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Motivation for Qudits

• Some systems are inherently higher dimensional problems

• Improved magic state distillation protocols

• Richer mathematical structure for code design
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Pauli Group for Single Qudit

• Orthonormal basis for a single qudit Hilbert space is specified as,

B = {|η⟩ : η ∈ GF (q)}.

X a|x⟩ = |a+ x⟩, Z b|x⟩ = e
2πi
p tr(bx)|x⟩,

• The single qudit Pauli group for a q-dimensional system, where

q = pm, is defined as follows.

Gq = {e 2πi
p xX aZ b : x ∈ GF (p); a, b ∈ GF (q)}

• Commutativity:

X x1Z z1X x2Z z2 = e[
2πi
p tr(z1x2−x1z2)]X x2Z z2X x1Z z1

In particular, X x1Z z1 and X x2Z z2 commute if and only if

tr(z1x2 − x1z2) = 0.

• Symplectic Representation: A qudit-Pauli operator X aZ b ∈ Gq is

represented by the pair [a|b] ∈ F2
q.
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Pauli Group for N Qudits

• Pauli group for a system of N qudits is the N-fold tensor product of

the single qudit Pauli group and is denoted by G⊗N
q .

• Symplectic Representation: A qudit-Pauli operator X aZ b ∈ G⊗N
q is

represented by the pair [a|b] ∈ F2N
q .

• Commutativity of a subgroup: If the generators are represented in

symplectic form in a matrix Ŝ = [Ax |Az ], the subgroup is

commutative if and only if

tr(AzA
T
x − AxA

T
z ) = 0.
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Qudit Stabilizer Codes

• Stabilizer group S, on a set of N qudits, is an Abelian subgroup of

the N-fold Pauli group G⊗N
q .

• Let ⟨S1, S2, . . . SM⟩ be a set of generators for S.
• Stabilizer code C defined by S may then be defined as the subspace

of the N-qudit Hilbert Space satisfying the condition,

Si |ψ⟩ = |ψ⟩ ∀ i = 1, 2, . . . ,M.

• True Stabilizer code:

• S be a stabilizer group with symplectic representation Ŝ . S is said to

be “true”, if [xP |zP ] ∈ Ŝ =⇒ [γxP |γzP ] ∈ Ŝ , ∀γ ∈ Fq.

• True stabilizer code is a code whose stabilizer group is “true”.
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Qudit CSS Codes

• CSS Code: Each generator Si contains only X operators or only Z

operators. The symplectic matrix for the stabilizer generators given

by,

S =

[
Hx 0

0 Hz

]
; tr(HxH

T
z ) = 0.

• “True” CSS codes are obtained from classical linear codes

(otherwise additive codes in general)
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Known Families of Qudit LDPC Codes

• Bivariate bicycle codes [STH+26]

• Hypergraph product codes [BPR+24, STH+26]

• La-cross [STH+26]

• Subsystem hypergraph product simplex codes [STH+26]

• High dimensional expander based codes [STH+26]

• Fiber bundle codes [STH+26]

• Lifted product codes [PK22] - codes constructed using non-abelian

lifts and product expansion properties
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Qudit Hypergraph Product Codes

• Let H1 and H2 denote the parity-check matrices of two classical

codes over Fq, with sizes r1 × n1 and r2 × n2.

• The hypergraph product of two classical codes C1 = ker(H1) and

C2 = ker(H2) is defined as the quantum CSS code with check matrix

H =

(
HX 0

0 HZ

)

where HX =
[
H1 ⊗ In2 Ir1 ⊗ HT

2

]
and

HZ =
[
In1 ⊗ H2 −HT

1 ⊗ Ir2

]
.
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Stacked Hypergraph Product Codes

Let Bα = {α0, α1, . . . , αm−1} be the primal basis of Fq as a vector space

over Fp and Bβ = {β0, β1, . . . , βm−1} be the trace-dual basis of Bα.

