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Introduction

@ Scientific imaging is used to characterize physical, material, chemical,
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Introduction

@ Scientific imaging is used to characterize physical, material, chemical,

and biological processes.
Imaging data challenges include

@ Incomplete data

Particle Images

Micrograph

@ measurement uncertainty (e.g.,
noise, unknown latent
parameters)

Electron Beam

Here we focus on tomography with
Iniial 3D volune unknown view angles.

Part |. Orthogonal matrix retrieval

with spatial consensus

Atomic model 3D density map
Cryo-electron microscopy single particle Joint work with Shuai Huang Mona
analysis Zehni, and Ivan Dokmanic
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Image formation model

o A simplified image formation model for a 3D electron density map p
and w; € SO(3):

w; 0 p

Particles in unknown 3D pose
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Image formation model

o A simplified image formation model for a 3D electron density map p
and w; € SO(3):
I; = P(w;op)

Particles in unknown 3D pose
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Image formation model

o A simplified image formation model for a 3D electron density map p
and w; € SO(3):
I; = H*xP(w; o p)
Particles in unknown 3D pose
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Image formation model

o A simplified image formation model for a 3D electron density map p
and w; € SO(3):
I; = H;*P(w; o p) + noise

Particles in unknown 3D pose

&9@8

projections SNR = 0.05
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Noisy images

Typically contains over a million raw particle images
Zhizhen Jane Zhao (UIUC)

https://www.ebi.ac.uk/pdbe/emdb/empiar/entry/10005/
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Traditional estimation approach

Alternate between estimating the particle orientation and reconstructing
the 3D density

initialization Orientation estimation

/B

reconstruction

@ Multiple passes over the whole data set
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Method of moments

3D density map

Reconstruct the 3D density via the method of moments
Projections with
unknown orientations

Method-of-Moments features

Reconstruction

@ Denoised moments can be obtained
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Method of moments

3D density map

Reconstruct the 3D density via the method of moments
Projections with
unknown orientations

Method-of-Moments features

Reconstruction

@ Denoised moments can be obtained

@ Only go through the images once to extract features
@ Bypass the orientation estimation
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Method of moments

3D density map

Reconstruct the 3D density via the method of moments
Projections with
unknown orientations

Method-of-Moments features

Reconstruction

@ Denoised moments can be obtained

@ The sample complexity scales as 2™ for the estimation of mt"
moments

Zhizhen Jane Zhao (UIUC)

@ Only go through the images once to extract features
@ Bypass the orientation estimation
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Method of moments

3D density map

Reconstruct the 3D density via the method of moments
Projections with
unknown orientations

Method-of-Moments features

Reconstruction

Denoised moments can be obtained

Only go through the images once to extract features
Bypass the orientation estimation

moments

uniform over 50= 3=

The sample complexity scales as o™ for the estimation of m™ order
Some assumptions: centered images, distribution of the orientations is

m]

=
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Projection-slice theorem

@ Let R; be the rotation matrix corresponding to w;, for clean
measurement data, we have

fi(kzvky) = ﬁ(R;‘F[k:c ky O]T)

Orientation &O{/’o
of electron
source

Orientation of
central slice

Molecule

in laboratory g
f

rame

Image adapted from Barnett et al. SIIMS, 2017
Experimental image
(projection)
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Projection-slice theorem

o Let R; be the rotation matrix corresponding to wj;, for clean
measurement data, we have

Li(ks. ky) = p (R ks ky 0])
@ Spherical harmonic expansion:

0 l
pk) =" Apn(k) - Vi Ok, ox)

=0 m=-1

Ay (k) is the real spherical harmonic expansion coefficients.
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Projection-slice theorem

o Let R; be the rotation matrix corresponding to wj;, for clean
measurement data, we have

Li(ks. ky) = p (R ks ky 0])
@ Spherical harmonic expansion:
o0 l
= Z Z Alm(k’> : }/lm(akv Sok) )
=0 m=-1

Ay (k) is the real spherical harmonic expansion coefficients.

@ In terms of the spherical expansion coefficients,

0o l l
kx,k Z Z Z A/m (2’¢k> Dl m’(wi)’
1=0 m r—_]

where D' is the Wigner D-matrix.
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Kam'’s autocorrelation analysis

@ Zvi Kam showed in 1980 that the autocorrelation function of the 3D
molecule over the rotation group SO(3) can be estimated from 2D projection
images whose viewing directions are uniformly distributed over the sphere.
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Kam'’s autocorrelation analysis

@ Zvi Kam showed in 1980 that the autocorrelation function of the 3D

molecule over the rotation group SO(3) can be estimated from 2D projection

images whose viewing directions are uniformly distributed over the sphere.

