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1. Introduction on Stochastic Optimal Control Problems (SOCP)
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Introduction

Stochastic optimal control problem

State equation:

t
X —m0+/ (s, X2, u(s, X)) ds+/ & (s, X u(s, X")) dBs, t€[0,7], (1)
0

where u is the admissible feedback control

Cost functional:
T
J(u) = E [ [ etsXtuto X0 ds+o(X)| s € taa @)
(0]

with ¢: [0,T] x R x U — R and g : R — R.
Stochastic optimal control problem (SOCP):

Find u* € Upq s.t. J (u*) = éIZ}{f J (u) . 3)
u€Uuq
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Introduction

Dynamic programming

Value function:

T
) = nf B[ [ e(s, X¢ (e, X2) ds + g | = o]

for (t,x) € [0,T] x R%.

Ov(t,z) + HelgH (t, 2, K, Ozv(t, 2), 82, 0(t, ) =0, (t,z) € [0,T) x R?,

(4)
o(T,2) = g(z), =€R™
Classical verification theorem [Yong and Zhou, 1999]:
if v € C12, then the optimal control u and its trajectory X* := X% satisfy
H (t7 Xt*7 u(tv Xt*)v awv(tv Xt*)v 831”(@ Xt*))
= inf H (5, X7, 5, 000(t, X7), 02,0(, X)) ®)
K
where H is the Hamiltonian given by
1
H(t,2,5,2,p) = 5 Tr (507 (t,2,00p) + T (82,102 +clt, 2, %) (6)

for (t,x,k,2,p) € [0,T] x RY x U x R% x RI*4,
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Introduction

Curse of dimensionality (CoD)

The curse of dimensionality lies in

® High dimensionality of x € R% and U C R™;

® Optimization problem inf,cyy H for each (t,x).

dwv(t,x) + inf H (t,x,k,dz0(t,x), 82,0(t,x)) =0, (t,z)€[0,T) x RY,
KeU (7)
o(T, ) = g(z), =R
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Introduction

SOC, HJB, and rare events

HJB equations and rare event simulation
[Dupuis, Spiliopoulos, and Wang, 2012],[Vanden-Eijnden and Weare, 2012], etc

Previous neural network results on Stochastic Optimal Controls:

® Direct optimization using DNN [Han and E, 2016]
® Dynamic programming, Hybrid-now method [Huré et al., 2021].
® SDE based methods: Actor-critic method [Zhou, Han, and Lu, 2021]. Stochastic

maximum principle (SMP) & deep learning [Ji, Peng, Peng, and Zhang, 2022],
[Niisken and Richter, 2021], [Li, Verma, , and Ruthotto, 2024].

Selected other methods for HIB equations (deterministic and stochastic
controls, i.e., hyperbolic vs parabolic PDEs)

Darbon and Osher, Resr. math sci, 2016; Darbon, Meng, JCP, 2021; (SDGD) Hu,
Shukla, Karniadakis, and K. Kawaguchi, Neural Networks, 2024; Nakamura-Zimmerer,
Gong, Kang, SISC, 2021; Dolgov, Kalise,and Kunisch, SISC, 2021, and others
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Introduction

Deep learning and SOC

Related work I: Deep learning for the discrete time SOCP:

N—1
in J J(u) =E X X
Jin J(u), J(u) T;)Cn( nyun) +9(XN) |,

Xn+1:F(Xn7un:£n+1)7 ’I’L:O,17~“ 7N717

where the function F' is known; un = un(X™) is the state feedback control;
{0, -+ ,&én—1} are i.i.d. random noise.

Direct optimization based on DNN approximations [Han and E, 2016]:

N—-1
Un(Xn) X tn(Xn;0n),  min E| > e (Xn,tn (Xn;0n)) + g(Xn)
On 7127:701 n=0
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Introduction

Deep learning and SOC

Dynamic programming principle: Let

N-1
Jn(z;u) :=E Z em (Xm, um) ""Q(XN)’XTL = 5[3:| , TE RY.

m=n

N—-1

For the optimal control u* = (u},),_

In (2;0") = E [en (2, up () + Jngr (F(2,up (%), €ng1)s u”) [ Xn = 2],

uy (z) = argminE [cn (z,k) + Jnt1 (F(z, Ry Ent1);u™) |Xn = a:] .
reU

Hybrid-now method [Huré et al., 2021]: Forn=N —1,N —2,--- ,0,
1. Approximate z — u} (z) and x — Jp(x; u*) by DNNs.
2. Train DNNs by enforcing (8) and (9).

