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Fig. 2. (a) Two close functions, one with many and the other with just four critical values. (b) The persistence
diagrams of the two functions, and the bijection between them.
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Fig. 2. (a) Two close functions, one with many and the other with just four critical values. (b) The persistence
diagrams of the two functions, and the bijection between them.



Computation time

Geometry Helps to Compare Persistence Diagrams

Michael Kerber * Dmitriy Morozov T Arnur Nigmetov *
2017

Accuracy Time Accuracy Time

Distance Matrix | (Noise 0.05) | (Noise 0.05) | (Noise 0.1) | (Noise 0.1)
PD, H,, L' 96.0% 37346s 96.0% 42613s
PD, H,, L? 91.3% 246565 91.3% 25138s
PD, Hy, L 60.7% 1133s 63.3% 1149s
PD, H;, L! 100% 657s 96.0% 703s
PD, H,, L? 100% 984s 97.3% 1042s
PD, Hy, L 81.3% H27s 66.7% 564s




Possible goals

Problem Statement: How can we represent a persistence diagram so that:
(i) the output of the representation is a vector in R", (kernels are also very usefull!)
(ii) the representation is stable with respect to input noise,

)

)
(iii) the representation is efficient to compute,
(iv) the representation maintains an interpretable connection to the original PD, and
)

(v) the representation allows one to adjust the relative importance of points in different regions
of the PD?



Persistence Landscapes

Journal of Machine Learning Research 16 (2015) 77-102 Submitted 7/14; Published 1/15

2015

Statistical Topological Data Analysis using Persistence
Landscapes

Peter Bubenik PETER.BUBENIKQGMAIL.COM

Computation time is much faster!

Accuracy Time Accuracy Time
Distance Matrix | (Noise 0.05) | (Noise 0.05) | (Noise 0.1) | (Noise 0.1)
PL, H,, L' 92.7% 29s 96.7% 33s
PL, H,, L? 77.3% 29s 82.0% 34s
PL, Hy, L™ 60.7% 2s 63.3% 28
PL, H,, L' 83.3% 36s 80.7% 48s
PL, Hy, L* 83.3% 50s 66.7% 69s
PL, Hy, L™ 74.7% 8s 66.7% Os




Persistence Landscapes
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Figure 2: Persistence landscapes for the homology in degree 1 of the example in Figure 1.
For the rank function (top left) and rescaled rank function (top right) the values
of the functions on the corresponding region are given. The top left graph also
contains the three points of the corresponding persistence diagram. Below the
top right graph is the corresponding barcode. We also have the corresponding
persistence landscape (bottom left) and its 3d-version (bottom right). Notice
that A1 gives a measure of the dominant homological feature at each point of the
filtration.



Persistence Landscapes

Means are unique!
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Figure 3: Means of persistence diagrams and persistence landscapes. Top left: the rescaled
persistence diagrams {(6,6), (10,6)} and {(8,4), (8, 8)} have two (Fréchet) means:
{(7,5),(9,7)} and {(7,7),(9,5)}. In contrast their corresponding persistence
landscapes (top right and bottom left) have a unique mean (bottom right).



Persistence Landscapes
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A persistence landscapes toolbox for topological statistics ¢
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Show more
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Computations: The Persistence Landscapes Toolbox:
https://www.math.upenn.edu/~dlotko/persistenceLandscape.html



Statistical Analysis of Persistence Intensity Functions
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Carnegie Mellon University
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Persistence Diagram Persistence Intensity

Death

0.0 0.5 1.0

Figure 1: An example of a persistence diagram and the smoothed persistence intensity estimator constructed from a
density estimator. Left: the density estimator. Middle: the persistence diagram. Each black dot is a 0-dimensional
topological feature and each red triangle is a 1-dimensional topological feature. Right: the smoothed persistence
intensity estimator. Note that in this case we only use the topological feature of dimension 0 to compute the intensities.
1.e. the connected components.



 Topological features can be added to
improve state-of-the-art classifiers

* The non-persistent features also matter!
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Persistent homology analysis of brain artery trees

Paul Bendich? J.S. Marron! Ezra Miller* Alex Pieloch! and Sean Skwerer!
23 November 2014



(a) Brain tree (b) Dgm, (c) Dgm,

Figure 13: Persistent homology data objects from a 24-year old. Left: brain tree. Middle: zero-dimensional
diagram. Right: one-dimensional diagram.

(a) Brain tree (b) Dgm, (c) Dgm;,

Figure 14: Persistent homology data objects from a 68-year old. Left: brain tree. Middle: zero-dimensional
diagram. Right: one-dimensional diagram.