N 27
1 1 ~ ~
Cn (ki ko, 0) = — E —/ I, (k1, 1) - Iy (k2,01 +9) der
N <21 J,

in(kl' (pl)
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Kam'’s autocorrelation analysis

@ Zvi Kam showed in 1980 that the autocorrelation function of the 3D
molecule over the rotation group SO(3) can be estimated from 2D projection
images whose viewing directions are uniformly distributed over the sphere.

N 27T
1 1 —~ ~
Cn (k1 ko ¥) = = 7/ Ly (kv p1) - 1y (K2, 01 + 1) dep
1 2 Nn:1271_ o 1 1 2 1 1

@ For clean images,

[e'S) l
o 1 "
Oy (ky, ko) "3 EZPZ (costh) > Aun(kr) - Afy(ka)
=0 m=—1
= C(kla kzﬂ/’)

where Pj(-) is the Legendre polynomial of degree I, and C'(k1, ko, ) is the
asymptotic noiseless autocorrelation function of the Fourier transform p(k)
in the frequency domain over the rotation group SO(3).
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Kam'’s autocorrelation analysis

@ Kam further computed the contribution of the subspace of all spherical
harmonics with degree [, using orthogonality of Legendre polynomials,

Cihn,ka) = 2020+ 1) [ C (hasha,0) - Pilcos ) -sinw v
0

l
= > A (k1) A, (k2), 1=0,1,....L

m=—1

Projections with Feature matrix ¢,
unknown orientations
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Kam'’s autocorrelation analysis

@ Kam further computed the contribution of the subspace of all spherical
harmonics with degree [, using orthogonality of Legendre polynomials,

Cy (b1, k) =2m(20 + 1) /WC(kl,kg,w) - P(cos) - siny dip
0

l
= > A (k1) A, (k2), 1=0,1,....L

m=—1

Projections with Feature matrix C,
unknown orientations

kea

Zhizhen Jane Zhao (UIUC) July 15, 2026



Kam'’s autocorrelation analysis

@ Kam further computed the contribution of the subspace of all spherical

harmonics with degree [, using orthogonality of Legendre polynomials,
ik he) = 2(20-4 1) [ C (b, ka. ) Plcos) sinw d
0

l
= > A (k1) A, (k2), 1=0,1,....L
m=—I

Projections with
unknown orientations

Feature matrix C,

Zhizhen Jane Zhao (UIUC
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Estimated autorcorrelation features
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RRMSE of C;: 0.0821

RRMSE of Cs: 0.0197

RRMSE of C1o: 0.1034
Fourier autocorrelation feature C; is extracted from N =10* projection images with SNR=0.1.
Zhao et al., Fast steerable principal component analysis, IEEE TCI, 2016.

Zhizhen Jane Zhao (UIUC)

Bhamre et al., Denoising and covariance estimation of single particle cryo-EM Images, JSB, 2016
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Kam'’s autocorrelation analysis

o If we can determine A, (k), then

[e9) l

ﬁ(k) = Z Z Alm(k) ' }/lm(ekza (Pk) ;

=0 m=—1
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Kam'’s autocorrelation analysis

o If we can determine A, (k), then

[e9) l

ﬁ(k) = Z Z Alm(k) ’ lem(‘gk:,@k),

S E %
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@ Truncated reconstruction:




Orthogonal matrix retrieval

@ We have for any orthogonal O; of size (21 4+ 1) x (2] 4 1) that

C, = A0} (A 0] = FF}.

*T. Bhamre, T. Zhang, and A. Singer, Orthogonal matrix retrieval in cryo-electron microscopy, ISBI, 2015
+E. Levin, T. Bendory, N. Boumal, J. Kileel, and A. Singer, 3D ab initio modeling in cryo-EM by autocorrelation analysis, ISBI,
2018
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Orthogonal matrix retrieval

@ We have for any orthogonal O; of size (21 4+ 1) x (2] 4 1) that

C, = A0} (A 0] = FF}.

@ The Cholesky decomposition of C yields F;. So to recover the volume, we
need to recover orthogonal matrix O; using additional information.