(®)

(9)
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Introduction

Actor-critic method

Related work II: Actor-critic method [Zhou, Han, and Lu, 2021].

Zhou, Han, and Lu [2021] focuses the elliptic problem

yu(z) — inf {% Tr (66T (z, N)@%z) o(@) + ' (z,K)dgv(z) + f(, H)} =0, z€D,

reU
v(@) = g(z), =€ oD,

where D C R? and v > 0. The dynamic programming reveals that

o) = inf T, J@w) [/ FOXu (XE)e ™ ds + e~ 77g (X3 | X8 = z]

with 7 :=inf {t > 0: X; ¢ D} and

t t
X=X+ [ RO, X2) ds+ [0 (X2 u(s X)) A, te[0,00).
0 0
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Introduction

Actor-critic method

Critic: For given u € U,gq, if v(z) = J(x;u), then Itd’s formula implies
TAT
eI (X)) — [ A (X)) ds
0
TANAT
+/ Ozvo (XY, u(XY))e 7 dBs,
0
which leads to the loss function for v and z := 9,v as
TAT TAT
Li(v,z;u) :=E H/ fXE u(XY))e 78 dsf/ zo( XY, u(XY))e 7 dBs
0 0
2
4 D) =o)X~
Actor: Given v, the optimal control u can be found by minimizing
~ TAT
Huoy =8 [ [ O u ey ds k(xR ). (10)
0

Key point: If v(z) = J(z;u) for € R%, then

J(u;v) = J(X§;u) for any T > 0.

12 /47



Introduction

Actor-critic method

Actor-critic method:

1. Introduce neural networks (ua,vg, zn) = (u, v, Ozv).

2. Critics: Sample the trajectories of X%« and update
(0,m) « (0,1) — 8V (9,myL1 (v, 2n; ua)
3. Actor: Sample the trajectories of X“ and update
a < a—6Vad(ua;vg).

4. Repeat the steps 2 and 3 until the training converges.
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Introduction

The approach via stochastic maximum principle

Related work III: Stochastic maximum principle (SMP) & deep learning [Ji, Peng,
Peng, and Zhang, 2022].

SMP: If the tuple (u*, X*) is the optimal control and trajectory, then the quadruple
(u*, X*,p*, ¢*) is the solution to
dXt* = 8PH(t7 Xt*’ u;tka 7p:’ 7‘1:) dt + 8qH(t7 Xt*v Uf, 7p;tk7 7‘12:) dBtv
dp: = 8$H(t7 sz?u:7 _ptv —Qf)dt + q: dBy,
X5 =wo, ppr=—0:9(XT),
H(t»Xf,ufy—Pf,—th*) = gglI}H(t7X£kv’€7 —P?—qg)

(11)

for t € [0, T], where H is the SMP Hamiltonian.
The main idea of Ji, Peng, Peng, and Zhang [2022]:

Algorithm 1: Apply the DeepBSDE [E et al., 2017, Han et al., 2018] to the FBSDEs
in (11a)-(11c), where
® g is approximated by a neural network ¢y (¢, X;);

® uf is solved by minimizing H (¢, X}, k, —p}, —q;) over k € U.
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Introduction

The approach via stochastic maximum principle

Algorithm 2:
® The condition (11d) is fulfilled by appending a penalty G(a) to the loss function:

T
Gla)i= A [ B[I0uH (6.7 ua (6, X7), ~p7, ~a) ] dt. A >o0.
0
Typical requirement: v is unconstrained and u — H is convex.

The trajectories of (X*,p*) depend on (ua,qyn), which need to be updated at each
training step.
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2. Derivative-Free Martingale Network (SOC-MartNet)
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Derivative-Free Martingale Network (SOC-MartNet)

SOC-MartNet - martingale networks for SOC problem: Using Varadhan
martingale problem to convert PDEs problem to a martingale problem of SDEs;
sampling SDEs paths to enforce martingale conditions.

