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Global Structure from Motion (SFM)

The SfM problem estimates 3D structure and camera poses from 2D images.

Classical global SfM systems are based on pair-wise information. They may fail in
▶ near collinear situations.
▶ homogeneous scenes with insufficient feature points.

Can higher order measurements like trifocal and quadrifocal tensors help?
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What is the quadrifocal tensor?

▶ Consider a point correspondence between four views:

x←→ x′ ←→ x′′ ←→ x′′′

associated with cameras A, B, C , D ∈ R3×4, such that

AX = kx , BX = k′x ′, CX = k′′x ′′, DX = k′′′x ′′′

for some point X in 3D space and scales k, k′, k′′, k′′′.A x
B x′

C x′′

D x′′′




X
−k
−k′

−k′′

−k′′′

 = 0

Since x←→ x′ ←→ x′′ ←→ x′′′′, this system has a solution, so that the 12× 8 matrix
on the left has at most rank 7, hence all 8× 8 minors are zero.
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▶ Taking the minors where we have two rows from each camera and summarizing
the polynomials in terms of A, B, C , D in Q gives us the quadrillinear relationships.

x i x ′j x ′′kx ′′′l ϵipw ϵjqx ϵkry ϵlsz Qpqrs = 0wxyz .

where ϵ is the alternating tensor and there are implicit summations over repeated
indices.

▶ The 4-dimensional 3× 3× 3× quadrifocal tensor Q can then be written as

(Q)pqrs = det

Ap

Bq

C r

Ds


where Ap ∈ R4 is the pth row of camera A.

▶ Similarly, the trifocal tensor and fundamental matrix can be derived as

(F )ji = (−1)i+j det
[
∼ Ai

∼ Bj

]
, (T )iqr = (−1)i+1 det

[
∼ Ai

Bq

C r

]
,

where ∼ Ai ∈ R2×4 is the matrix A without row i .
▶ Tri/quadrifocal tensors relate corresponding lines through a similar derivation.
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Advantages of Higher Order Measurements
Pairwise relative poses provide the relative direction but lacks scales.

Trifocal and quadrifocal tensors carry more information by inherently encoding the
relative distances between triplets and quadruplets of camera locations. They also
encode the scale in collinear settings.
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Figure: Fundamental matrices relate keypoints via x ′T Fx = 0.

Figure: Trifocal and Quadrifocal tensors can encode corresponding keypoints, lines, or a mixture of
points and lines. For example, (l′T [T1, T2, T3]l′′)[l]× = 0T . (figure from GlueStick, Pautrat et.
al., CVPR 2023)
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Fundamental Matrices & Higher Order Tensors

Fundamental matrices:
▶ Encode pair-wise relative camera orientation and relative directions of locations.

3rd and 4th order analogues:
▶ Encode relative pose info across multiple views and relates corresponding lines.
▶ Relative locations are encoded in triangles, much more stable than directions.

Advantages of higher order measurements:
▶ May lead to more stable location estimation.
▶ Flexibility of using geometric information like lines.
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SriRam and Marc mentioned in a paper they wrote in 2012 (Thirthala, S., & Pollefeys,
M. 2012 IJCV), “currently the quadrifocal and mixed trifocal tensors are useful only
from a theoretical stand-point”. Since then, these higher order tensors have been
studied by many experts from different aspects.
▶ Aholt, C., & Oeding, L. (2014). The ideal of the trifocal variety. Mathematics of

Computation, 83(289), 2553-2574.
▶ Oeding, L. (2017). The quadrifocal variety. LAA, 512, 306-330.
▶ Kileel, J. (2017). Minimal problems for the calibrated trifocal variety. SIAM

Journal on Applied Algebra and Geometry, 1(1), 575-598.
▶ Kileel, J., Kukelova, Z., Pajdla, T., & Sturmfels, B. (2018). Distortion varieties.

FOCM, 18(4), 1043-1071.
▶ Fabbri, R., Duff, T., Fan, H., Regan, M. H., Pinho, D. D. C. D., Tsigaridas, E., ...

