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|. Background
Let K be a convex body in R".

The (Convex) floating body (Barany&Larman; Schiitt&W).

LetdeR,6>0
Ks = m HT

vol,(H—NK)<§
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Let K be a convex body in R” and let x € R", x ¢ K.
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[x, K] := conv({x} U K)
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Let K be a convex body in R” and let x € R", x ¢ K.  [x, K] := conv({x} U K)

Definition [w]
Let K be a convex body in R” and § > 0. The illumination body K° is defined by

K’ = {x € R" : vol,([x, K] \ K) < 6}
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Proposition. K? is a convex body.
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Proposition. K? is a convex body.

Proof
Follows from [e.g. Mordhorst&W]

% /aK [(z — x) - Nk(x)| dux(x)

Nk (x) is the outer unit normal to K in x; is the usual surface area of 9K

volo([z, K]\ K) = —%voln(K) +
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Affine Surface Area [Blaschke]

as(K) = /a;( /ﬂ(K,X)ﬁduK(x)

k(K, x) is the Gauss curvature in x
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Affine Surface Area [Blaschke]

as(K) = /a;( R(K,X)ﬁdu;((x)

k(K, x) is the Gauss curvature in x
o useful and important quantity = we want it for all convex bodies.

@ why the name
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Theorem [Schiitt&W] K C R" convex body. Then

lim voly(K) fzvoln(Kg) _

§—0 St
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Theorem [Schiitt&W] K C R" convex body. Then

lim voly(K) fzvoln(Kg)

§—0 St

=cn / H(K,X)ﬁ duk(x) = ¢nas(K)
oK

k(K x) is the (generalized) Gauss curvature
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Theorem [Schiitt&W] K C R" convex body. Then

lim voly(K) fzvoln(Kg)

§—0 St

=cn / H(K,X)ﬁ duk(x) = ¢nas(K)
oK

k(K x) is the (generalized) Gauss curvature

Theorem [w]

Let K be a convex body in R”. Then

6 f—
lim vol,(K?) ; vol,(K) _
§—0 ol
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Theorem [Schiitt&W] K C R" convex body. Then

lim voly(K) fzvoln(Kg)

§—0 St

=cn / H(K,X)ﬁ duk(x) = ¢nas(K)
oK

k(K x) is the (generalized) Gauss curvature

Theorem [w]

Let K be a convex body in R”. Then

6 —
fim YOIn(K?) —volo(K) _ / K(K, x) 7T dprc(x) = dn as(K)
60 S oK
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Extensions of affine surface areas to spaces of constant curvature [Besau&W]
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Extensions of affine surface areas to spaces of constant curvature [Besau&W]

e Sp"(A) is the n-dimensional real space form of curvature A\. Examples:
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Extensions of affine surface areas to spaces of constant curvature [Besau&W]

e Sp"(A) is the n-dimensional real space form of curvature A\. Examples:
the sphere S" = Sp"(1)
hyperbolic space H" = Sp"(—1)
Euclidean space R" = Sp"(0)
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Extensions of affine surface areas to spaces of constant curvature [Besau&W]

e Sp"(A) is the n-dimensional real space form of curvature A\. Examples:
the sphere S" = Sp"(1)
hyperbolic space H" = Sp"(—1)
Euclidean space R" = Sp"(0)

e Sp"()) has a natural Riemannian volume form vol
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Extensions of affine surface areas to spaces of constant curvature [Besau&W]

e Sp"(A) is the n-dimensional real space form of curvature A\. Examples:
the sphere S" = Sp"(1)
hyperbolic space H" = Sp"(—1)
Euclidean space R" = Sp"(0)

e Sp"()) has a natural Riemannian volume form vol
e Analog of affine surface area in Sp"(\)

Let K C Sp"()) be a convex body (a compact, geodesically convex set with nonempty

interior) and x*(K, -) the Gauss curvature. Define

QA(K):/ K (K, x) ™1 vold(dx)
oK
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Extensions of affine surface areas to spaces of constant curvature [Besau&W]

e Sp"(A) is the n-dimensional real space form of curvature A\. Examples:
the sphere S" = Sp"(1)
hyperbolic space H" = Sp"(—1)
Euclidean space R" = Sp"(0)

e Sp"()) has a natural Riemannian volume form vol
e Analog of affine surface area in Sp"(\)

