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The persistence barcode

In one-parameter persistence, we can decompose modules algebraically to
get a barcode/persistence diagram.
Advantages of the barcode:

Easy to visualize,

interpretable,

good for computation.

Advantages of multiparameter persistence:
Can deal with outliers in a more principled way,
richer, more flexible.

We would like a multiparameter barcode!
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Theorem (Bauer, Scoccola (2022))

For any ¢ > 0 and finitely presented two-parameter module M, there is an
indecomposable module M’ that is e-interleaved with M.

Do these problems show up in practice?
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Idea: Even if a module is indecomposable, it might be almost decomposable.
Q: How do we decompose an almost-decomposable module?

A: We prune it!

Definition (B. (2024))

Let M be a module. Let / be the largest submodule of M such that for any
morphism f: M — M(2¢), f(/) C Mo—2.(/). Let K be the smallest submodule
of / such that for any morphism f: M — M(2¢), I ', (f(K)) C K. We define
the e-pruning pair of M to be (/, K), and the e-pruning of M to be

Pruc(M) == (I/K)(—e¢).
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Theorem (B. (2024))

Let e > 0, and let M and N be e-interleaved pfd modules, and let
r = supdim M < co. Then Pru.(M) is a 2re-refinement of N.

M Pruning N
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The e-pruning of M detects all features appearing e-close to M!

Drawback: The pruning shrinks M. In the worst case, it shrinks it by a lot.



I Let’s compute the pruning! But how?

Definition

Let M be a module. Let / be the largest submodule of M such that for any
morphism f: M — M(2¢), f(/) C My—2.(/). Let K be the smallest submodule
of I such that for any morphism f: M — M(2e¢), I ', (f(K)) C K. We define
the e-pruning pair of M to be (/, K), and the e-pruning of M to be

Pruc(M) = (I/K)(—e).
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A more practical description

Lemma

Let (/, K) be the e-pruning pair of M. Let I = Hom(M, M(2¢)). Then
I ==, I, where we define p = M, and forall i > 1,

li = Nyer £ (Moss2e(li-1)).
K = U=, Ki, where we define Ko = 0, and for all i > 1,

Ki = Zfer Io_lze(f(Kiq))-

Observation: We only need a basis of Hom(M, M(2¢)).

Plus further simplifications. Some implemented, some not.
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The largest component of the 0.02-pruning and its 0.03-pruning:
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Tree of decompositions? (Barkcode?)

One could do one big pruning or a sequence of smaller prunings to prune
everything into simple pieces.

Decomposition
Pruning
Decomposition
Pruning

Decomposition

Resulting barcode = {leaf nodes}.
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Next steps and questions

Clean up the code/implement optimizations/make the software more
user-friendly

measure how much of the module we delete when pruning a module
representative cycles?

exploratory work:

m what does a module look like when it comes from a data set with a few clear,
significant features?
m how do the modules depend on the filtration that is being used?

Code: https://github.com/JanJend/Stable-Decomposition
Thank you!