& Pajdla, T. (2020). Trplp-trifocal relative pose from lines at points. CVPR.
▶ Hruby, P., Korotynskiy, V., Duff, T., Oeding, L., Pollefeys, M., Pajdla, T., &

Larsson, V. (2023). Four-view geometry with unknown radial distortion. CVPR.
▶ . . . . . . many other works and still much to do!

8 / 34



Motivation Background Main Theorem Optimization Experimental Results Impact

The Synchronization Problem

How can we use higher order relative pose measurements for synchronization in SfM?
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The n-view Fundamental Matrix

▶ First explored by Sengupta et. al. in CVPR 2017.
▶ The n-view fundamental matrix Fn is formed by concatenating the

(n
2

)
fundamental matrices associated with n cameras into a 3n × 3n matrix Fn.

▶ n × n block matrix where the ijth block is Fij ∈ R3×3.
▶ Calibrated setting: n-view essential matrix.

Fn =


03×3 F12 · · · F1n
F21 03×3 · · · F2n

...
...

. . .
...

Fn1 Fn2 · · · 03×3


▶ Further explored by Kasten et. al., ICCV 2019, Kasten et. al., CVPR 2019,

Geifman et. al., CVPR 2020.
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Algebraic Characterization of n-view Fundamental Matrix

Theorem 1: Noncollinear Setting of n-view Fundamental Matrix

A given matrix Fn ∈ R3n×3n is consistent as a n-view fundamental matrix with
a set of n cameras whose centers are not all collinear if and only if:

1. rank(Fn) = 6 and Fn has exactly 3 positive and 3 negative eigenvalues.
2. rank(Fn

i,:) = 3 for all i = 1, ..., n.

Theorem 2: Collinear Setting of n-view Fundamental Matrix

A given matrix Fn ∈ R3n×3n is consistent as a n-view fundamental matrix with
a set of n collinear cameras if and only if:

1. rank(Fn) = 4 and Fn has exactly 2 positive and 2 negative eigenvalues.
2. rank(Fn

i,:) = 2 for all i = 1, ..., n.

Ranks drop for collinear camera configurations. Need separate treatments to detect
and reconstruct collinear situations such as constructing virtual cameras/points.
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Tucker Decomposition and Multilinear Rank

▶ A d th order tensor X ∈ Rn1×···×nd is a d dimensional array.
▶ The tensor matrix product in the ith mode between X and U ∈ mi × ni , is

(X ×i U)j1···ji−1 k ji+1···jN =
Mi∑

ji =1

Xj1 j2 ··· jN Ukji .

Can see Y = X ×i U as multiplication in the unfolding, Y(i) = UX(i), then
rearranging back into a tensor.

▶ The Tucker Decomposition of X is any decomposition in the following form

X = G ×1 A1 ×2 · · · ×d Ad = JG; A1, A2, . . . , Ad K

where Ai are called the factor matrices, G is called the core tensor.
For third order tensors, elementwise:

Xijk =
P∑

p=1

Q∑
q=1

R∑
r=1

Gpqr (A1)ip(A2)jq(A3)kr
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Higher Order Singular Value Decomposition

To calculate an approximate tucker factorization, we consider the following extension
of the matrix SVD for a general order d tensor X , called the truncated higher order
singular value decomposition (HOSVD):

Input:X ∈ Rn1×···×nd , r1, r2, ..., rd

Algorithm:
For i = 1:d

Ui = ri leading left singular vectors of X(i)

End Loop

G = X ×1 UT
1 ×2 · · · ×d UT

d
Return: G, U1, ..., Ud

The multilinear rank is defined as the tuple of ranks of the flattenings of the tensor in
each direction, mlrank(X) = (r1, ..., rd ) (a higher order generalization of rank for
matrices).
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The Block Tensors

▶ Given n cameras {Pi}n
i=1.