Main Aims:

® Addressing cost of updating paths of system SDE under controls
® Avoid computing derivatives of value function v(t, z), i.e. Hessian, in HJB and
Optimization of Hamiltonian

SOC-MartNet: Martingale networks for SOC:

i 2
Parabolic PDE Jnf H (t,@,r,050(t,2), 9550 (t, 2))

ﬂlté’s formula ﬂFind feedback control

Martingale problem u(t,z) := argmin H (t,z, k, Ozv(t, ), a2, v(t, z))

reU

HJE [|X¢] is a projection
ﬂNeural network uq ~ u

T
Galerkin Adversarial learning + min/ E [H(t, Xt,ua(t, Xt))] dt
<« Jo
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Derivative-Free Martingale Network (SOC-MartNet)

Using the structure of H, the HJB equation can be rewritten into

Orv(t, x) + Klgg {LFu(t,2) + c(t,z,k)} =0, (t,x)€[0,T)xR? (12)

with n
LY = Aty z, k)0 + 5 Tr {c‘fc‘rT (t,z, k) 8390} .

By introducing the optimal feedback control u,

u(t,z) := arg Igin {LE(t, )+ c(t,z,5)}, (t,z)€[0,T) x RY, (13)
KE

the HIB equation (12) becomes a linear PDE as

Ov(t, z) + LY(t, ) + c(t, z,u(t,z)) =0, (t,z)€[0,T) x R (14)
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Derivative-Free Martingale Network (SOC-MartNet)

The linear operator 9; + L% is involved in the It6 formula.

For the controlled state process X* given in (1), the It6 formula leads to
t t
v(t, X¢*) = v(0, Xo) +/ (0 + LM)v(s, X ) ds +/ Vu(s, X¢)o dBs
0 0
t t
=v(0, Xo) —/ c(s, X% us) ds+/ Vou(s, X2)o dBs
0 0
which implies a martingale
t
MEY = o, X1 +/ ¢ (s, X", us) ds
0

with us = u(s, X¥).

Martingale formulation for (14): under some usual conditions,

MV is a FB-martingale < (8; + L%) v(t, X}*) + ¢ (t, X}, u(t, X)) =0, as..

(17)
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Increment of the Martingale and PDE residual

Using the It6 formula, we have

t+h
M:J}vAt — MY =v(t+h, X ) — u(t, X3) +/; c(s, X, us) ds

t+h t+h

:/ (0 + LM (s, X&) +c(s, X us)) ds+/ Vou(s, X2)o dBs
t t
t+h t+h

:/ R(v(s,xg))ds+/ Vo(s, X¥)o dBs,
t t

For sufficiently small h > 0, we have AM;"" (t,z) as the Euler-scheme approximation to
ML, — MY with X =, Le.,

AMY (t,x) ;== vt + h,z+ {Zz’u) —v(t,x) + he (¢, z,u(t, x)), (19)
€65 = (1, ult, ) b+ 0 (1,2 u(t,2) (B — Bo) (20)

Comment: Increment of the martingale is an random difference (material derivative
along random direction) approximation of the PDE.

[1] Cai, et al, Deep random difference method for high-dim. quasilinear
parabolic PDEs. J. of Comput. Phys, 2026; [2] Xu, Zhang, A deep shotgun
method for solving high-dim parabolic PDEs, J. of Sci. Comput. 2025..
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Derivative-Free Martingale Network (SOC-MartNet)

How to fulfill the martingale property in parallel in time?
Let X be any uncontrolled pilot process s.t. I'(X;) = I'(X;") := Support(X;").

The martingale property of M"Y can be ensured by
E [(MM - M® ”) |xp = z] =0, zel(X!), te0,T—h. (21)
T If D(XY) C T(Xy),
E (M - MPY) X =e| =0, zeT(Xy), tel0,T-Hh] (22)

{ Galerkin method

T—h
sup/ E [p(t, X¢)AMY (¢, X;)] dt =0, t€[0,T — hl, (23)
peET JO

e Path density pdf weighted Weak form of PINN
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ivative-Free Martingale Network (SOC-MartNet)

gale property by adversarial learning

How to avoid computing E [M7}"|F;] for ¢ € [0,T]?