Consider the stacking operators Ωα,s and Ωβ,s defined as follows:

Ωα,s =
[
α0 α1 . . . αs−1

]T

Ωβ,s =
[
β0 β1 . . . βs−1

]T

Let H1 and H2 denote the parity-check matrices of two classical codes

over Fq, with sizes r1 × n1 and r2 × n2 respectively. The stacked

hypergraph product construction is given by the following matrices

constituting the X-type and Z-type stabilizers:

HX = Ωα,s ⊗ Hx

= Ωα,s ⊗
[
H1 ⊗ In2 Ir1 ⊗ HT

2

]
,

HZ = Ωβ,s ⊗ Hz

= Ωβ,s ⊗
[
In1 ⊗ H2 −HT

1 ⊗ Ir2

]
.
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Bounds on Encoding Rate

Theorem

Let H1,H2 be two parity check matrices over GF (q), where q = pm for

some prime p. Then, the encoding rate R of the order-s stacked

hypergraph product code obtained from these matrices is bounded as

R0 ≤ R ≤ 1− s

m
(1−R0),

where R0 =
k1k2+kT

1 kT
2

n1n2+r1r2
.
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Bounds on Minimum Distance

• Minimum distance of fully stacked hypergraph product code

d ≥ min(d1, d2, d
T
1 , d

T
2 )

• Minimum distance of nonstacked hypergraph product code

d ≥ min{w1,w2,w
T
1 ,w

T
2 },

where w1 is the minimum weight of a non-zero vector such that

tr(H1c
T ) = 0. w2,w

T
1 and wT

2 are defined in a similar way.

• As stacking order increases, rate decreases and minimum distance

increases.
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Fq-algebra

• FqG , where G is a group. The elements of FqG are formal sums of

the form
∑

g∈G αgg , where αg ∈ Fq.

• Addition and multiplication can be defined.

• Left multiplication by a fixed element α ∈ FqG can be represented

as a ℓ× ℓ matrix over Fq, ρ(α) (where ℓ = |G |).

• Elements of the group ring Rℓ = Fq[x ]/(x
ℓ − 1) can be represented

as circulant matrices over Fq.
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Qudit Lifted Product Code

Let H1 and H2 be two matrices with entries from Rℓ. Let q = pm and

1 ≤ s ≤ m. Then, the order-s qudit lifted product code with respect to

these two matrices is the qudit CSS code with Hx and Hz matrices given

by,

Hx = Ωα,s ⊗ ρ (
[
H1 ⊗ In2 Ir1 ⊗ HT

2

]
),

Hz = Ωβ,s ⊗ ρ∗(
[
In1 ⊗ H2 − HT

1 ⊗ Ir2
]
),

where Ωα,s and Ωβ,s are the partial stacking operators and ρ is the

matrix map (also same as lifting), applied element-wise to each entry in

the above matrices. ρ∗ is the conjugate map.
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Tanner Code

• Ingredients:

• Regular graph G = (V ,E) with n vertices and vertex degree w .

• Base code C0 over Fq.

• Definition: T (G, C0) is a wn length code obtained by indexing the

edges of the graph with the coordinates of the code. The tanner

code itself is defined by the following parity-check equations:

∀c ∈ T (G, C0), ∀v ∈ V , c|N(v) ∈ C0,

where N(v) denote the neighbors of v in G.
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Cyclic Group Lift of a graph

Given a graph G, ℓ-cyclic group lift of the graph is

• Replace each vertex in the graph with ℓ vertices.

• An edge between two vertices in G is replaced by ℓ edges between

the two sets of ℓ vertices in the lifted graph.

• The ℓ edges themselves form a matching between the two sets of

vertices, which is defined by the action of an element from the cyclic

group Zℓ.
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Fig. 1. Lifting of the base graph G.

such that ei connects in Ĝ the vertices vi and v′
π(i), where

π → Sε is some permutation on the set {1, . . . , ε} (see Fig. 1).
Note that the permutations for different edges may be different.
If the set of permutations π is restricted to some finite
permutation subgroup Γ ⊆ Sε such that8 |Γ| = ε, then we
also say that Ĝ is a Γ-lift of G, and a shift ε-lift when
Γ = 〈(1, 2, . . . , ε)〉 ⊆ Sε is the cyclic group of size ε generated
by the permutation (1, 2, . . . , ε) → Sε.