▶ Block trifocal tensor T n ∈ R3n×3n×3n.
▶ The ijkth block of T n is the trifocal tensor Tijk ∈ R3×3×3 corresponding to the

cameras Pi , Pj , Pk .
▶ Block quadrifocal tensor Qn ∈ R3n×3n×3n×3n.
▶ The ijkl th block of Qn is the quadrifocal tensor Qijkl ∈ R3×3×3×3 corresponding

to the cameras Pi , Pj , Pk , Pl .
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Low Rankness of Block Tensors

Non-Collinear: rank(Fn) = 6
Collinear: rank(Fn) = 4

mlrank(T n) = (6, 4, 4)
mlrank(T n) = (5, 4, 4)

mlrank(Qn) = (4, 4, 4, 4)
mlrank(Qn) = (4, 4, 4, 4)

Theorem 3: Low Rankness of Block Tensors (Informal)

Trifocal Tensor: Given a block trifocal tensor T n with n ≥ 4, mlrank(T n) =
(6, 4, 4), when cameras are non collinear. mlrank(T n) = (5, 4, 4) when they
are collinear but do not share the same camera center.
Quadrifocal Tensor: Given a block quadrifocal tensor Qn with n ≥ 5,
mlrank(Qn) = (4, 4, 4, 4), if the cameras don’t share the same center.

Note that these ranks are independent of the number of cameras and hold under a
suitable set of scales for each block.
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We establish an explicit tucker factorization for the block trifocal/quadrifocal tensor.
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Additional Properties

Proposition 1: Basic Properties

We have the following observations for the block trifocal tensor T n. For all
distinct i , j ∈ [n],

1. T n
iii = 03×3×3

2. The T n
jii : elements of fundamental matrix Fij .

3. The T n
iji and T n

iij : epipoles (projections of camera centers).

4. The horizontal slices T n(i , :, :) are skew symmetric.
5. When all cameras are calibrated (so that the calibration matrices

Ki = I3×3,∀i ∈ [n]), three singular values of T n
(1) are equal.

The block quadrifocal tensor Qn admits the following properties.
1. The super-diagonal blocks vanish, Qn

iiii = 03×3×3×3,∀i = 1, ..., n.
2. Three of the indices the same: epipoles.
3. Two of the indices the same and other two different: elements of trifocal

tensors.
4. Two of the indices the same, the other two also the same: elements in

the fundamental matrix.
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Additional Properties - Projective Rank
We establish the projection rank for Qn and T n.

Definition 1: Projection Rank

The projection rank is defined as the tuple of ranks of the various projections
from an order n tensor to matrices by contraction with any generic tuple of
n − 2 vectors, where n ≥ 3.

18 / 34



Motivation Background Main Theorem Optimization Experimental Results Impact

Given the block quadrifocal tensor Qn and for generic vectors x , y ∈ R3n, Qn’s
projection rank is a tuple of 6 numbers, corresponding to the ranks of the matrices∑

i,j

xi yj Qn
ij::,

∑
i,j

xi yj Qn
i :j:,

∑
i,j

xi yj Qn
i ::j∑

i,j

xi yj Qn
:ij:,

∑
i,j

xi yj Qn
:i :j ,

∑
i,j

xi yj Qn
::ij

Theorem 4: Projection Rank for Qn and T n

Let Qn be a block quadrifocal tensor and T n be a block trifocal tensor. Then

P-Rank(Qn) = (2, 2, 2, 2, 2, 2), P-Rank(T n) = (4, 3, 3).

▶ Not implied by low multilinear rank.
▶ Depends just on the core.
▶ By optimizing with the fixed core, and preserving the symmetries in the factor

matrices, we will enforce the P-Rank constraint.
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Additional Properties of the Block Tensors

▶ Pose Retrieval: A simple HOSVD on Qn, T n gives the camera poses. The leading
4 singular vectors will give the camera matrices up to a projective transformation.

▶ Sufficiency of constraints to determine scales: In the noiseless case, we prove
that regardless of the scales on the blocks, if the block quadrifocal tensor has
low rank of (4, 4, 4, 4), the camera matrices are then uniquely determined (up
to scale). An analogous results exists for the block trifocal tensor.