Using the idea of Weak Adversarial Network (WAN) [Zang, Bao, Ye, and Zhou, 2020],

E [(MHN MBY) |Xt] =0, (Lw)€[0,T— A xQ, ae,
T—At
— / ]E[p(t,Xt)E [(Mt“fAt - M;"“)|Xt] ] dt=0, VpeT
0
with 7 the set of test functions defined by
T := {p 0, T] x R — R| p is smooth and boundcd} .

Since p(t, X¢) is FXt-measurable,

(25) / B [o(t, X0 (My - Mi)|x]] dt =0, wperT,

T— At
— / plt, X0) (M, — ME)] de =0, VpeT,

2
=0.

- T_AtE (o6t X0) (Mg, = Mp?)] at

(24)

(25)

(26)

(27)
(28)
(29)
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Martingale formulation for HJIB equations

Maximum principle

How to efficiently compute inf, cy H (t,gc7 K, Ozv(t, ), 02, v(t, x))'7
It is sufficient to pursue

u(t, X¢) = arg min H (t, X¢, 5, 02v(t, Xt), 02,0(t, X)), (t,w) €0,T] x Q ae., (30)

reU
3
T
w= argmin / E [H (t, X0, a(t, X1), Oav(t, X0), 02, 0(t, X0))] dt,
@:[0,T]xRI—U JO

for I'(X¢) D I'(X}) := Support(X;).
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Martingale formulation for HJIB equations

Theoretical justification

Theorem 1
An optimal feedback control u and the value function v satisfying the HJB equation for
t €10,T] and x € T'(X¢), can be found by the following two conditions,

| Mt =E[MyUIR], te (0T, (31)
T u,v . T u,v
/0 E(m ) di= i [ B (1] at, (32)

24 /47



Derivative-Free Martingale Network (SOC-MartNet)

How to find the optimal feedback control without computing derivatives in
Hamiltonian?

T

(optimal control) Iél&n / E [L%(t, X¢) + ¢ (¢, X, u(t, X¢))] dt. (33)
u€Uag Jo

However,

E[AMS? (£, X)) = h {(9; + L%)o(t, X¢) + e(t, X, u(t, X¢))} + O(h2)

Thus

T—h
min / E [hilﬁMZ’v (t, Xt) — Btv(t, Xt)] dt.
u€Uaq Jo

i.e. the optimal control can be found from

in G(u,v,1 34
i (u,v,1) (34)
where
T—h
G(u, v, p) ::/ E [p(t, Xe) AMY (¢, X¢)] dt (35)
0
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Derivative-Free Martingale Network (SOC-MartNet)

Derivative-Free SOC-MartNet:

(u,v) = lim arg min sup L(@,7,p,A) ¢,
A=400 (4, 5)EUyg xV | PET

where
V= {v 10, T] x R* — R| veCH?, o(T,z) = g(x), Vz € Rd},

L(u, v, p,A) := |G (u,0, 1) + A|G (u, v, p)|?,
T—h
G (u,v, p) i= / E [p(t, X)) AM™ (&, X,)] dt
0
with AMZ’U (t,z) the Euler approximation to M}}", — M"Y with X} =z, i.e.,

t+h

AMGY (t,x) :==v(t + h,z + {Zz’u) —v(t,x) + he (¢, z, u(t, z))
€0 = At u(t,w)) h+ & (t, 2, u(t, ) (Bepn — Bt) -

The functions (u, v, p) are approximated by neural networks, i.e,

(U/, v, .0) ~ (uay Uﬂvp’ﬂ)

with a, 6 and n the parameters.