Let K C Sp"()) be a convex body (a compact, geodesically convex set with nonempty

interior) and x*(K, -) the Gauss curvature. Define
QNK) = / K (K, x) ™1 vold(dx)
oK

We call Q*(K) the Floating Area of K
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o We illustrate with S" = Sp"(1)
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o We illustrate with S" = Sp"(1)

Theorem [Besau&W]

If K CS" is a proper convex body, then (A = 1)
VOlﬁ(K) — VOE(K[(;])

lim =

50+ S
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o We illustrate with S" = Sp"(1)

Theorem [Besau&W]
If K CS" is a proper convex body, then (A = 1)

15 (K) — vol) (K
fim  Y0ln(K) = vola (i) _ cn/nA(K,x)nil vol)k (dx) = ¢ 2 (K)
§—07t §

oK
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o We illustrate with S" = Sp"(1)

Theorem [Besau&W]

If K CS" is a proper convex body, then (A = 1)

1MK) — vol M (K|
i voln(K) — vola (Kis)

50+ S

= Cn/li/\(K, x) w1 volyk (dx) = ¢, @ (K)

oK

Definition [Besau&W]
Let K C S" be a proper convex body and 6 > 0. The (spherical) convex floating body
Kis) is the intersection of all closed hemispheres S~ such that the hyperspheres S* cut off

a set of volume less or equal 6 from K

Kisp =) {S™ : vol, (K NS*) < 6}
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Question: can we use an illumination body in the setting of
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Question: can we use an illumination body in the setting of

e Sp"(N)
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Question: can we use an illumination body in the setting of

e Sp"(N)

e Riemannian surfaces
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Question: can we use an illumination body in the setting of

e Sp"(N)
e Riemannian surfaces

e R-ball convex bodies
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Question: can we use an illumination body in the setting of

e Sp"(N)
e Riemannian surfaces

e R-ball convex bodies

Answer: Yes
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Question: can we use an illumination body in the setting of

e Sp"(N)
e Riemannian surfaces
e R-ball convex bodies

Answer: Yes

e Sp"(A): Assouline & Besau & W
e Riemannian surfaces: Assouline & Schiitt & W
e R-ball convex bodies: Oliva & W & VYalikun
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The case Sp"(\)
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The case Sp"())

Definition [Assouline&Besau&W]

Let A€ R and n > 2. For K C Sp"()\) and & > 0, the illumination body Z3(K) is defined
by

IM(K) = {x € Sp"(A) : voli ([x, K] \ K) < 5} :
where

[x, K] = conv({x} U K).
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The case Sp"())

Definition [Assouline&Besau&W]
Let A€ R and n > 2. For K C Sp"()\) and & > 0, the illumination body Z3(K) is defined
by
IM(K) = {x € Sp"(A) : voli ([x, K] \ K) < 5} :
where
[x, K] = conv({x} U K).

e lllumination bodies in Sp"(\) are star bodies. They need not be convex.
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Example

o R? is a geodesic model of an open half-space of Sp*(1) = S?:
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Example

o R? is a geodesic model of an open half-space of Sp*(1) = S?:

gnomonic projection g(x) =x = =X —e

gx) =X
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e any convex body K in R? determines a unique spherical convex body K in the open

half-space of Sp?(1) = S? and vice versa
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e any convex body K in R? determines a unique spherical convex body K in the open

half-space of Sp?(1) = S? and vice versa
Let S be a (spherical) square determined by S = [-1,1]>, S =g }(5)

Then Z3(S)is not convex for all § > 0.
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Figure: The spherical illumination body (red part) of a spherical square (blue part) in the

gnomonic projection. The illumination body of the square is not geodesically convex
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Theorem 1 [Assouline&Besau&W]

Let n>2and A € R. If K C Sp"()\), then the right derivative of vol)(Z3(K)) at § = 0

exists.
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Theorem 1 [Assouline&Besau&W]

