdrQZjgedwtFv+xPi/6HYA5FMq9qt/DV7mmexqCQS2ZtK/AT7GTMoOASxvl2aiFhfMj60HKoWAy2k00nGdNjp/RopI1bCulU/e3IWGztKA5L1EHMcDAFHMQlOtmh1tKWZraFThhddDKhkhRB8VmjKJUUNZ3EQnvCAEc5csC4Ee6vlA+YYRxdeHkXQrA48n+on5aDs7J/e1qsXM7jyJFDckROSEDOSYXckCqpEU4eyTN5JW/ek/fivXsfs6tL3txzQP6U9/kDhVKalw==</latexit>
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<latexit sha1_base64="MsXRComs3UxujZ3DBwddGXHUXro="></latexit>
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<latexit sha1_base64="6OQXvLYz8Ll69uAxT4hXgFohM80="></latexit>
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<latexit sha1_base64="LCMtdr1Ss7sigrnho/11lSpIKs0="></latexit>

pp. C403-C425.
<latexit sha1_base64="zLWFPXHQvN6KiTOIBn+vCPzI7oE="></latexit>

Bivariate Fourier Series represent smooth functions on the sphere with exponentials:
<latexit sha1_base64="uc7t/aNPiJJQbsMoIF/Hx86NI80="></latexit>

[4] D. Ruiz-Antoĺın and A. Townsend, A Nonuniform Fast Fourier Transform Based on Low Rank
<latexit sha1_base64="5CT5NPXpB0dViLZLjR2MJHtcEOc="></latexit>

Approximation, SIAM J. Sci. Comp., 40-1 (2017), p. 529-547.
<latexit sha1_base64="+DtR6s7/xzn8SagIrTWhRSO3Ybo="></latexit>

• Use our method to compute the angular power spectrum of CMBR data maps and compare to the
<latexit sha1_base64="D6B3VXupV1rDu97zkZGTI+DbGSE="></latexit>

spectrum given by HEALPix software.
<latexit sha1_base64="eIv0DNGqBn4J1Voia4zoipblbrc="></latexit>

• Modify our method to include the ability to perform Fourier synthesis on a CMBR map to return
<latexit sha1_base64="WEAYInvIQjN8ovc0ny9522NVEmk="></latexit>

the corresponding map values.
<latexit sha1_base64="R/lufktsXeXNw2Jak4kf7P4iM4M="></latexit>

<̀latexit sha1_base64="/8veOiXJuv24VqpmnPx93sr2Z84="></latexit>

• Make the implementation of our method even faster by transcribing the code into a lower-level language
<latexit sha1_base64="o4V2MF443wjgaMViVCD15CPy7to="></latexit>

(C or C++).
<latexit sha1_base64="dSwuST3JMsU0rOeirbWnhahcu2Q="></latexit>

CMBR temperature anisotropy map (left) CMBR and the Big Bang (right)
<latexit sha1_base64="uu8z2kPZ0XDOWnJ/Jh5W7UtSsgo="></latexit>

by HP2SPH (blue) and
<latexit sha1_base64="3Ll9kKBMy30sdkbZjWd7jRWuiO0="></latexit>

Test function :
<latexit sha1_base64="+ISqjvquFQ0ZyHuegfE/bfJB3kQ=">AAACAHicZZDLSgMxFIYz3q23qgsXboJFcFHKTBUUcSG4cVmhF8GWkknP2GAmGZIzYhlm46u4caGIWx/DnW9j2s7Cy4HAd/7k5+T8YSKFRd//8mZm5+YXFpeWSyura+sb5c2tttWp4dDiWmpzHTILUihooUAJ14kBFocSOuHdxfi+cw/GCq2aOEqgF7NbJSLBGTqpX97pIjxgGGVNsEijVPGxnp/2yxW/5k+K/oeggAopqtEvf3YHmqcxKOSSWXsT+An2MmZQcAl5qZtaSBi/Y7dw41CxGGwvmyyQ032nDGikjTsK6UT96chYbO0oDqvUQcxwOAEcxlU67lBraatT259JGJ30MqGSFEHx6aAolRQ1HadBB8IARzlywLgR7q+UD5lhHF1mJRdC8Hfl/9Cu14LDWv3qqHJ+VsSxRHbJHjkgATkm5+SSNEiLcJKTJ/JCXr1H79l7896nT2e8wrNNfpX38Q3Mh5ZJ</latexit>

Test function :
<latexit sha1_base64="pPvQve184H2nuxIZvkMvskpVvPM=">AAACAHicZZDLSgMxFIYzXmu9VV24cBMsgotSZlRQXBXcuFSwrdAOJZOescFMMiRnxDLMxldx40IRtz6GO9/G9LLQeiDwnT/5OTl/lEph0fe/vbn5hcWl5dJKeXVtfWOzsrXdsjozHJpcS21uI2ZBCgVNFCjhNjXAkkhCO7q/GN23H8BYodUNDlMIE3anRCw4Qyf1KrtdhEeM4vwGLNI4U3ykF+e9StWv++Oi/yGYQpVM66pX+er2Nc8SUMgls7YT+CmGOTMouISi3M0spIzfszvoOFQsARvm4wUKeuCUPo21cUchHau/HTlLrB0mUY06SBgOxoCDpEZHHWotbW1im5mE8VmYC5VmCIpPBsWZpKjpKA3aFwY4yqEDxo1wf6V8wAzj6DIruxCC2ZX/Q+uoHhzXj65Pqo2zaRwlskf2ySEJyClpkEtyRZqEk4I8k1fy5j15L9679zF5OudNPTvkT3mfP8tTlkU=</latexit>