(36)

(37)

(38)
(39)

(40)
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Schematics of DF SOC-Martnet - Random jumps under control along

Pilot Paths
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Error bounds for linear PDEs

‘We consider
{Dv(a z) = f(t,z,0(t,@)), (t,2)€[0,T)xRY,

o(T,z) = g(z), =zeR™L

Assumptions:
1. Lipschitz continuity of f: 3Cp > 0 s.t.
|f(t’x:y1)7f(tvx7y2)|§00 |y1*y2|7 Vy1,y2 €R, (t,l‘)e [OvT] x R4,

2. Linearity of D:
1
D:at+ﬂaz+§"[‘r{oﬂa§1}, (41)

where p = u(t,m) and o = U(t, m) are independent of v(t,x).
Error metric: At each time step t,, define the mean squared error by
M2 [ — vg] = /Rd |0(tn, ) — vp(tn, 2)|*Px,, (x) da, (42)
where © — Px, () is the probability density function of X, generated by D, i.e.,
Xnt1=Xn + H(tn»Xn) h + U(thn) \/EfnJrlv Ent1 ~ N(O, Iq)~ (43)
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Error bounds for linear PDEs

Theorem 2 (Cai-Fang-Zhou 2026)

Suppose Assumptions 1-2 hold, v € Cb2’4, and 0 < h < min{1, (2v/2Co)~'}. Then
o M2 o —vg) < O (MR [0 — o] + Luam = (vo) + 1) (44)

for some constant C' > 0 independent of the time step size h, where

® M2, [v — vg] is due to the residual of the terminal condition;

® Lydm,=(vg) is induced by the residual of the Random difference method, i.e.,

N-1
Luimn(00) = 3¢ 3 [ |eR(tn,2.6500)| P, (&) (45)
n=0

® h2 is due to the Random difference method approzimation
Dpou(t,x) = Du(t,z) + O (h).

e Cai W, Fang S, Zhou T. (2026) Deep random difference method for high
dimensional quasilinear parabolic PDEs. J. of Comput. Phys, Vol. 555, 114767.
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Derivative-Free Martingale Network (SOC-MartNet)

Discussions

The derivative free SOC-MartNet (36) enjoys the following features:

® Its loss function (37) is free of computing d;v and 82, v.

® The pilot diffusion process X for exploration is not necessarily dependent on
Lv(t, z), providing more flexibility to design the sample distribution.

The price of the derivative-free formulation:

t,z,u

® The random jumps &’ in (38) need to be updated along with the optimal
control, which can not be pre-calculated before the training as in the original
SOC-MartNet [Cai et al, SISC, 2025].
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3. Numerical Results
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SOC-MartNet for HJB equations

Training algorithm

Time partition:
™ ::{to,t1,~~ ,tN} st. O0=to<t1 <ta< - <tp <tpy1<---<tny=T. (46)

Aty :=tp+1 —tn, ABpy1:= Bny1 — Bn.

Numerical approximations:
1. Apply the Euler approximation to pilot paths (Xq,)_g:

Xn+1 =Xn+u(tn,Xn)Atn+O’(tn,Xn)ABn+1, n=0,12---,N—1. (47)
2. Apply the trapezoid formula to the time integral fti:"'*'l HY ds:

U Vg Ua sV o, _ _
MY — M R AM, n=0,1,- N =1,

1
AMEL| = v (b1, X2 1) — vg(tn, Xn) + 5 (cg,e n cgfl) Atn,  (48)
2 = ¢ (tn, Xn, ualtn, Xn)), o =c (th,Xﬁil,ua(tnﬂ, Xﬁil)) (49)
3. Approximate E [-] by the Monte-Carlo method based on the i.i.d. samples

{(Xy(lm)’cg,&(M)’czfi(M)’AM%,@,(m))}fy:O’ m=1,2---, M. (50)
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SOC-MartNet for HJB equations for SOCP

Training algorithm

Mini-batch loss function:

L(az 9: m, A5 A17 A2) = |G(a7 9: 1 A1)|2 +A |G(a7 97 5 AQ)‘Q s (51)
1 m ,0,(m
GlasbmA)i= ro 30 paltn, XS ham it At (52)
(n,m)EA
where A C {0,1,--- ,N} x {1,2,--- , M} is updated at each optimization step.

