
We have the canonical
projections on the right,
where πC,Y omits the first
factor and π′Y projects
onto the last factor:
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Lemma 2. If m ≥ 2, a generic point (C,Y ) ∈ Inc′ has a

single point in its preimage under πC,Y .

Proof. Y = (x, ℓ) consists of points x = (x1,1, . . . , xm,p)
and lines ℓ = (ℓ1,1, . . . , ℓm,l) in the m views. Each point
xv,i ∈ P

2 in a view v is pulled back via the v-th camera to a
line in 3-space. As m ≥ 2, the m pull-back lines for generic7

x1,i, . . . , xm,i intersect in a unique point in P3. Similarly,
each line ℓv,j in a view v is pulled back via the v-th camera
to a plane in P3. As m ≥ 2, the m generic8 pull-back planes
for ℓ1,j , . . . , ℓm,j intersect in a unique line in P3.

Corollary 2. A balanced point-line problem (p, l,I,m) is

minimal if and only if the projection π′Y is dominant. In

that case, the degree of the minimal problem is the cardi-

nality of the preimage π′Y
−1(Y ) of a generic joint image

Y ∈ Yp,l,I,m over the complex numbers.

Proof. As we have observed in Step 2 in Section 4, a bal-
anced point-line problem is minimal if and only if its joint
camera map Φp,l,I,m is dominant. This happens if and only
if πY is dominant. Due to Lemma 2, this is equivalent to
that π′Y is dominant. Similarly, for a generic Y ∈ Yp,l,I,m,
the cardinalities of the preimages Φ−1p,l,I,m(Y ), π

−1
Y (Y ) and

π′Y
−1(Y ) coincide due to Lemma 2.

We note that it is possible to describe the variety Inc
′ as

a component of the variety cut out by the equations that we
establish in the remainder of this section.

For any instance of a point-line problem, the solutions
must satisfy certain equations defined in terms of joint im-
ages (x, ℓ) ∈ Yp,l,I,m. Our scheme for generating such
equations relies on an alternate representation of (x, ℓ) de-
fined solely in terms of lines. The equations result from
two types of constraints. The first type of constraint is a
line correspondence (LC): if ℓ1, . . . , ℓm are images of the
same world line, with respective homogeneous coordinates
l1, . . . , lm ∈ F

3×1, then

rank [PT
1 l1 PT

2 l2 . . . PT
mlm] ≤ 2. (6)

That is, the planes with homogeneous coordinates PT
i li

share a common line in P3. We distinguish two classes of
lines in P2 ∶

(1) Visible lines define valid line correspondences. Be-
sides ml observed lines in the joint image, for generic x

7e.g. no epipoles for two views.
8e.g., no corresponding epipolar lines for two views.
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Figure 2: Encoding prob-
lems with visible and ghost
lines.

Figure 3: The lifting of
the loop in the parameter
space (downstairs) meets
all solutions (upstairs).

there is a unique visible line between any two observed
points. Taken across all views, any pair of points thus pro-
vides a line correspondence which must be satisfied.

(2) Two generic visible lines suffice to define a point.
We may use an additional set of (non-corresponding) ghost

lines to define any points which meet fewer than two visible
lines. A generic ghost line contains exactly one observed
point — it is simply a device for generating equations9.

Thus we obtain common point (CP) constraints: given
visible and ghost lines lv,1, . . . lv,ki

which meet xv,i, the
projection of the i-th point in the view v ∈ 1, . . . ,m, we
must have

rank [PT
1 l1,1 . . . PT

mlm,ki
] ≤ 3, i = 1, . . . , p. (7)

We may encode a point-line problem by specifying some
number of visible lines, some number of ghost lines, and
which of these lines are incident at each point. We illustrate
this encoding with several examples appearing in Figure 2:

Example 1. (1) Consider the point-line problem labeled
“20132” in Tab. 1. The lines explicitly drawn in the table
together with a visible line between the two free points, as
in Fig. 2, suffice to define the scene for generic data.

(2) Consider now the problem labeled “20111” in Tab. 1.
The encoding given in Fig. 2 includes the given lines, a vis-
ible line between the given points, as well as a single ghost
line needed to define one of the points.

(3) Finally, consider the problem labeled “32003” in
Tab. 1. The extra visible lines appearing in Fig. 2 fix the
positions of all points.

9“Canonical” ghost lines, which are rows of [x]
×

, are often used to
eliminate point x from equations by [c]

×
x = 0 [15, 33].
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