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Gaussian Correlation Inequality

Gaussian Correlation Inequality, Royen '14

VY convex K=-Kand L=-LinR", y(KnL)>~(K)y(L) .
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Gaussian Correlation Inequality

Gaussian Correlation Inequality, Royen '14

Veonvex K=-Kand L=-LinR", v(KnL)>~(K)vy(L) .

)

Prior partial results:

@ Khatri, Sidak 67 - K = [~a,a] x R" .

@ Pitt 77 - confirmed n = 2, inspired conjecture.
@ Folklore - convex K, L are unconditional.
°

Schechtman—Schlumprecht—Zinn '98 - K, L centered ellipsoids;
convex sets of small measure.

Hargé 99, Cordero-Erausquin '02 - K centered ellipsoid.

Royen '14 - resolved conjecture. By origin-symmetry (X?) ~ \?
and Laplace transform; more general I'-distributions.

@ Latata—Matlak '17 - detailed exposition.

@ Eskenazis—Nayar—Tkocz '18 - extended GCl to Gaussian
mixtures ~ S- Z. E.g. symmetric p-stable laws, p < (0,2).
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Gaussian Correlation Inequality

Gaussian Correlation Inequality, Royen '14

Veonvex K=-Kand L=-LinR", v(KnL)>~(K)y(L) (*).

Recent developments:

@ M. 25 - gave new proof using extension of Nakamura-Tsuji’s
Inverse Brascamp—Lieb inequality (Gaussian saturation).

@ NT 25 - () holds for Gaussian centered K. L: [, , xd~(x) = 0.
Equality in () iff K = Ky x Epy, L = EX x Ly up to null sets.
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Tehranchi’s Conjecture

Conjecture (Tehranchi '17)
Veonvex K=-Kand L=-LinR", v(K)y(L) <v(KnL)y(K+L).

@ Would be strengthening of GClI since (K + L) < 1.
@ Stability: if v(Kn L) <(1+e)y(K)y(L) then (K + L) >

1
1+€*
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Tehranchi’s Conjecture

Conjecture (Tehranchi '17)

Veonvex K=-Kand L=-LinR", v(K)y(L) <v(KnL)y(K+L).

@ Would be strengthening of GClI since (K + L) < 1.
@ Stability: if v (K L) < (1+e)y(K)y(L) then (K + L) > -

1+€*

@ Motivation: ~ appears twice on both sides, 7 scaling limit.
In scaling limit: |K||L| < |K n L||K + L| is Rogers—Shephard Inq.
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Tehranchi’s Conjecture

Conjecture (Tehranchi '17)
Veonvex K=-Kand L=-LinR", v(K)y(L) <v(KnL)y(K+L).

@ Would be strengthening of GClI since (K + L) < 1.
@ Stability: if v (K L) < (1+e)y(K)y(L) then (K + L) > -

1+€*

@ Motivation: ~ appears twice on both sides, 7 scaling limit.
In scaling limit: |K||L| < |K n L||K + L| is Rogers—Shephard Inq.

@ Tehranchi’17 - holds with C” factor.

@ Assoulin—Chor—Sadovsky '24 - True for unconditional K L,
False if K + L <~ Conv(K U L).
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Rogers—Shephard Inequality

(Henceforth, all bodies assumed convex):
@ Rogers—Shephard '58: |K n L||K — L| < (*7)|K||L].
@ Cc RV Fisa k-dim subspace: |C i Fli|Pr Cly-i < ()| Cln.

@ When C = -C, RS method yields |C|y < |C n Flx|Pr: Cly_k.
Spingarn ’93: enough to have C centered.
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Rogers—Shephard Inequality

(Henceforth, all bodies assumed convex):
@ Rogers—Shephard '58: |K n L||K — L| < (*7)|K||L].
@ Cc RV Fisa k-dim subspace: |C i Fli|Pr Cly-i < ()| Cln.

@ When C = -C, RS method yields |C|y < |C n Flx|Pr: Cly_k.
Spingarn ’93: enough to have C centered.