Let n>2and A € R. If K C Sp"()\), then the right derivative of vol)(Z3(K)) at § = 0
exists. More precisely,

i YOR(E(K)) = vol (K)

§—071 6,%1

dn QN (K)

= d,,/ K (K, x) 71 vol(dx)
oK
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Let K be a convex body in R” and let U D K be an open set. Let ¢ : U — (0,00) be a

continuous, integrable function. Let A C R” be a measurable set. We define a measure

vol? on R" by
vol? (A) :/ wdAn,
ANU

where ), is the Lebesgue measure.
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Let K be a convex body in R” and let U D K be an open set. Let ¢ : U — (0,00) be a
continuous, integrable function. Let A C R” be a measurable set. We define a measure
vol? on R" by

vol? (A) :/ wdAn,
ANU
where ), is the Lebesgue measure.

Definition [Assouline&Besau&W]
For § > 0, the ¢-weighted illumination body Z7 (K) is

Tf(K) = {x € R" : vol? ([x, K] \ K) < &}
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Let K be a convex body in R” and let U D K be an open set. Let ¢ : U — (0,00) be a
continuous, integrable function. Let A C R” be a measurable set. We define a measure
vol? on R" by
vol7 (A) = / @dXn,
AnU

where ), is the Lebesgue measure.

Definition [Assouline&Besau&W]
For § > 0, the ¢-weighted illumination body Z7 (K) is

Tf(K) = {x € R" : vol? ([x, K] \ K) < &}

e The y-illumination body need not be convex or bounded
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Let K be a convex body in R” and let U D K be an open set. Let ¢ : U — (0,00) be a
continuous, integrable function. Let A C R” be a measurable set. We define a measure
vol? on R" by

vol? (A) :/ wdAn,
ANU
where ), is the Lebesgue measure.

Definition [Assouline&Besau&W]
For § > 0, the ¢-weighted illumination body Z7 (K) is

Tf(K) = {x € R" : vol? ([x, K] \ K) < &}

e The y-illumination body need not be convex or bounded
o If 0 €int(K), Z7(K) is star-shaped
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Let K be a convex body in R” and let U D K be an open set. Let ¢ : U — (0,00) be a
continuous, integrable function. Let A C R” be a measurable set. We define a measure
vol? on R" by

vol? (A) :/ wdAn,
ANU
where ), is the Lebesgue measure.

Definition [Assouline&Besau&W]
For § > 0, the ¢-weighted illumination body Z7 (K) is

Tf(K) = {x € R" : vol? ([x, K] \ K) < &}

e The y-illumination body need not be convex or bounded
o If 0 €int(K), Z7(K) is star-shaped
e For sufficiently small §, K C I (K) C U, so ZZ(K) is a star body
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Theorem 3 [Assouline&Besau&W]
Let K be a convex body in R”, U D K open and let ¢ : U — (0, +00) be continuous.

i vola(ZZ (K)) — vola(K) _ d, K(K7x)n}r

2
1 s
50+ 5$ oK L,D(X) + dMK(X)
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Proof of Theorem 1: The case Sp"()\)

We will reduce it to Theorem 3.
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Proof of Theorem 1: The case Sp"()\)
We will reduce it to Theorem 3.

To do so, we use

@ a projective model for the space forms Sp”(\)

int By (1/v/—=A) if A <0 (Beltrami-Klein model)
R" ifA>0
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Proof of Theorem 1: The case Sp"()\)
We will reduce it to Theorem 3.

To do so, we use

@ a projective model for the space forms Sp”(\)

int By (1/v/—=A) if A <0 (Beltrami-Klein model)
R" ifA>0

@ Riemannian volume measure vol, has density: x(x) = (1 + /\HXHZ)_nTH
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Proof of Theorem 1: The case Sp"()\)
We will reduce it to Theorem 3.

