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and gives the strongest evidence for

scheme on the sphere. While these

Faintly glowing at the edge of the observable universe, the Cosmic
Microwave Background (CMB) 1s “relic radiation” that represents the
first light to travel during the early stages of the universe's development

discovery of the CMBR 1n 1964, scientists have worked to measure it 1n
full detail using a Hierarchical Equal Area 1soLatitude Pixelization

quasiuniform discretization of the sphere, they are not well suited for the
fast algorithms necessary for mining the massive CMBR data sets. For
this work, we apply the Double Fourier Sphere method and fast Fourier
transforms for uniform and non-uniform point distributions in order to
to efficiently compute the bivariate Fourier series coefficients. We then
utilize a state-of-the-art method which computes spherical harmonic
coefficients from these bivariate Fourier coefficients. This algorithm
enables us to quickly and more accurately compute the angular power
spectrum of CMBR data sampled at the HEALP1x points.

the Big Bang theory. Since the

“HEALP1x” points allow for a
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Step 1: “Zeroth” Order Approximation
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Step 2: Iterative Refinement
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HEALPix software estimates the angular power spectrum of a function f on the sphere
by first using a low-order approximation to calculate the spherical harmonic coefficients:

Z ?zn()\z, Hz)f()\z, 91), 0 S 6 S émaa:; _gmaa: S m S gmaaz

Due to the isolatitude nature of the pixels, this computation is done with O(N 3/ 2)

In order to improve the estimate of the b;*s, HEALPix uses an iterative process.

¢
Analysis (function to coefficients): b, = S: S: Y"(\0)f(N,0) < b= Af

Synthesis (coefficients to function): f()\, 0) = Z Z Y (X, 0)b) —= f—Sb

These operators are used in the iterative refinement scheme, which converges to the
least squares solution to the coefficients: b0 — Af, blk) — pk—1) L A (f — Sb(k_l))
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\ CMBR temperature anisotropy map (left) CMBR and the Big Bang (right)/
e ( Spherical Harmonics )
m=-2m=-1m=0m=1m=2  Spherical analogue of Fourier series
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Spherical harmonics, Y™, degree ¢ and order m

The angular power spectrum measures

of the CMB and is calculated with the
spherical harmonic coeflicients, b}*:
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CMBR is strongest e\?f?ildence for the Big
Bang theory. Refined analysis of the

%0 dark matter (95% of the universe).

the amplitude of temperature fluctuations

Example:
Let f(\,0) be a smooth function
on the surtace of the sphere
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angular power spectrum promises insight i ;i

Angular power spectrum of CMBR my

deantages
Hierarchically tessellated:

erid resolution
isoLatitude:

latitude, which aids univariate Fourier
analysis and computations

Disadvantages

Sparsity at poles:
tunctions are grossly undersampled

near the poles of the sphere
Unequal spacing:

the pixel structure lends itself to simple and
direct movements to more refined levels of

Pixels are distributed on lines of constant

Pixels are misaligned and unequally spaced

@alysis impossible without modification

( HEALPix Points —— ~

HEALPix points on the sphere (top)
and mapped to a rectangle (bottom)
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in longitude, making fast bivariate Fourier — oy iiniii iy
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To improve equal weight quadrature above, HEALPix offers quadrature weights:

bqén ~ Z wZY?()\z, Hz)f(Aza 82)7 0 S 14 S gmaa:; _gmax S m S gmaa:

“Pixel weights” for each HEALPix point, computed using the algorithm from [5]
@ng weights” for each ring, similar algorithm to pixel weights, but wtih a smaller Systy

Absolute error for the angular power spectrum of f for 0 < ¢ < 2000 (left) and 0 < ¢ < 100 (right) calculated by HP2SPH (blue) and

NASA’s HEALPix software (red) for 12582912 nodes.
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Test function : f(\,0) = 5g(\,0,11,t1) —3g(\, 0,12,t2) +8g(\, 0,13,t3), g(A\,0,1,t) = (2—2(x-xz(l,t) +y-y(l,t)+2z-2(1,1t)

e (" New Method: HP2SPH )