@ Applyingto C=K x LcR?" F={(x,x):xecR"},
F={(x,-x) : x e R"}, ﬂn Jacobian factor cancels, obtain:

RSS Inqg: K, L convex centered ~ |K||L| <|K n L||K - L|.
@ When K = -K, L = -L, we call this the RS Ing.
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Thm (Gaussian Conjugate RS Inqg = GCRSI, MNT '26)

K. L convex, Gaussian centered ~ (K )y (L) <v(KnL)y(K + L).

Equality iff K = Ky x E;,, L = E;, x Ly up to null sets.

@ When K = -K, L = —L, this confirms Tehranchi’s conjecture.
@ Fuses GCIl and RSl into single statement, recovering both.

@ “Conjugate" bc/ we obtain K + L, not K — L (don’t know how).
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Thm (Gaussian Conjugate RS Inqg = GCRSI, MNT '26)

K. L convex, Gaussian centered ~ (K )y (L) <v(KnL)y(K + L).

Equality iff K = Ky x E;,, L = E;, x Ly up to null sets.

@ When K = -K, L = —L, this confirms Tehranchi’s conjecture.
@ Fuses GCIl and RSl into single statement, recovering both.

@ “Conjugate" bc/ we obtain K + L, not K — L (don’t know how).

Cor (Conjugate RSS Ing, MNT '26)

K, L convex centered ~ |K||L| < |K n L||K + L| (new?).
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More General Results - Motivation

Assume K. L convex and Gaussian centered in R”.
V. Milman—Pajor ’00: &° + b® = 1 ~ ~(K)~(L) < 7(1me ;L)j,(aKf bL).
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More General Results - Motivation

Assume K. L convex and Gaussian centered in R”.
V. Milman—Pajor ’00: &° + b® = 1 ~ ~(K)~(L) < 7(1me ;L)j,(aKf bL).

Proof: when K = -K, L = —L, repeat RS proof for K x L with
F={(bx,ax): x eR"}, use 7 rotation invariant & product.

No homogeneity like for |- |, hence a° + b® = 1 (e.g. a= b = %).
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More General Results - Motivation

Assume K, L convex and Gaussian centered in R".

V. Milman—Pajor ’00: &° + b® = 1 ~ ~(K)~(L) < :(1me ;L)a(aK—bL).
Proof: when K = -K, L = —L, repeat RS proof for K x L with
F={(bx,ax): x eR"}, use 7 rotation invariant & product.

No homogeneity like for |- |, hence &° + b* = 1 (e.g. a= b = if)
Question: when does (K )~(L) < y(aK nBL)y(aK + bL)?
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More General Results - Motivation

Assume K. L convex and Gaussian centered in R”.
V. Milman—Pajor ’00: &° + b® = 1 ~ ~(K)~(L) < 7(1me ;L)q(aKf bL).

Proof: when K = -K, L = —L, repeat RS proof for K x L with
F={(bx,ax): x eR"}, use 7 rotation invariant & product.

No homogeneity like for |- |, hence &° + b* = 1 (e.g. a= b = if)
Question: when does (K )~(L) < y(aK nBL)y(aK + bL)?

® = Y(K)v(L)<~(la|Knl|B|L)y(|la|K+alb|L), ce{-1,+1}.
Sowe’llassume o, 3,a,b> 0,0 ¢ {-1,1}.

@ Testing K =R"or L=R" ~ 5, > 1.

@ Scaling limit and homogeneity ~ ab, fa> 1.
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More General Results - Motivation

Assume K. L convex and Gaussian centered in R”.
V. Milman—Pajor ’00: &° + b® = 1 ~ ~(K)~(L) < 7(1me ;L)q(aKf bL).

Proof: when K = -K, L = —L, repeat RS proof for K x L with
F={(bx,ax): x eR"}, use 7 rotation invariant & product.
No homogeneity like for |- |, hence &° + b* = 1 (e.g. a= b = if)
Question: when does (K )~(L) < y(aK nBL)y(aK + bL)?