Theorem 5: Sufficiency of Low Rank for Determining Scales

Let Qn ∈ R3n×3n×3n×3n be a block quadrifocal tensor corresponding to n ≥ 5
generic cameras. Let Λ ∈ Rn×n×n×n be a block scaling with λijkl ̸= 0 if and
only if i , j, k, l are not all equal. If Λ ⊙b Qn ∈ R3n×3n×3n×3n has multilinear
rank (4, 4, 4, 4), then there exists α, β, γ, δ ∈ Rn such that λijkl = αi βj γkδl
whenever i , j, k, l are not all the same. That is, Λ and α⊗ β ⊗ γ ⊗ δ are equal
away from the super diagonal.
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Optimizing the Noisy Block Tensors

In practice, there are two big issues to be dealt with algorithmically.
Issue I. Trifocal/Quadrifocal tensors are estimated up to a scale.

Issue II. Missing and noisy blocks in the block trifocal/quadrifocal tensor.

21 / 34



Motivation Background Main Theorem Optimization Experimental Results Impact

TrifocalSync: A heuristic way to optimize the noisy block
trifocal tensor

Use the relative scales and entries in a multilinear rank truncated tensor as a heuristic.
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I : HOSVD framework for Rank Truncation

We utilize the HOSVD framework and try to enforce the low rank constraint by
thresholding the singular values. We denote the following procedure as Pht , meaning
projection using hard thresholding.

Algorithm HOSVD-HT for Rank Truncation
1: Input: T̂ n ∈ R3n×3n×3n: the estimated block tensor; l1, l2, l3 ∈ R: the thresholds

for modes 1, 2, 3 respectively
2: Output: T̂r ∈ R3n×3n×3n: the rank truncated tensor.
3: for i = 1 to 3 do
4: Do randomized SVD on the mode-i flattening so T̂ n

(i) ← USV T

5: ai ← max{i : Sii > li}
6: Ai ← first ai columns of U
7: end for
8: G = T̂ n ×1 AT

1 ×2 AT
2 ×3 AT

3
9: T̂ r ← JG; A1, A2, A3K

▶ One can replace SVD with robust SVD techniques for robustness.

23 / 34



Motivation Background Main Theorem Optimization Experimental Results Impact

II : Update Scales and Imputation

We also use the information on the tensor obtained from our previous procedure to
update scales. At each step, we solve

Λ(t+1) = arg min
Λ
∥Λ⊙ T̂ n − Pht(Λ(t) ⊙ T̂ n)∥2 (1)

s.t. Λijk = 03×3×3 for (i , j, k) ∈ ΩC

Denoting Pht(Λ(t) ⊙ T̂ n) as (T̂ n
r )(t), we have

Λ(t+1)
ijk = arg min

µ

∥µ · T̂ n
ijk − (T̂ n

r )(t)
ijk ∥

2 =
trace((T̂ n

ijk)T
(1)((T̂

n
r )(t)

ijk )(1))

∥((T̂ n
r )(t)

ijk )(1)∥2
F

. (2)

Thus, given the current tensor (T̂ n)(t), we calculate the new scales Λ(t+1), and impute
for completion:

(T̂ n)(t+1) = (Λ(t+1) ⊙ (T̂ n)(t) ⊙WΩ) + (T̂ n
r )(t) ⊙WΩC . (3)
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QuadSync: Optimizing the Noisy Block Quadrifocal Tensor

▶ Better symmetry for block quadrifocal tensor −→ A more principled approach.