To do so, we use

@ a projective model for the space forms Sp”(\)
int By (1/v/—=A) if A <0 (Beltrami-Klein model)

R" ifA>0

@ Riemannian volume measure vol, has density: x(x) = (1 + /\HXHZ)_nTH

o identify K C Sp”"(\) with Euclidean K C B}. Then

7} (K) = 72 (K)
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Proof of Theorem 1: The case Sp"()\)
We will reduce it to Theorem 3.

To do so, we use

@ a projective model for the space forms Sp”(\)

int By (1/v/—=A) if A <0 (Beltrami-Klein model)
R" ifA>0

@ Riemannian volume measure vol, has density: x(x) = (1 + /\HXHZ)_nTH

o identify K C Sp”"(\) with Euclidean K C B}. Then

7} (K) = 72 (K)

Thus
im volp (Z3 (K)) — vola (K) _ i vol,(Z22 (K)) — vola(K)

550+ S 550+ Pi=st
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im volpy (Z3(K)) — volp (K) i vol,(Z£* (K)) — vola(K)

50+ Pi=st 50+ S

= dn/ k(K x) 7T o (x) 7 dpige(x)
oK
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im volpy (Z3(K)) — volp (K) i vol,(Z£* (K)) — vola(K)

50+ Pi=st 50+ S

= dn/ K(KX)ﬁw(X)n"ildM?(X)
o

Now we use

T (Noe(x)
o voljk(dx) = WMK(X)

n+1

_ <II12 >
o KkMK,x)=r(K,x) (%)
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R-Ball convex bodies

Let C = R BJ be fixed.

A convex body K in R" is called R-ball convex if

K= ﬂ R B} + x.

KCR B +x
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R-Ball convex bodies

Let C = R Bj be fixed.
A convex body K in R" is called R-ball convex if

K= ﬂ R B} + x.

KCR B +x

(Artstein—Avidan, Bezdek, Chor, Connelly, Csikos, Drach, Florentin, Fodor, Kabluchko, Langi, Marynych,

Molchanov, Nazodi, Pach, Tatarko, ...)
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We now introduce an analog to the classical floating body, the R-ball floating body
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We now introduce an analog to the classical floating body, the R-ball floating body
Definition [Schiitt& W& Yalikun]

Let § > 0. Let K be an R-ball convex body. The R-ball floating body K is

KE = N RBS + x
volp(K\R By +x)<¢
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We now introduce an analog to the classical floating body, the R-ball floating body
Definition [Schiitt& W& Yalikun]

Let § > 0. Let K be an R-ball convex body. The R-ball floating body K is

KE = N RBS + x
volp(K\R By +x)<¢

RB3
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o KF c K and KE is an R-ball convex body.
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o KF c K and KE is an R-ball convex body.

@ The convex body R Bj replaces the hyperplanes of the definition of the classical

convex floating body:
When R — oo, then KF — K;
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Let xi(K,x), 1 < i< n—1, be the (generalized) principal curvatures, i.e.
H(K’X) = H;,;ll Hi(K7X)
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Let xi(K,x), 1 < i< n—1, be the (generalized) principal curvatures, i.e.
H(K’X) = H7;11 Hi(K7X)

Theorem [Schiitt&W&Yalikun, 2025]
Let K be an R-ball convex body such that for all x € 9K, for all i, ki(K,x) > %, and let
Kf be its R-ball floating body. Then

_ R
lim vol,(K) 2V01,,(K5) _

§—0 S+t
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Let xi(K,x), 1 < i< n—1, be the (generalized) principal curvatures, i.e.
H(K’X) = H7;11 Hi(K7X)

Theorem [Schiitt&W&Yalikun, 2025]
Let K be an R-ball convex body such that for all x € 9K, for all i, ki(K,x) > %, and let
Kf be its R-ball floating body. Then

ol (KE e
lim voln(K) ZVOI"(K‘S) = c,,/ H (m(K,x) - l) ' dpk(x)
OK =1 R

§—0 S+t
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Let xi(K,x), 1 < i< n—1, be the (generalized) principal curvatures, i.e.
H(K’X) = H7;11 Hi(K7X)