*T. Bhamre, T. Zhang, and A. Singer, Orthogonal matrix retrieval in cryo-electron microscopy, ISBI, 2015
+E. Levin, T. Bendory, N. Boumal, J. Kileel, and A. Singer, 3D ab initio modeling in cryo-EM by autocorrelation analysis, ISBI,
2018
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Orthogonal matrix retrieval

@ We have for any orthogonal O; of size (21 4+ 1) x (2] 4 1) that
C, = A0} (A 0] = FF}.
@ The Cholesky decomposition of C yields F;. So to recover the volume, we
need to recover orthogonal matrix O; using additional information.

@ Bhamre et al* proposed to use a known homologous volume to help
determine the O;.

@ Levin et al™ proposed to use two denoised projection images taken from
different views to determine O;. (OMR-PM)

*T. Bhamre, T. Zhang, and A. Singer, Orthogonal matrix retrieval in cryo-electron microscopy, ISBI, 2015

+E. Levin, T. Bendory, N. Boumal, J. Kileel, and A. Singer, 3D ab initio modeling in cryo-EM by autocorrelation analysis, ISBI,
2018
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Orthogonal matrix retrieval

@ We have for any orthogonal O; of size (21 4+ 1) x (2] 4 1) that
C, = A0} (A 0] = FF}.
@ The Cholesky decomposition of C yields F;. So to recover the volume, we
need to recover orthogonal matrix O; using additional information.

@ Bhamre et al* proposed to use a known homologous volume to help
determine the O;.

@ Levin et al™ proposed to use two denoised projection images taken from
different views to determine O;. (OMR-PM)

@ For a pair of images I; and I, we have ps = w o py, with w € SO(3).
Optimize over {O;}, and w.

*T. Bhamre, T. Zhang, and A. Singer, Orthogonal matrix retrieval in cryo-electron microscopy, ISBI, 2015

+E. Levin, T. Bendory, N. Boumal, J. Kileel, and A. Singer, 3D ab initio modeling in cryo-EM by autocorrelation analysis, ISBI,
2018
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Challenges in OMR

Ground truth
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Challenges in OMR

Ground truth Clean reconstruction
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Challenges in OMR

Ground truth Clean reconstruction Noisy reconstruction
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Challenges in OMR

Ground truth Clean reconstruction Noisy reconstruction

@ Previous approach focuses mainly on the recovery of O;
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Challenges in OMR

Ground truth Clean reconstruction Noisy reconstruction
@ Previous approach focuses mainly on the recovery of O;

o Not robust enough in the noisy case (SNR=0.1)
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Challenges with OMR
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Noisy reconstruction A 2D slice
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Challenges with OMR
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Noisy reconstruction A 2D slice
@ How to enforce that the reconstructed density map is non-negative
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Challenges with OMR
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Noisy reconstruction A 2D slice
@ How to enforce that the reconstructed density map is non-negative

@ How to improve the reconstruction quality from the noisy
measurements

Zhizhen Jane Zhao (UIUC) July 15, 2026



Spatial constraints on the density map

@ Non-negativity and total mass constraint

random
projections
: average
projection
total mass 0<pg <W, d=1,--,D

w— =) W, = lpllx

D
ol =" lpal = W,
da=1
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Spatial constraints on the density map

@ Non-negativity and total mass constraint

random

projections

average

projection

total mass 0<pg <W, d=1,--,D

w— =) W, = lpllx

D
ol =" lpal = W,
da=1

@ Reference projection (randomly chosen): P,(z,y) = I(z,y)

Zhizhen Jane Zhao (UIUC) July 15, 2026



Spatial autocorrelation features

@ The density map has the following real spherical harmonic expansion,

oo l

p("') = Z Z Blm(r) . }/lm(e’r’yﬂo"’) .

1=0m=—1

Zhizhen Jane Zhao (UIUC)
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Spatial autocorrelation features

@ The density map has the following real spherical harmonic expansion,

oo l

p("') = Z Z Blm(r) . lem(g’mﬂo"’) .

1=0m=—1

@ Spatial autocorrelation features

l
Ey(r1,m2) = Y Bim(r1) - Bum(r2) .

m=—1

are related to the auto-correlation function of the 3D density map over SO(3).
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Spatial autocorrelation features

@ The density map has the following real spherical harmonic expansion,

oo l

p("') = Z Z Blm(r) . lem(g’mﬂo"’) .