High efficiency comes from
® Offline computation for pilot paths {X,(im)}f:fzo,

® Parallel computation for Z(n,m)eA e
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Numerical Tests

Test on first order time convergence rate
We consider an Allen-Cahn-type equation
v(t,z) + Lo(t,z) + f (t,a:, u(t, z), Ogv(t, ), Bixv(t,x)) =0 (53)

d d
1
L= sin(2z;)0s; + 3 > (1 40.5sin(5t + 2;))* 92, d = 100 (54)
i=1 =1

ft,0,0,0,02,0) =v—0® + f(t,2),

88% B ; r-1 1| e Numerical results
. B RE; = 10-0-75 y—1.01
0.05 1

0.04
0.03

T

T
|

T
|

RE;

0.02 |~ ® -

0.01 - Q@
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Numerical Tests

HJB equation without using explicit form of inf,, H
HJB equation [Bachouch et al., 2022, Section 3.1]:

(0 + Ag)v(t,z) + inf (2nTazv(t, ) + W) =0, (t,z)€0,T)xR%

KER (55)
o(T,z) =1+g(z), @R
The HJB equation (55) is associated with the SOCP:
T
uw=argminJ(k), J(k):=1+E |:/ |ks|? ds +g(X§3)] , (56)
KEULq 0
Uag = {n 1[0, T] x Q — RY: k is ]FB—adapted} R (57)
t t
X[":XoJr/ 2nsds+/ V2dBs, te[0,T). (58)
0 0
In (55), inf, cpa(---) is obtained by enforcing
T T -
/ E[H""] dt = inf / E[H{] at. (59)
0 w€Uad Jo
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Derivative-Free Martingale Network (SOC-MartNet)

Numerical Results

Consider the HIB equation (55) with an oscillatory terminal function

):éjﬁ%m@,—gmﬂm(@+xﬂ*ﬁ}, zeRY, §=n/10.  (60)

\\MWMU“ EE \‘WMWW “ ; " EE \JﬂMW

Ny \‘\\\\U \Mm o \V‘ u \“ Hm \“ H‘\‘ | 1 \“‘HHUMMH\‘

()T =1 (b) T=0.1 (¢c) T =0.05 (d) T = 0.01

‘‘‘‘‘‘‘‘‘

(e) (f)

Figure 2: Numerical results of derivative-free SOC-MartNet for the d = 10,000 HJB
equation (55) with oscillatory terminal function (60). The running-time is 2814-seconds.

36 /47



HJB equation without explicit inf,, H

We consider the following HJB equation:
1 1
Oyv + inf {(b + 1) 0zv+ = |62 + esin(lgn)} +-Azv=0 (61)
kERD 2 8
When e = 0, the value function v(¢, z) admits a closed-form solution given by

o(t, z) = —i In (E [exp (—40(T, X7)) | X} = z]) (62)

— True
=0
£=1/8
e=1/4
e=1/2
e=1

0.8

0.6

>om+

0.4

0.2

0.0

-0.2

-0.4

-1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00

Figure 3: Numerical results of alg,mnetfors — v(0,s1q), s € [—1,1] from (61) with
d=1,000 and € =1,1/2,1/4,1/8,0 (from bottom to top). The top blue curve=withont
markers represents the reference solution of (61) with € = 0. 37 /47



Convergence in control (LQ Control Pro

A LQ control problem (i.e.,c(t,z, k) = x?) with the drift and diffusion coefficients
wi(t,z, k) = Tip1 — x; + 2qik, o(t,z, k) = V2QQT, (t,z,k) €10,T] x R? x U,
Tgi1 =21, ¢:=(g)i; =05x%x(V2,v?2,0,0,---,00T €RY T =1,

where the optimal feedback control and the value function are given by

(qTe(T—t)Lm _ 1)2

1
* T
u*(t,x) = —q' Vu(t,z), v(t,z)= =log(1+Cr_¢)+ , (63)
2 ( ) 2(1+Cr_y)
where Cr_¢ := QIOTLt lgTer Q2 dr
10° 3{r=x ,,9’ - y=x o
P'/
3 ? T 24
2o 22 ‘(l
=3 Q
1072 —2{¢ 0
0 2500 5000 7500 10000 -2 0 2 0 2 4
Iteration reference u” reference v
(a) REs vs Iter. (b) QQ plot of uqg vs u™ (c) QQ plot of vg vs v