Theorem [Schiitt&W&Yalikun, 2025]
Let K be an R-ball convex body such that for all x € 9K, for all i, ki(K,x) > %, and let
Kf be its R-ball floating body. Then

ol (KE e
lim voln(K) ZVOI"(K‘S) = c,,/ H (m(K,x) - l) ' dpk(x)
OK =1 R

§—0 S+t

Note: If R — 0o, we recover the classical affine surface area —
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Let xi(K,x), 1 < i< n—1, be the (generalized) principal curvatures, i.e.
H(K’X) = H7;11 Hi(K7X)

Theorem [Schiitt&W&Yalikun, 2025]
Let K be an R-ball convex body such that for all x € 9K, for all i, ki(K,x) > %, and let
Kf be its R-ball floating body. Then

ol (KE e
lim voln(K) ZVOI"(K‘S) = c,,/ H (m(K,x) - l) ' dpk(x)
OK =1 R

§—0 S+t

Note: If R — 0o, we recover the classical affine surface area —

Definition [Schiitt&W&Yalikun, 2025]
Let K be an R-ball convex body. Then the relative surface area of K is

n—1

asR(K) = /8 11 (R;(K,X) _ %) o dpi(x).

K i=1
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Properties

e relative surface area is 0 on “polytopes”
R-ball polyhedra P = intersection of finitely many R-balls
In particular: as®(RBJ) = 0.
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Properties

e relative surface area is 0 on “polytopes”
R-ball polyhedra P = intersection of finitely many R-balls
In particular: as®(RBJ) = 0.

e rigid motion invariant upper semi continuous valuation
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Properties

e relative surface area is 0 on “polytopes”
R-ball polyhedra P = intersection of finitely many R-balls
In particular: as®(RBJ) = 0.

e rigid motion invariant upper semi continuous valuation

e isoperimetric inequality in R?
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The R-ball illumination body
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The R-ball illumination body

We need the R-convex hull of a R-ball convex body K and a point x:

[K,x]r = N RB; +y.

KU{x}C(R By +y)
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The R-ball illumination body

We need the R-convex hull of a R-ball convex body K and a point x:

[K,x]r = N RB; +y.

KU{x}C(R By +y)

Definition [Oliva&W&Yalikun, 2026+]
Let § > 0. Let K be a R-ball convex body. The R-ball illumination body I3(K) of K is

I3(K) = {x € R" : vol([K, x]r \ K) < 6}.
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The R-ball illumination body

We need the R-convex hull of a R-ball convex body K and a point x:

[K,x]r = N RB; +y.

KU{x}C(R By +y)

Definition [Oliva&W&Yalikun, 2026+]
Let § > 0. Let K be a R-ball convex body. The R-ball illumination body I3(K) of K is

I3(K) = {x € R" : vol([K, x]r \ K) < 6}.

x_—RBy
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@ The R-ball illumination body of an R-ball convex body is not R-ball convex in
general:

R B] is R-ball convex. Its R-ball illumination body is
(R+ an671)B]

which is not R-ball convex but R-ball convex for all R > (R + éﬁ)
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Proposition [Oliva&W&Yalikun, 2026-+]

e The R-ball illumination body /3(K) is convex.

Illumination Bodies and Affine Surface Areas 26 / 28



Proposition [Oliva&W&Yalikun, 2026-+]

e The R-ball illumination body /3(K) is convex.

o Let K be an R-ball convex body in R? that is CZ. Then for § small
I3(K) is R-ball convex with

R=R+ d25% max
0c[0,27]

._.
~—
wl
+
~/
I/~
2
X
=
|
x|~
~—
wl
~_—
[

(H(K, 0)- =
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Theorem [Oliva&W&Yalikun, 2026+]
Let K be R-ball convex and such that for all x € K, for all i, ki(K,x) > .

- vol, (I3(K)) — vols(K)

2
5§—0 o+t
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Theorem [Oliva&W&Yalikun, 2026+]
Let K be R-ball convex and such that for all x € K, for all i, ki(K,x) > .

vol, (18(K)) — vola(K) o 1\ 71
Jim e —d,,/aKil} H,(K7X)—ﬁ duk(x),
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One difficulty
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One difficulty

RB!
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