Numerical	Test	#3

h(�, ✓) =f(�, ✓) + Y 75
300(�, ✓) + Y 100

350 (�, ✓) + Y 75
425(�, ✓) + Y 25

550(�, ✓)+
<latexit sha1_base64="Y8DHw5j87uM+GnGwT5QyWVVGvWE="></latexit>

Y 50
600(�, ✓) + Y 75

700(�, ✓) + Y 25
800(�, ✓) + Y 25

950(�, ✓) + Y 50
1050(�, ✓) + Y 50

1150(�, ✓) + Y 50
1250(�, ✓)

<latexit sha1_base64="CZGZSGS1WJXcX0it+PaGDyLg5Pc="></latexit>

Angular power spectrum of CMBR temperature anisotropy map for

HP2SPH (blue) and NASA HEALPix software (red), 50331648 nodes.
<latexit sha1_base64="2w+P4ym9350KoslmV55qVKj76Bk="></latexit>

Absolute error for the angular power spectrum of f for 0  `  2000 (left) and 0  `  100 (right) calculated by
<latexit sha1_base64="nEcKyHbLgppwFC7rCdmQo/oNFzw="></latexit>

NASA’s HEALPix software (red) for 12582912 nodes.
<latexit sha1_base64="PVHsnbaXS+mUIpN21BOOKD1jGqo="></latexit>

Absolute error for the angular power spectrum of h for HP2SPH

(blue) and NASA’s HEALPix software (red) for 12582912 nodes.
<latexit sha1_base64="77C6PboQ/uKFAfU034vBy01bEzE="></latexit>

• Rigorously test our method against HEALPix’s method with more complicated deterministic and noisy
<latexit sha1_base64="2OzcmjL8e5geU+nzlM9ZKtwXj/Q="></latexit>

data on the sphere.
<latexit sha1_base64="Y3JOep50In8Z2gLNjy4U6QI3hf8="></latexit>

[5] J. Keiner and D. Potts, Fast evaluation of quadrature formulae on the sphere, Math. Comp., 77
<latexit sha1_base64="wrKKXiwstbN/3MzM/iBKSCBm/dk="></latexit>

(2008), pp. 397–419.
<latexit sha1_base64="HHLGsLnah73uT3pjk+KmddfMbrY="></latexit>

bm` ⇡ 4⇡

Npix

NpixX

i=1

Y
m
` (�i, ✓i)f(�i, ✓i), 0  `  `max, �`max  m  `max

<latexit sha1_base64="cqL8TuVz0hC/q3z7cVSBcjZOrQg="></latexit>

bm` ⇡
NpixX

i=1

wiY
m
` (�i, ✓i)f(�i, ✓i), 0  `  `max, �`max  m  `max

<latexit sha1_base64="9RYTXmEF1L9n5zDz+zOmzOBg390="></latexit>

“Pixel weights” for each HEALPix point, computed using the algorithm from [5]
<latexit sha1_base64="H+3gppIxG9onbZMH1b1P1WNc7KY="></latexit>

“Ring weights” for each ring, similar algorithm to pixel weights, but wtih a smaller system
<latexit sha1_base64="xAz4JzYVh26UmlEc+zTJRaA1dAI="></latexit>

To improve equal weight quadrature above, HEALPix o↵ers quadrature weights:
<latexit sha1_base64="1rqq7KOMgYlh2VW24QiFzom32H4="></latexit>

Quadrature Weights
<latexit sha1_base64="PR7qaepdD+0RZ5s86p1vm7ydKJc=">AAACEHicZZDLSgMxFIYzXmu9VV26CRbRRSkzVVB3BTcuFWwr2FIymTNtMJMMyRmxDH0EN76KGxeKuHXpzrcxvSy0Hgh8+ZM/J+cPUyks+v63Nze/sLi0XFgprq6tb2yWtrabVmeGQ4Nrqc1NyCxIoaCBAiXcpAZYEkpohXfno/PWPRgrtLrGQQqdhPWUiAVn6KRu6aCN8IBhnLczFYEZPZNfZSwyDDMDtAWi10c7HHZLZb/qj4v+h2AKZTKty27pqx1pniWgkEtm7W3gp9jJmUHBJQyL7cxCyvgd68GtQ8USsJ18PNCQ7jslorE2bimkY/W3I2eJtYMkrFAHCcP+GLCfVOhoh1pLW5nYZjphfNrJhUozBMUnjeJMUtR0lA6NhAGOcuCAcSPcXynvM8M4ugyLLoRgduT/0KxVg6Nq7eq4XD+bxlEgu2SPHJKAnJA6uSCXpEE4eSTP5JW8eU/ei/fufUyuznlTzw75U97nD0Njnbk=</latexit>