Topological and Statistical Behavior Classifiers for
Tracking Applications

Paul Bendich*, Sang Chin'*$, Jesse Clarke, Jonathan DeSena’, John Harer *, Elizabeth Munch *, Andrew
Newman T, David Porter T, David Rouse T, Nate Strawn *, Adam Watkins
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This CVPR2015 paper 1s the Open Access version, provided by the Computer Vision Foundation.
The authoritative version of this paper is available in IEEE Xplore.

A Stable Multi-Scale Kernel for Topological Machine Learning

Jan Reininghaus, Stefan Huber Ulrich Bauer Roland Kwitt
IST Austria IST Austria, TU Miinchen University of Salzburg, Austria

2015

Persistence diagrams
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Figure 1: Visual data (e.g., functions on surface meshes, textures, etc.) is analyzed using persistent homology [11]. Roughly speaking,
persistent homology captures the birth/death times of topological features (e.g., connected components or holes) in the form of persis-
tence diagrams. Our contribution is to define a kernel for persistence diagrams to enable a theoretically sound use of these summary
representations in the framework of kernel-based learning techniques, popular in the computer vision community.
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Stable Topological Signatures for Points on 3D Shapes

Mathieu Carriere! Steve Y. Oudot! Maks Ovsja.nikov2 2 O 1 5
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Figure 1: Our signatures characterize a point x by the birth (leftmost) and death (second left) of the topological features (here,
non-trivial loops) in the neighborhood of x in a provably stable way. We show how to compactly encode these events in a vector
without losing the stability properties. This is useful in a variety of contexts, including shape segmentation and labeling (as
shown on the right) using linear classifiers such as SVM.



On the stability of persistent entropy and new summary
functions for Topological Data Analysis

N. Atienza, R. Gonzalez Diaz, M. Soriano Trigueros

June 7, 2018

Definition 2.12 (Persistent entropy). Consider a persistence barcode A = {[z¢,y?]}*; where
max;{y;} < co. Persistent entropy of A is:

where £ = yi —xf and L, = £ +--- + £ .



The Ring of Algebraic Functions on
Persistence Bar Codes

Aaron Adcock Erik Carlsson Gunnar Carlsson *

April 3, 2013
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Comparing persistence diagrams through
complex vectors
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Comparing persistence diagrams through
complex vectors
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Deep Learning with Topological Signatures
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Deep Learning with Topological Signatures
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Figure 1: Illustration of the proposed network input layer for topological signatures. Each signature, in the
form of a persistence diagram D € D (left), is projected w.r.t. a collection of structure elements. The layer’s
learnable parameters @ are the locations p; and the scales o; of these elements; v € R™ is set a-priori and
meant to discount the impact of points with low persistence (and, in many cases, of low discriminative power).
The layer output y is a concatenation of the projections. In this illustration, N = 2 and hence y = (y1, yg)T.



RESEARCH ARTICLE

Topological Data Analysis of Biological
Aggregation Models

Chad M. Topaz*, Lori Ziegelmeier, Tom Halverson

Department of Mathematics, Statistics, and Computer Science, Macalester College, Saint Paul, Minnesota,

United States of America
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Accuracy Time Accuracy Time
Distance Matrix | (Noise 0.05) | (Noise 0.05) | (Noise 0.1) | (Noise 0.1)
PD, Hy, L! 96.0% 37346s 96.0% 42613s
PD, Hy, L? 91.3% 246565 91.3% 25138s
PD, Hy, L™ 60.7% 1133s 63.3% 1149s
PD, Hy, L 100% 657s 96.0% 703s
PD, Hy, L? 100% 984s 97.3% 1042s
PD, Hy, L™ 81.3% 527s 66.7% 564s
PL, Hy, L' 92.7% 29s 96.7% 33s
PL, Hy, L? 77.3% 295 82.0% 34s
PL, Hy, L™ 60.7% 2s 63.3% 2s
PL, Hy, L' 83.3% 36s 80.7% 48s
PL, H,, L? 83.3% 50s 66.7% 69s
PL, Hy, L™ 74.7% 8s 66.7% 9s
PI, Hy, L' 93.3% 9s 95.3% 9s
PI, Hy, L? 92.7% 9s 95.3% 9s
PI, Hy, L 94.0% 9s 96.0% 9s
PI, Hy, L' 100% 17s 95.3% 18s
PI, Hy, L? 100% 17s 96.0% 18s
PI, Hy, L™ 100% 17s 96.0% 18s