Note that the parity-check matrix of an LDPC code that
was obtained as a shift ε-lift of some base graph is a
quasi-cyclic matrix of circulant size ε. Let us briefly remind
that quasi-cyclic (QC) matrices are block matrices, where each
block is an ε × ε-circulant. They are usually represented by
matrices over the quotient polynomial ring Rε = F2[x]/(xε −
1). In a more general case of Γ-lifts the corresponding binary
block matrices can be represented by matrices over a group
algebra F2 G, where G is an abstract group of order ε that is
isomorphic to the permutation subgroup Γ ⊆ Sε.

The idea of the lifted product is to start from two small
Tanner graphs A and B that have some shift ε-lifts Â and B̂,
respectively. Let A be the corresponding matrix over Rε for Â,
and B be the corresponding matrix for B̂. Since the ring Rε

is commutative, we will show in Section III that one can
use a slightly modified hypergraph product construction [9] in
order to obtain the parity-check matrices HX and HZ over Rε.
Finally, we will see that HX and HZ (considered as binary
block matrices) define a CSS code denoted by LP(A, B).
In fact, the idea of the lifted product is more general and can
be used not only with the ring Rε. Later we will show that
this construction works for matrices A and B over any ring R
that is a commutative ε-dimensional F2-algebra. For example,
if G is an abelian group of order ε, then the group algebra
F2 G can be used as the ring R. Hence, we can use not only
shift ε-lifts, but also Γ-lifts when the permutation group Γ is
abelian. In fact, the general definition of lifted product codes,
given in Section III, can also be used with non-abelian groups
as well. However, in this paper, we consider only abelian
groups, while the non-abelian case is left for future work.

We should emphasize that the codes from Theorem 1
correspond to the case when B is a 1×1 matrix with only one
element b → Rε. We denote the code LP(A, B) by LP(A, b)
in this case. Later we will show how to find or estimate
the dimension of LP(A, B) and LP(A, b) in many special
cases.

8Such groups are obtained from some abstract finite group as the group of
all its left actions on itself.

Fig. 2. HP – hypergraph product codes, FB – fiber-bundle codes, LP – lifted
product code LP(A, 1 + x). The parameters of all codes (the minimum
distance d and the dimension K) are shown in the logarithmic scale up to
polylogarithmic factors as the code length N → ∞.

In Fig. 2 you can see the parameters of the LP codes from
Theorems 1 and 2 (shown in red) against the parameters
of the fiber bundle (FB) codes [12] (shown in green) and
the hypergraph product (HP) codes [9] (shown in blue). In fact,
if we apply the method used in Theorem 2 to the fiber bundle
codes, then we can also increase their dimension in the same
way as for LP codes. The parameters of the quantum codes
obtained in this way are also shown in green. We can see
from Fig. 2 that (up to polylog factors) the parameters of
the all mentioned above codes converge to the parameters
of the hypergraph product codes as the dimension K grows
asymptotically up to the code length N .

Lifted Products of Chain Complexes

Let us briefly show how to extend the idea of the lifted
product to chain complexes. It is known that 2-dimensional
chain complexes correspond to CSS codes [29]. Nevertheless,
s-dimensional chain complexes for s > 2 can also be useful
in the context of single-shot error correction [30].

Consider some commutative ring R. Let us remind that
a free R-module of rank r is an R-module M , where there
exists a set of elements {m1, . . . , mr} ⊆ M called basis such
that every m → M is uniquely represented as:

m = a1 m1 + · · · + armr,

where a1, . . . , ar → R. Hence M ∼= Rr, and if the ring R
is a field, then M is simply an r-dimensional vector space
over R. A canonical example of a free R-module of rank r is
the module of formal R-linear combinations of the elements
of some set S, where |S| = r.