1=0m=—1

@ Spatial autocorrelation features

l
Ey(r1,m2) = Y Bim(r1) - Bum(r2) .

m=—1

are related to the auto-correlation function of the 3D density map over SO(3).
@ We further show that C; is connected with E; as follows

o0 oo
Ci(k1, k2) = 87T2/ (/ Ey(r1,72) - ji(kiri)ri dﬁ) < Gi(kar2)rs dra.
0 0
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Spatial autocorrelation features

@ The density map has the following real spherical harmonic expansion,

oo l

p(T) = Z Z Blm(r) . lem(e’mﬂo"’) .

1=0m=—1

@ Spatial autocorrelation features

l
Ey(r1,m2) = Y Bim(r1) - Bum(r2) .

m=—1

are related to the auto-correlation function of the 3D density map over SO(3).
@ We further show that C; is connected with E; as follows

o0 oo
Ci(k1, k2) = 87T2/ (/ Ey(r1,72) - ji(kiri)ri dﬁ) < Gi(kar2)rs dra.
0 0

@ Use the quadrature points and weights according to Gauss-Legendre Quadrature rule, we
express the relations in the matrix form,

A =QiB;, FO,=Q;B(p), B(p)islinearinp
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Spatial radial features

@ We average I,, (k) over all directions of k with the same norm k:

M (k)fiii/%f(k)d
N 7Nn:127r0 n ®
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Spatial radial features

@ We average I,, (k) over all directions of k with the same norm k:

") i) e

My (k) = ;i;w/o%fn(k) dp N5 /// sink( r

= M(k)
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Spatial radial features

@ We average I,, (k) over all directions of k with the same norm k:

_ ;i % /0% T(k) dp V25 /// Sink(fr) - p(r) dr

=: M (k)

@ The integration of the 3D density map p(r) on the sphere with radius r is given by

W(r):%/o k- M (k) - sin(kr) dk_/// LS(F — 1) di.

Integration of p on a sphere
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Spatial radial features

@ We average I,, (k) over all directions of k with the same norm k:

_ ;}i i /027r T(k) dp V25 /// Sink(f” - p(r) dr

=: M (k)

@ The integration of the 3D density map p(r) on the sphere with radius r is given by

W(r):%/o k- M(k) - sin(kr) dk—/// <6(F —r) dr.

Integration of p on a sphere  Denoised reference image
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Orthogonal matrix retrieval with spatial consensus

We formulate the following nonconvex problem to recover the density in the spatial domain:

L
minimize f(p, O;) := Z |F;0; — Q] By (p)Hg autocorrelation features
P {0}, 1=0
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Orthogonal matrix retrieval with spatial consensus

We formulate the following nonconvex problem to recover the density in the spatial domain:
L

minimize f(p, O;) := Z |F;0; — Q] By (p)Hg autocorrelation features
1=0

Pv{ol}lL:()

\4
+ A Z (gfp — WU>2 radial features
v=1
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Orthogonal matrix retrieval with spatial consensus

We formulate the following nonconvex problem to recover the density in the spatial domain:

L
minimize f(p, O;) := Z |F;0; — Q] By (p)Hg autocorrelation features
PO}, =0

4 2
+A- Z (QZ{P - Wv) radial features
v=1
+&- Z (Pp(z,y) — T(x,y))Q, a denoised reference image
z,y
July 15, 2026
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Orthogonal matrix retrieval with spatial consensus

We formulate the following nonconvex problem to recover the density in the spatial domain:

L
minimize f(p, O;) := Z |F;0; — Q] By (p)Hg autocorrelation features
PO}, =0

4 2
+A- Z (QZ{P - Wv) radial features
v=1
+&- Z (Pp(z,y) — T(x,y))Q, a denoised reference image
z,y

subject to 0 < pg < W,

D
Zpd =Wy,
d=1
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Orthogonal matrix retrieval with spatial consensus

We formulate the following nonconvex problem to recover the density in the spatial domain:

L
minimize f(p, O;) := Z |F;0; — Q] By (p)Hg autocorrelation features
PO}, =0

4 2
+A- Z (QZ{P - Wv) radial features
v=1
+&- Z (Pp(z,y) — T(x,y))Q, a denoised reference image
z,y

subject to 0 < pg < W,

D
Zpd =Wy,
d=1

ofo,=o0,0f =1, 1¢€{0,...,L}.