We exploit the factorization’s common factor matrix and develop an Alternating
Direction Method of Multipliers (ADMM) and Iteratively Reweighted Least Squares
(IRLS) based optimization method to retrieve the scales and complete the tensor.
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QuadSync: An Optimization Framework

We wish to solve for the scales and the camera matrices given the estimated block
quadrifocal tensor Q̃n. We form the following optimization problem with a robust loss,

min
Λ,C

∑
(i,j,k,l)∈Ω

∥Λijkl (Q̃n)ijkl − JGQ ; C , C , C , CKijkl )∥F

s.t. Λ ∈ S4(Rn) and ∥Λ∥2
F = 1,

We solve it using an ADMM-IRLS scheme. The problem becomes

max
Γi

min
Λ,Ci ,B

∥W ⊙b ((Λ⊙b Q̃n)− JGQ ; C1, C2, C3, C4K)∥2
F +

ρ

2

4∑
i=1

∥Ci − B + Γi∥2
F s.t. Λ ∈ S4(Rn) and ∥Λ∥2

F = 1 (4)

▶ For each IRLS iteration, we solve for a new set of scales W . We then solve for Ci , Λ, B, Γi
via alternating minimization.

▶ Initialization: HOSVD.
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Computationally Complexity and Partial Remedies

Computational Complexity:
▶ Initialization (O(n4)): The factors are initialized via truncated HOSVD of a

tensor of size 3n × 3n × 3n × 3n.
▶ Algorithm:

1. Ci : O(n4). The expense comes from multiplying large matrices many times.
Through randomized updates, we can decrease the complexity drastically.

n(4× 27n3) · diag(27n3 × 27n3) · (27n3 × 4)→ n(4×m) · (m ×m) · (m × 4)

O(n4)→ O(n)

2. Λ : O(n4)): For a full estimated tensor it is O(n4). However, for a carefully
constructed viewing graph, the number of blocks can be significantly reduced.
This step can be parallelized.
3. B, Γi : O(n)).

Takeaways:
▶ Randomized updates; Careful construction of the viewing graph; Parallel

computing
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A demonstration of Stochastic Updates

Figure: Randomized updates in QuadSync. Tested on ETH3D ‘relief’ dataset. Max number of
columns is 59319. Using 30 random columns achieves similar accuracy with notable speed-ups.
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Joint Optimization of Block Matrix and Tensors

We find factorizations of
block essential matrix,
block trifocal tensor,
block quadrifocal tensor,
where many factor
matrices are the same.

We develop a similar
algorithm to synchronize
all three entities
simultaneously, exploiting
the shared factors.
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Experiments

We test our results on the ETH3D multiview stereo dataset and the EPFL stereo
dataset. It is a real dataset with a wide variety of scenes, from natural to artificial,
from indoor to outdoor.
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SfM Experimental Results ETH3D
▶ No bundle adjustment.
▶ Initial estimation quality much worse compared to pairwise pose estimates.
▶ Superior results over pairwise methods on circled datasets.
▶ Struggle with datasets with bad estimation quality and density. Succeeds in

dense reconstruction scenes, yet can be computationally expensive.
▶ Rotation averaging can be improved.
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Experimental Results for Near Collinear Dataset
▶ A near collinear excerpted scenario from ETH3D-SLAM.
▶ Note that this is a classical failure mode, which can’t be solved by location

synchronization methods based on pair-wise measurements without 3D points.

Figure: Near collinear reconstruction results. Black: ground truth. Red: reconstructed cameras.
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Impact and Future Directions

Impact
▶ We establish novel algebraic constraints on a set of trifocal and quadrifocal

tensors, expressed as low rank block tensors.
▶ We develop the first global synchronization algorithms for trifocal and

quadrifocal tensors and provide a path for practical algorithms.
▶ Experimental results show that using higher order tensors may lead to better

camera location estimations.
Future Directions
▶ The estimation of single trifocal and quadrifocal tensors.
▶ Sparsification and refinement of the initial viewing graph for large scale adoption.
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1. Miao, Daniel, Gilad Lerman, and Joe Kileel. "Tensor-based synchronization and the
low-rankness of the block trifocal tensor." NeurIPS (2024).
2. Miao, Daniel, Gilad Lerman, and Joe Kileel. "QuadSync: Quadrifocal Tensor
Synchronization via Tucker Decomposition." CVPR. 2026. Thank you for your

attention!
▶ Please contact miao0022@umn.edu for questions or discussions or see QR code

for Github Page!
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