By a chain complex over a commutative ring R we mean
a free R-module C =

!
i∈Z Ci with an R-linear map ∂ : C ⇐ C

called a boundary map such that ∂2 = 0, and ∂(Ci) ⊆ Ci−1.
We suppose that each free R-module Ci has finite rank, and
Ci = 0 when i < 0 or i > n, where the parameter n is called
the dimension of C. We also assume that each Ci comes with
some preferred basis C̃i ⊆ Ci, and we call its elements i-cells.

Authorized licensed use limited to: INTERNATIONAL INSTITUTE OF INFORMATION TECHNOLOGY. Downloaded on April 12,2026 at 02:54:58 UTC from IEEE Xplore.  Restrictions apply. 

15



Qudit LP Code Construction

H1 = A and H2 = b = x − 1. Denoted LP(A, x − 1).

A and AT are (α, β)-expanding. The following steps to construct A.

• Step 1: First ingredient of the construction is a code C0 over Fq

such that the minimum distance of both the code C0 and C⊥
0 are

good. Such codes can be found using a random coding argument.

• Step 2: Such a code is used as a local code in a Tanner code. Such

a code has good minimum distance as well as low-weight parity

checks too.

• Step 3: The above Tanner code is lifted through a process of cyclic

group lift. The matrix ρ(A) is given by the parity check matrix of

this lifted Tanner code. A itself can be obtained from ρ(A) through

the inverse map.
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Rate of Fully Stacked LP Code

• Dimension of the code in terms of matrix A is

dim(C(A(1)) + dim(C(AT (1)).

• A is (m × wn) matrix over Rℓ.

• Length of the code is N = ℓ(wn +m).

w is fixed. Thus, N = O(ℓn).

• Dimension of the code is O(n).
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Minimum Distance of Fully Stacked LP Code

Theorem

Let A ∈ Mm×wn(Rℓ) be a w-limited QC matrix such that A and AT are

(α, β)-expanding. Consider a lifted product code Q = LP(A, x − 1).

Then, d(Q) ≥ γℓ, where γ is a constant depending on α, β and w.

• Minimum distance scales as O(ℓ).

• The product of rate and minimum distance scales as O(ℓn) which is

block length.

• Maximum possible minimum distance depends on the maximum ℓ

(lift size) preserving the expansion property, which is exponential in

n.

18



Core Idea of the Minimum Distance Proof

• Algebraic proof:

• A codeword in CZ satisfies Au = (x − 1)v .

• If the weight of u is small and non-zero, then the expansion property

of A forces the weight of v to be large since the weight of (x − 1)v is

atmost half that of v .

• This core argument is used not directly for u and v but some

“multiples” of u and v .

• Algorithmic proof:

• Noisy syndrome decoding for the classical code with parity check

matrix ρ(A) is carried out.
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Merged Syndrome Decoding

• Syndromes produced by the stabilizer measurements are in GF (p)

rather than GF (q).

• Full stacked code

HX =




α0Hx

α1Hx

...

αm−1Hx



; HZ =




β0Hz

β1Hz

...

βm−1Hz



,

• Merging operation to get non-binary syndrome:

s̃z =
m−1∑

i=0

sz,iβi =
m−1∑

i=0

tr(αiez · HT
x )βi = ez · HT

x
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Simulation Results
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Figure 1: FER performance of code A, which is a fully stacked [[320, 64]]

hypergraph product code
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Simulation Results
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Figure 2: FER performance of code B, which is a fully stacked [[900, 36, 10]]

hypergraph product code
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Simulation Results
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Figure 3: FER performance of C , which is a fully stacked [[1054, 140, 20]]

lifted product code
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Open Problems

• For lifted product codes with general b, minimum distance proof.

• Say b = 1 + x + x3 and ℓ is a multiple of 7.

• Tighter bounds on rate and distance for partially stacked codes.
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