® = Y(K)v(L)<~(la|Knl|B|L)y(|la|K+alb|L), ce{-1,+1}.
Sowe’llassume o, 3,a,b> 0,0 ¢ {-1,1}.

@ Testing K =R"or L=R" ~ 5, > 1.
@ Scaling limit and homogeneity ~ ab, fa> 1.

@ So best one could hope for: for which a,b >0, 0 € {-1,+1},

v(K)y(L) <~ (max(f 1)Kmmax(f 1)L)y(aK + obL)?
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More General Results

K, L convex ~-centered in R"”. For which a,b >0, 0 € {-1,+1},
1 1
Y(K)~(L) < 7,(ma><(5.1)Km max(5.1)L)ﬁ(aK+ oblL)?
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More General Results

K, L convex ~-centered in R"”. For which a,b >0, 0 € {-1,+1},
1 1
~(K)y(L) < d,(max(E. 1)Kn max(g. 1)L)v(aK + obL)?

True for o = +1 (conjugate), 3 min(&?, b?) + max(&?, b?) > 1.
Characterization of equality (depends on a°. b” >< 1).
False for a+ b < 1 (already for n = 1).

b2

1/4
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More General Results

K, L convex ~y-centered in R". For which a,b >0, 0 € {-1,+1},

~(K)y(L) < q(max(%ﬂ)Km max(%J)L)ﬁ(aKJr oblL)?

True for o = +1 (conjugate), 3 min(&?, b?) + max(&?, b?) > 1.
Characterization of equality (depends on a°. b” >< 1).
False for a+ b < 1 (already for n = 1).

Particular cases:
@ Casea=b=1(0c=+1)is the GCRSI.

@ Conjugate Milman—Pajor Inq (CMPI):
@ +b2=1 ~ y(K)v(L) <v(4K n 1L)y(aK+bL).
Equality (when a, b = 0) iff K = L = R",

@ When |g| = |b| = A, we obtain a characterization:

v(K)v(L) < 7,(%(Km L)vy(AMK + L)) VK, L convex ~v-centered
iff A\e[1.1]: A =1is GCRSI; A = % is CMPI; \ = 1 extremal.
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Equivalent Functional Formulation

Let /; : R” — R, be quasi-concave w/ Gaussian-centered level-sets.

GCl < Vi b /ﬁdq[fgd:g/ﬂfgdj.
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Equivalent Functional Formulation

Let /; : R” — R, be quasi-concave w/ Gaussian-centered level-sets.

GCl < Vi b /ﬁdq[fgd:g/ﬂfgdj.

What is an equivalent functional formulation of GCRSI? Multiplying
RHS by |/ sup,_y.y, 1 (X)2(y)d~(z) would violate homogeneity...
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Equivalent Functional Formulation

Let /; : R” — R, be quasi-concave w/ Gaussian-centered level-sets.

GCl < Vi b fﬁdqffgd:gfﬁfgdq.

What is an equivalent functional formulation of GCRSI? Multiplying
RHS by |/ sup,_y.y, 1 (X)2(y)d~(z) would violate homogeneity...

Using 4-functions Thm, can show:

GCRS| < Vfi,h /fﬂﬂ,ffgd:g/maxo(f1.f2)d7ff1ngdﬁ,.

_ .g>0 .
maxo(p, q) = | "X D P 97 % hok(z) = sup min(h(x), h(Y)).
0 quo Z=X+y

Note: max(1K. 1L) =1, but maxo(1K,1L) =1knL.
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Equivalent Functional Formulation

Let /; : R” — R, be quasi-concave w/ Gaussian-centered level-sets.

GCl < Vi b fﬁdqffgd:gfﬁfgdq.

What is an equivalent functional formulation of GCRSI? Multiplying
RHS by |/ sup,_y.y, 1 (X)2(y)d~(z) would violate homogeneity...

Using 4-functions Thm, can show:

GCRS| < Vfi,h /f1d7>ff2d7,g/maxo(ﬁ.fg)dq/ﬁngdq.