Zhizhen Jane Zhao (UIUC) July 15, 2026



Alternating minimization

Given an initialization pg, we use the following alternating minimization approach:
@ (O-update). Fix p, and update {O;}, with respect to p:

minimize f1(0;) ZHonz Qi Bi(p)ll;
{03,

subject to Oz Ol:OlOl =1, 1€{0,...,L}.
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Alternating minimization

Given an initialization pg, we use the following alternating minimization approach:
@ (O-update). Fix p, and update {O;}, with respect to p:

minimize f1(0;) ZHonz Qi Bi(p)ll;
{03,

subject to Oz Ol:OlOl =1, 1€{0,...,L}.

Closed-form solutions for the orthogonal matrices {O; }, are given by
o, =vViu/,

where V; and Uj are obtained from the singular value decomposition (SVD) of
Bl'(p)Q.F,

Zhizhen Jane Zhao (UIUC) July 15, 2026



Alternating minimization

@ (p-update). Fix {O;},;, and estimate p with respect to {O;};:
L
minimize  f2(p) = > _ | FiO1 = Q[ Bi(p)ll3
1=0

v 2
+)\~Z(g$p—Wu)
v=1

+€ 3 (Pol,y) — T(z,w)°,

z,y
subject to 0 < pg < W),

D
Zpd =W,.
d=1

@ A convex problem which can be solved using projected gradient descent (PGD).
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An Initialization

@ Compute an initialization pg by solving the following problem:
v

minimize Z (QUTPO - Wv>2 + Z (Ppo (z,y) — I(, y))2,

o v=1 z,y
subject to 0 < pog < Wp,

D
Z poa=Wp.
d=1
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An Initialization

@ Compute an initialization pg by solving the following problem:

\4

- 2 - )
minimize Z (gUTpo — Wv> + Z (Pp0 (z,y) — I(z, y)) ,
ro v=1 x,y
subject to 0 < pog < Wp,
D
Z poa=Wp.
d=1

@ We use projected gradient descent initialized at O that favors the minimum l3-norm
solution.

Zhizhen Jane Zhao (UIUC) July 15, 2026



Reconstructions

Noiseless Reconstruction Noisy Reconstruction
Groundtruth OMR-PM OMR-SC-F OMR-PM OMR-SC-F
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Reconstructions

Noiseless Reconstruction Noisy Reconstruction
Groundtruth OMR-PM OMR-SC-F OMR-PM OMR-SC-F
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Holliday junction complex (HJC): reconstructions using the OMR-PM and OMR-SC-F

approaches in the noiseless case and the noisy case (SNR=0.1).
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Sparsity

. - . Rotation-invariant features
Projection images

AN A A A

III. Autocorrelation feature
' “ . AWAVARNAVA JAVAVAVA

@ A subset of the autocorrelation features can recover the density
modeled as a mixture of Gaussians *.

Recoﬁéred 3D
density map

*M. Zehni et al. “3D unknown view tomography via rotation invariants” ICASSP, 2020.
. Bendory et al. “Autocorrelation analysis for cryo-EM with sparsity constraints: Improved sample complexity and
projection-based algorithms” PNAS, 2023.
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Sparsity

. o . Projection images
¢ ) . .

Rotation-invariant features

A N "
/\ /N \ I\

Autocorrelation feature

AAA AAA AN

‘

Y
4
L

Recoﬁéred 3D
density map

@ A subset of the autocorrelation features can recover the density
modeled as a mixture of Gaussians *.

@ Bendory et al.T proved that 3D density maps modeled as sums of
Gaussians (with some assumptions) are uniquely determined by the
second-order autocorrelation of their projection images.

*M. Zehni et al. “3D unknown view tomography via rotation invariants" /CASSP, 2020.
. Bendory et al. “Autocorrelation analysis for cryo-EM with sparsity constraints: Improved sample complexity and

projection-based algorithms” PNAS, 2023.
Zhizhen Jane Zhao (UIUC)
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Sparsity

. - . Rotation-invariant features
° Projection images

\ N A N

B .3 ——l e
) 4‘ Autocorrelation feature K ® N

AN AnONAN ANA AN ~"

/\\ /\ AEAVATA! /\"\,f/ /\ N
Recovered 3D
density map

@ A subset of the autocorrelation features can recover the density
modeled as a mixture of Gaussians *.

@ Bendory et al.T proved that 3D density maps modeled as sums of
Gaussians (with some assumptions) are uniquely determined by the
second-order autocorrelation of their projection images.

@ The sample complexity is proportional to o*.