Step 1: Upsample in latitude

In order to use fast Fourier analysis in longitude, we need
to upsample to an equal number of points on each ring

Achieved using trigonometric interpolation and the DFT:
N-—1

f(J?) _ Z Cke—QWikx7 €xr e [07 1]

k=0
Since the points are equispaced in latitude, we can solve

for the upsampled function values using the fast Fourier

Step 2: Double Fourier Sphere

transform with a Complexity Of (’)( N 10g N ) HEALPix points upsampled in longitude

Transforms a function on the sphere to a rectangular grid while preserving periodicity
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Step 3: Nonuniform FFT

Let x be non-equispaced and 0 < 7,k < N — 1:
N—1

k=0

Step 4: Fast Spherical Harmonic Transform

nN=——oao Mm=——0&o

minus some precomputational cost).
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(a) The surface of the Earth (b) projected onto a lat-lon grid (¢) “doubled up” with DFS

The Double Fourier Sphere technique allows for fast Fourier analysis in longitude

HEALPix points are non-equispaced in longitude, so we use the Nonuniform FFT

fj — Z Cke—Qﬂ"i.’L‘jk : : f — ﬁc7 (ﬁ)Jk; — 6—27Ti$jk

By relating F to the standard DFT matrix (Fj = e~2"%/N) with a low rank
approximation (rank K), the NUFFT simplifies to K FFT computations [4]

Finally take the FFT in latitude to get the bivariate Fourier coeflicients
Bivariate Fourier Series represent smooth functions on the sphere with exponentials:

Let f(),0) be bi-periodic on [—m,7]*: f(\,0) = Z Z an’memeeimA

The Fast Spherical Harmonic Transform [1] quickly computes spherical harmonic
voefﬁcients from the bivariate Fourier coefficients with a complexity of O(N log V)
(

\ xr = cos(A\)sin(f), y = sin(A)sin(0), z = cos(6), 0 < ly,lo,l3 < 2w, 0 < t1,ts,t3 <7
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L Numerical Test #2 )

Absolute error for the angular power spectrum of h for HP2SPH
(blue) and NASA’s HEALPix software (red) for 12582912 nodes.
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Test function : h(\,0) =f(\,0) + Y0 (N, 0) 4+ Yaa (A, 0) + Y, (X, 0) 4+ Yie, (X, 0)+

@%()\, 0) + Yoo (A, 0) + Yo (A, 0) 4+ Yarn (X, 0) + Yinso (A, 0) + Y% (A, 6) + Y152050(>‘y
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Angular power spectrum of CMBR temperature anisotropy map for
HP2SPH (blue) and NASA HEALPix software (red), 50331648 nodes.
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The values of the angular power spectrum at higher degrees, ¢, are crucial to moc
first two numerical tests demonstrate the accuracy of the new HP2SPH method relative to the HEALP1x approach for problems involving

synthetic data with no noise. The results from the second numerical test specifically show that when the function 1s deterministic, the
HP2SPH method can more accurately recover the angular power spectrum at high degrees when compared to the method used by the

HEALPix software. In the case of a real C map, which 1s inherently noisy, the power spectrums computed by the two methods show

good agreement, as seen 1n the third numerical test.

Our new method, HP2SPH, utilizes the FFT, NUFFT, and the FSHT to accurately compute the angular power spectrum of CMBR data
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maps, even at higher spherical harmonic degrees, with near optimal computational complexity (O(N log N), for N total nodes)

ern cosmology and are more difficult to calculate. The
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e Rigorously test our method against HEALPix’s method with more complicated deterministic and noisy data on the sphere.

e Make the implementation of our method even faster by transcribing the code into a lower-level language (C or C++).

e Use our method to compute the angular power spectrum of CMBR data maps and compare to HEALPix software.

e Modity our method to include the ability to perform Fourier synthesis on a CMBR map to return corresponding map values.
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