_ .g>0 .
maxo(p, q) = | "X D P 97 % hok(z) = sup min(h(x), h(Y)).
0 quo Z=X+y

Note: max(1K. 1L) =1kuL but maxo(1K,1L) =1knL.
This gives us a hint regarding how to establish GCRSI:

fi(x1)f(X2) = maxo(fi(X1), 2(X2)) min(fi(x1), f2(X2))
< maxo(f1 (X1).f2(X2))f1 O f2(X1 +X2).
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GCRSI for log-concave functions

Thm (GCRSI for log-concave functions, MNT '26)

Let fi,f, ho : R"” >Ry, hy: R?" - R, log-concave, such that
| xfi(x)d~(x) =0, i=1,2 (no centering assumption on /7).

If f1(X1)f2 Xg) < /71(X1 X2)h2(X1 +X2) VXqy,Xo € R".

Then [ oy [ kar'< [ my.p)a" ) [ hear”.

In addition, characterization of equality case (e.g. implies . = C).
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GCRSI for log-concave functions

Thm (GCRSI for log-concave functions, MNT '26)

Let fi,f, ho : R"” >Ry, hy: R?" - R, log-concave, such that
| xfi(x)d~(x) =0, i=1,2 (no centering assumption on /7).

If f1(X1)f2 Xg) < /71(X1 X2)h2(X1 +X2) VXqy,Xo € Rn.’

Then [ oy [ kar'< [ my.p)a" ) [ hear”.

In addition, characterization of equality case (e.g. implies . = C).

Applying to 7 = 1y, fo =11, hy = 1k, ho = 1, yields GCRSI:
Y (K)Y"(L) <+"(KnL)y"(K +L).
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~r = Gaussian prob. w/ covariance [ > 0, ga(x) = exp(—1 (Ax. x)).
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Main Tool

~r = Gaussian prob. w/ covariance [ > 0, ga(x) = exp(—1 (Ax. x)).

Thm (Gaussian Forward Reverse BL Ing, MNT °26)

E=al R" L :E - R" surjective, j = 1,. .., J, {ci}, {d} >
Q: E — E (any signature), >, > 0 on R, [;>0 on R (degenerate?)

For all log-concave f; : R" — R, w/ [ Xfi(x)dvys,(x) = 0,
for all log- concave h;: R™ — R, (no centering assumption),
If Hf(x,)c<eEQXXHh Lix)¥ vx=(x,..., X)) € E,
i=1 J=1
/

~ J i
Then [T( M/f,-dﬂ“’Z’)QSITR(L%)H(me/ hy dr,)?,
RN

where FRE%) denotes best constant when testing centered Gaussians
fi = ga, and h; = gg, (A;, B; > 0), namely:

[H}‘J:1 det (ldm/ 4 r/BJ-)d//Z . diag (¢ A1 """" ciA) l
lnfz1 dcl(ldn/ +Z,-A,)C’/2 >Q+ Z, ’ dL BiL; J
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History of Brascamp—Lieb Inequalities

/ J
GFRBL: If [1H0x)° < e 2 X ] h(Lix)¥ vxeE,
i=1 j=1
! C G J o]
Then [T( [, fiaw)" <FREGTI( [, how)",
= IR =1 JRY
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History of Brascamp—Lieb Inequalities

GFRBL: If Hf(x)c’<ezo”Hh(Lx)/ vxeE,

Then f fahs)” < PR T ( [, )’
, ; i1 Jem
When Q =0 and mtegratlon is w.r.t. Lebesgue, no need for
log-concave or centering of 7. /1;; in that case FRBL was obtained by
Liu—Courtade—Cuff—Verd( 18 (prior case by Cordero—Maurey).
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History of Brascamp—Lieb Inequalities

GFRBL: If Hf(x)c’<ezo”Hh(Lx)/ vxeE,

Then f fahs)” < PR T ( [, )’
| L Sen

I

When Q =0 and mtegratlon is w.r.t. Lebesgue, no need for
log-concave or centering of 7. /1;; in that case FRBL was obtained by
Liu—Courtade—Cuff—Verd( 18 (prior case by Cordero—Maurey).