Figure 4: Results for the SOCP in secy lpairwithd = 10%. In (), shading denotes the five-run
mean plus twice the SD. In (b) and (c¢), the quantile-quantile (QQ) plots compare u, and 8/ 47



d = 10° dim. quasilinear PDEs with Allen-Cahn-type source term

Du(t,z) = f(t,z,v(t,x)), (t )€ [0,T] xR (64)
D= 8t+*283 s (t,:r,v) =U7v3+Q(t7x); (65)
=1

Q(t, z) and the terminal conditions v(T,x) = g(x) are chosen for an exact solution
v(t,z) =V ((t—05)1q+z), (tz)€[0,T]xRY, (66)

where 14 := (1,1,---,1)T € R%, and V is given by

V(z) := ch (zi,zi41) + caK(zq, 1) (67)

with

¢; = (1.5 — cos(ir/d)) /d, K(z;,;) := sin (z; + cos(z;) + z; cos(z;)).
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Figure 5: Numerical results with d = 10°. The network width for vg is set to W = 10010, and
the number of time steps is N = 32. The runtime is 3112 seconds at the 6000-th iteration.

W. Cai, S. Fang, T. Zhou. Deep random difference method for high
dimensional quasilinear parabolic partial differential equations. J. of
Comput. Phys, Vol. 555, 2026, 114767.
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4. Conclusions
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Table 1: Comparison of PDE and SDE-based and hybrid DNNs for solving high-dimensional
quasi-linear parabolic equation.

DNN  sol. Strategy A: PDE Strategy B: SDE Strategy C: Random
wg (t, x) based DNNs based DNNs differences
Math. be- | PDE  residuals at | Probabilistic form for | Ité6 formula (??) applied

hind the
loss

t = {1 X = {xi},
R(ug,t,X) and BC

PDE solution and BC

on diffusion paths and BC

Sampling Monte Carlo sampling Random walk by Random walk by stochas-
strategy of domain by a given | stochastic systems | tic systems with the PDE
distribution or SDEs with the PDE opera- operator generator
tor generator
v, vVl SDGD, HTE, RS It6 formula 1t6 formula
Training Reducing PDE residu- Enforcing the nonlin- Reducing the PDE resid-
aims als of DNNs at sam- ear Feynman-Kac for- ual of neural network in

pled locations in strong
form in s or loo

ming || R(ue, t, X)||

mula for PDE solution
and FBSDEs

ug (¢, Xt) = Y,
Vug(t, X¢) = Zy

7(X¢)-weighted Galerkin
weak form

ming max,,

(pn, R(uo, t, Xe))n(xy)
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Pros Parallel, any PDEs, Hessian matrix- Total derivative-free,
error  estimate for | free, system path- path-importance sam-
elliptic PDEs, SDGD- importance sampling, pling, parallel within each
PINN/RS-PINN for parallel between SDE path, first order accuracy
derivatives paths in At, reduced loss vari-

ance.

Cons Simple PINNs require need paths, not paral- need paths, test network
derivatives, lack sam- lel within a path, only pn, min-max saddle point,
pling distribution parabolic PDEs only parabolic PDEs

Rep. works PINN, DeepRitz, DeepBSDE, FBSNN, Weak form using test
DGM, SDGD, HTE, Actor-Critic, Diffu- function: = DeepMartNet,
RS-PINN sion, Feynman-Kac, DRDM and, strong PINN-

Picard Iter, Diffusion form: Shotgun, DGM, RS-
MC PINN

e W.Z. Zhang, Z.Y. Hu, W. Cai, G. Karniadakis, Deep Neural networks for
solving high-dimensional parabolic partial differential equations,
arXiv:2601.13256, January, 2026.
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Conclusions and future work

Conclusions:
Martingale Formulation SOCP
Adversarial Learning —>| SOC-MartNet | = ¢ HJB equation
Maximum Principle Parabolic equation

® Desirable features: high efficiency and ultra-high dimensional applicability.

Future works:

® Extension to the degenerated HJB equation without classical solution v € C'1:2;
® Theoretical analysis for SOCP (random difference operator approach).

® Rare events and committer functions.
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