@ /=1~ Forward BL (Lieb) - contains Hélder—Young Ings.
@ J =1~ Reverse BL (Barthe) - contains Brunn—Minkowski Ings.

@ /.J>1 ~ gives more than BM theory (we use / = J = 2).
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History of Brascamp—Lieb Inequalities

/ J
GFRBL: If [16(x)% < e 2@ ] hi(Lix)% VxeE,
i=1 j=1
! Ci (9) J g
Then [1( ), fidw)" <FRiGTT( [, han)”,
i1 RN /_:1 oMy
When Q = 0 and integration is w.r.t. Lebesgue, no need for
log-concave or centering of 7. /1;; in that case FRBL was obtained by
Liu—Courtade—Cuff—Verdl ’18 (prior case by Cordero—Maurey).

When integration is w.r.t. ~, or equivalently, Q has general signature,
GFRBL is FALSE for general /. h; (e.g. non-centered Gaussians).
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History of Brascamp—Lieb Inequalities

/ J
GFRBL: If [16(x)% < e 2@ ] hi(Lix)% VxeE,
i=1 j=1
! Ci (9) J g
Then [1( ), fidw)" <FRiGTT( [, han)”,
i1 RN /_:1 oMy
When Q = 0 and integration is w.r.t. Lebesgue, no need for
log-concave or centering of 7. /1;; in that case FRBL was obtained by
Liu—Courtade—Cuff—Verdl ’18 (prior case by Cordero—Maurey).

When integration is w.r.t. ~, or equivalently, Q has general signature,
GFRBL is FALSE for general /. h; (e.g. non-centered Gaussians).

« Effect of sig(Q): Barthe—Wolff ‘22 (IBL), Courtade—Liu '21 (FRBL).
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History of Brascamp—Lieb Inequalities

GFRBL: If Hf(x)"/<e%°”Hh(Lx)d VxekE,
J=1
J
d
Then fidvys )" < H{ ) hidyr) 7,
L f /I} ( '/:,n] /) /)
When Q =0 and mtegratlon is w.r.t. Lebesgue, no need for

log-concave or centering of 7. /1;; in that case FRBL was obtained by
Liu—Courtade—Cuff—Verdl ’18 (prior case by Cordero—Maurey).

When integration is w.r.t. ~, or equivalently, Q has general signature,
GFRBL is FALSE for general /. h; (e.g. non-centered Gaussians).

« Effect of sig(Q): Barthe—Wolff ‘22 (IBL), Courtade—Liu '21 (FRBL).

» Nakamura—Tsuji '25: for even (centered) log-concave f. h;, sig(Q)
irrelevant in IBL. M. ’25: cannot remove log-concave assumption.
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History of Brascamp—Lieb Inequalities

GFRBL: If Hf(x)"/<e%°”Hh(Lx)d VxekE,
J=1
J
d
Then fidvys )" < H{ ) hidyr) 7,
L f /I} ( '/:,n] /) /)
When Q =0 and mtegratlon is w.r.t. Lebesgue, no need for

log-concave or centering of 7. /1;; in that case FRBL was obtained by
Liu—Courtade—Cuff—Verdl ’18 (prior case by Cordero—Maurey).

When integration is w.r.t. +, or equivalently, @ has general signature,
GFRBL is FALSE for general /. h; (e.g. non-centered Gaussians).
« Effect of sig(Q): Barthe-Wolff '22 (IBL), Courtade—Liu '21 (FRBL).
» Nakamura—Tsuji '25: for even (centered) log-concave f. h;, sig(Q)
irrelevant in IBL. M. ’25: cannot remove log-concave assumption.

o MNT ’'26: for GFRBL, sig( Q) is irrelevant for log-concave 1, h;,
centered f; (not /), degenerate ['; > O (allows to integrate on
subspaces).
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History of Brascamp—Lieb Inequalities

/ . J
GFRBL: If [Tfi(x)% < e72(@x H h(Lix)% VxeE,
i=1 j=

/ J
Then n( Mf,'dwz,,)c’gFR(L%)n( o hdin)?,
1= ) J= -

When Q = 0 and integration is w.r.t. Lebesgue, no need for
log-concave or centering of 7. /1;; in that case FRBL was obtained by
Liu—Courtade—Cuff—Verdl ’18 (prior case by Cordero—Maurey).
When integration is w.r.t. +, or equivalently, @ has general signature,
GFRBL is FALSE for general /. h; (e.g. non-centered Gaussians).

o Effect of sig(Q): Barthe—Wolff '22 (IBL), Courtade—Liu 21 (FRBL).
» Nakamura—Tsuji '25: for even (centered) log-concave f. h;, sig(Q)
irrelevant in IBL. M. ’25: cannot remove log-concave assumption.

o MNT ’'26: for GFRBL, sig( Q) is irrelevant for log-concave 1, h;,
centered f; (not /), degenerate ['; > O (allows to integrate on
subspaces). More general version with 9 X fi < a5 9y < h; < 9s;-
Write f; - gq, if f; = 9q, - l0og-concave, f; < gq, if fi = gq, - log-convex.
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Proof Idea in Simplest Case

Write f; > gq if fi = 9o, - log-concave, f; < gq, if fi = gq, - log-convex.
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Proof Idea in Simplest Case

Write f; > gq if fi = 9o, - log-concave, f; < gq, if fi = gq, - log-convex.

First prove assuming 9ar < fi < 9ais 9B < hj < 9s:s €ven,
0<A'<Al<o0,0< B} < B}i < oo, arbitrary Q, Lebesgue integration.
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Proof Idea in Simplest Case

Write f; > gq if fi = 9o, - log-concave, f; < gq, if fi = gq, - log-convex.

First prove assuming 9ar < fi < 9ais 9B < hj < 9s:s €ven,
0<A'<Al<o0,0< B} < B}i < oo, arbitrary Q, Lebesgue integration.
By compactness = maximizers f;, /;, normalize [ fidx; = [ hidy; =1,

i 1 ) J
[1f(x)° < ﬁe’?m”) [Thi(Lx)% vxeE. (%)
i=1 J=1
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Proof Idea in Simplest Case

Write f; > gq if fi = 9o, - log-concave, f; < gq, if fi = gq, - log-convex.
First prove assuming 9ar < fi < 9ais 9B < hj < s, even,

0 <Al <Al <o0,0<B < B < oo, arbitrary Q, Lebesgue integration.
By compactness 2 maximizers f, h;, normalize | fidx; = [ hidy; = 1,

i 1 ) J
[1f(x)° < ﬁefﬂc‘m [Thi(Lx)% vxeE. (%)
i=1 J=1

Set fi(O) - f . f/(N)(yI_) — 2n//2<’cj(N*1) . f,-(Nq))(\/éyi)q
O = by, WV (y,) = 2" (AN 4 pN D) (V2y).
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Proof Idea in Simplest Case

Write f; > gq if fi = 9o, - log-concave, f; < gq, if fi = gq, - log-convex.

First prove assuming 9ar < fi < 9ais 9B < hj < s, even,
0<A'<Al<o0,0< B} < B}‘ < oo, arbitrary Q, Lebesgue integration.
By compactness = maximizers f;, /;, normalize [ fidx; = [ hidy; =1,

i 1 ) J
[1f(x)° < ﬁewmm [Thi(Lx)% vxeE. (%)
i=1 J=1

Set fi(O) - f . f,'(N)(Yi) — 2n//2<fi(/\/*1) . f,-(Nq))(\/éyi)q
O = by, WV (y,) = 2" (AN 4 pN D) (V2y).

Can show g, < 1" < gy, gs < h < gs and () for AN
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Proof Idea in Simplest Case

Write f; - gq, if f; = 9q, - l0og-concave, f; < gq, if fi = 9q, - log-convex.
First prove assuming 9 X i< 9as> 9B < hj < s, even,

0 <Al <Al <o0,0<B < B < oo, arbitrary Q, Lebesgue integration.
By compactness 2 maximizers f, h;, normalize | fidx; = [ hidy; = 1,
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Set fO = £, f0 %) = 22D 5 (DY (V2X),

0 N) — _
B = by, () = 2" (WD AN (V2y),
Can show g, < ") < g, g < 1" < gy and (+) for 1" 1"

By CLT, limp_. o fI.(N) = YCov(f)s MN oo h/(N) = YCou(hy) ~ Obtain
Gaussian extremizers in () (this is the dual formulation of FRBL).
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Self Convolution Preserves Inequality

Write, for each fixed x ¢ &) 7, y « &/, R":

COYN] Xj+ X : Xi— X (y/ - + Y ‘ yj*yj
o= /(5" o =n("Z)n("F)

Then g, < ) < 9ai» 9 < h(y/ < gg even functions,
/
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Self Convolution Preserves Inequality

Write, for each fixed x ¢ @, R", y ¢ @;’:1 R

D) pon . g XitXi) g [ Xi—Xi G pon o (YitYiN, (Vi Y
o5 A o=n(" )85

Then g, < f,-(;’) <9 9 X h;y/) < gg: even functions, and:
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Self Convolution Preserves Inequality

Write, for each fixed x ¢ &) 7, y « &/, R":

G run . £ Xj+ X : Xi— X (y/ - Yi+Yi . 7,'*}//
o= (X5)(251) o =n (2 )n ()

Then g, < f,-(;’) <9 9 X h;y/) < gg: even functions, and:
i 1 ] /

(x) G _ Xi+ X Gi . X — X; Ci
v fu(g ) o(5)
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c FR 1 L d
Hﬁ/f” i o ()" < et H<[ B dyr(y))® O
I = R
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Remaining Steps

Steps:

@ Even 7. h, Lebesgue integration, 0 < A < Al < oo,
O<B;£Bju<oo.
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Remaining Steps

Steps:

@ Even 7. h, Lebesgue integration, 0 < A < Al < oo,
O<B;£Bju<oo.

© Change to Gaussian integration w.r.t. 75 .71, .1 > 0.

© Remove evenness assumption.
L) B oY 1 . RO
(Idea: f, .h/. are even for each x,y, s0 1 < 5 < o0).

© Approximate degenerate I; > 0 by non-degenerate ones.
© Remove A, B/ < oo regularization by approximation.

Analyzing equality conditions requires extra analysis, since cannot
track equality under all of the above approximation arguments.
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Reduction to Gaussians

Recall:
Thm (GCRSI for log-concave functions, MNT '26)

Let fi,f, ho : R"” >Ry, hy :R?" - R, log-concave, such that
| xfi(x)d~(x) =0, i=1,2 (no centering assumption on /).

If f1(X1)f2 Xg) < h1(X1 X2)h2(X1 +X2) V Xy, Xo eR".

Then [ oy [ kar< [ my.p)a" ) [ hear”.
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Reduction to Gaussians

Recall:
Thm (GCRSI for log-concave functions, MNT '26)

Let fi,f, ho : R"” >Ry, hy :R?" - R, log-concave, such that
| xfi(x)d~(x) =0, i=1,2 (no centering assumption on /).

If f1(X1)f2 Xg) < h1(X1 X2)h2(X1 +X2) V Xy, Xo eR".

Then [ oy [ kar< [ my.p)a" ) [ hear”.

Proof: GFRBL Thm reduces the proof to showing that for all

A1, Az, C € Sym,o(n), B € Sym,(2n), denoting A = ld, ld,
- - d, Id,

9a, (X1)9a,(X2) < 9B(X1,X2)9c (X1 + X2)

= A,7QA1dTr /:n ga,dvy < f}gzn gsdvya /R”ch?.
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Reduction to Gaussians

Proof: GFRBL Thm reduces the proof to showing that for all

Ai. A, CeSym_o(n), BeSym_,(2n), denoting A = ld, 1dn ,
- - Id, Id,

9a, (X1)9a,(X2) < 9B(X1,X2)9c (X1 + X2)

= fygAwdw flﬂgAqug/wgquA fygcdﬁ,
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Reduction to Gaussians

Proof: GFRBL Thm reduces the proof to showing that for all

Ai. A, CeSym_o(n), BeSym_,(2n), denoting A = ld, Idn ,
- - Id, Id,

9a, (X1)ga, (X2) < gB(X1,X2)gc (X1 + X2)

- /R,7gA1dw flngAzd’,»éfR%gBd?A /R”gch_

By B

In other words, writing 5 = (Bg B,

)andBB1+Bg+B§+B4,We

need to show that:
A 0 B B cC C
(5 a):(a &)-(C ¢

= det(ld, + A;)det(ld, + Ap) > det(ld, + B)det(ld, + C).
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Reduction to Gaussians

Proof: GFRBL Thm reduces the proof to showing that for all

Ai. A, CeSym_o(n), BeSym_,(2n), denoting A = ld, Idn ,
- - Id, Id,

9a, (X1)9a, (X2) < gB(X1,X2)gc(X1 + X2)

= /ygA‘dA" /n ga,dy < [Hzn 9sdva /ygcdﬁ.

By B

In other words, writing 5 = (Bg B,

)andBB1+BZ+B§+B4,We

need to show that:
A 0 By B cC C
(5 2):(& &)-(¢ &) ©
= det(ld, + A;)det(ld, + Ap) > det(ld, + B)det(ld, + C).
Not so trivial, e.g. adding Id»,, to (x), it is FALSE (n = 1) that:

Id, 0 Bi B c C 7 _
del(( 0 |dn)+(B2* B4)+(C C)) Zdel(ldn+8)del(|dn+0).
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Gaussian Computation

A, 0\ (B B\ (C C
(o1 A2)>(B; Bj)+(0 c) (+)

= det(ld, + A;)det(ld, + Az) > det(ld, + C)det(ld,, + B).
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Gaussian Computation

(5 (2 2)( 9

= det(ld, + A;)det(ld, + Az) > det(ld, + C)det(ld,, + B).

A BeSym o(n) ~ det(ld,+A)det(ld, + B) > det(ld, + A + B).

Proof: trivial for commuting A, B, in general nice exercise.
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Gaussian Computation

(5 (2 2)( 9

= det(ld, + A;)det(ld, + Az) > det(ld, + C)det(ld,, + B).

A BeSym o(n) ~ det(ld,+A)det(ld, + B) > det(ld, + A + B).

Proof: trivial for commuting A, B, in general nice exercise.
Note this is GCI for Gaussians: | gad~ [ gsdy < [ 9agsdy.
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Gaussian Computation

A, 0\ (B B\ (C C
(o1 A2)>(B; Bi)*(c c) ()

= det(ld, + A;)det(ld, + Az) > det(ld, + C)det(ld,, + B).

A BeSym o(n) ~ det(ld,+A)det(ld, + B) > det(ld, + A + B).

Proof: trivial for commuting A, B, in general nice exercise.
Note this is GCI for Gaussians: | gad~ [ gsdy < [ 9agsdy.

A,B,C e Sym,y(n) ~ det(C+ A)det(C + B) > det(C)det(C + A+ B). \

Emanuel Milman Gaussian Conjugate Rogers—Shephard Inequality



Gaussian Computation

A 0 B: B C C
(5 a):(2 &) (& &) @

= det(ld, + A;)det(ld, + Az) > det(ld, + C)det(ld,, + B).

A BeSym o(n) ~ det(ld,+A)det(ld, + B) > det(ld, + A + B).

Proof: trivial for commuting A, B, in general nice exercise.
Note this is GCI for Gaussians: | gad~ [ gsdy < [ 9agsdy.

A,B,C e Sym,y(n) ~ det(C+ A)det(C + B) > det(C)det(C + A+ B). \

Proof of (+): Since A, A; > C, apply Corollary to C = Id,, + C,
A=A1-C>0,B=A,-C>0:

det(ld, + Ay)det(ld, + A2) > det(ld, + C)det(ld, + Ay + Ao — C)
(use Ay + Ay > B+4C) > det(ld, + C)det(ld, + B+3C) [
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Thanks for you attention!
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