*M. Zehni et al. “3D unknown view tomography via rotation invariants" /CASSP, 2020.

. Bendory et al. “Autocorrelation analysis for cryo-EM with sparsity constraints: Improved sample complexity and
projection-based algorithms” PNAS, 2023.
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Summary and discussions

o Using Kam's autocorrelation analysis with non-negative constraint on
the voxel values, we are able to recover the 3D volumes without
estimating the individual orientation
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Summary and discussions

o Using Kam's autocorrelation analysis with non-negative constraint on
the voxel values, we are able to recover the 3D volumes without
estimating the individual orientation

@ How to incorporate more prior information about the density maps
@ Require more thorough theoretical analysis on the uniqueness
guarantee given certain types of spatial constraints or prior

information

@ Need to understand the landscape of the associated optimization
problems

Zhizhen Jane Zhao (UIUC) July 15, 2026



Introduction

@ Scientific imaging is used to characterize physical, material, chemical,
and biological processes.

Imaging data challenges include

Micrograph Particle Images

@ Incomplete data

@ measurement uncertainty (e.g.,
noise, unknown latent
parameters)

Dilflerent posed samples

Electron Beam

Here we focus on tomography with
unknown view angles.

A4
? Part II. Combine distribution

Alomic model 3D density map matching and physics_based |mag|ng
process
Joint work with Mona Zehni

Tnitial 3D volume

Cryo-electron microscopy single particle

analysis

Zhizhen Jane Zhao (UIUC) July 15, 2026



2D Tomography with unknown view angles

Clean Projection
Noisy Projection

~ ' Noisy measurements:
\ Ce =Py, L+ <4

}’?

\ j§ Recover I and p given
,m& unordered {¢o} ;.

B¢ ~ p(0)
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2D tomography with unknown view angles

e Viewing angle estimation (angle recovery problem'?, graph Laplacian
tomography3#, Moment-based angular difference estimates (MADE)®)
and tomographic reconstruction

@ Maximum likelihood estimation or maximum a posteriori estimation
using expectation-maximization algorithm.

o Generative adversarial learning based approach®’

Basu and Bresler, Uniqueness of tomography with unknown view angles, /EEE TIP, 2000
Basu and Bresler, Feasibility of tomography with unknown view angles, IEEE TIP, 2000
Coifman et al., Graph Laplacian Tomography From Unknown Random Projections, IEEE TIP, 2008

Singer and Wu, Two-dimensional tomography from noisy projections taken at unknown random directions, SI/MS, 2013

[ N R

Phan et al., Moment-Based Angular Difference Estimation Between Two Tomographic Projections in 2D and 3D, J Math
Imaging Vis 2016.

Gupta et al. CryoGAN: A New Reconstruction Paradigm for Single-particle Cryo-EM Via Deep Adversarial Learning, IEEE
TCl, 2021.

7Zehni and Zhao, UVTomo-GAN: An adversarial learning based approach for unknown view X-ray tomographic
reconstruction, ISBI, 2021
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Viewing angle estimation

Graph Laplacian tomography:
@ Apply PCA and Wiener filtering to denoise the projections.

@ Compute pairwise distance between the denoised projections
dij = 11G — Gjll2-
o Construct k nearest neighbor graph followed by graph denoising.

@ Use the top two non-trivial eigenvectors of the normalized similarity
matrix to determine the order of the projections.
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Viewing angle estimation

Graph Laplacian tomography:
@ Apply PCA and Wiener filtering to denoise the projections.
@ Compute pairwise distance between the denoised projections
dij = G — Gll2-
o Construct k nearest neighbor graph followed by graph denoising.

@ Use the top two non-trivial eigenvectors of the normalized similarity
matrix to determine the order of the projections.

Main Challenge: When the viewing angle distribution is not uniform, it is
hard to get the precise angle from the ordering.

MADE: Use the the moment-based angular difference estimates instead of
the /5 distance between projections.

Main Challenge: The projection moment-based features used in the
MADE are sensitive to noise.

Zhizhen Jane Zhao (UIUC) July 15, 2026



Bypassing individual view angle estimation?

@ Question: Can we achieve good image reconstruction without the
estimation of individual view angles?

1
Gupta et al. CryoGAN: A New Reconstruction Paradigm for Single-particle Cryo-EM Via Deep Adversarial Learning, IEEE
TCl, 2021.

Zehni and Zhao, UVTomo-GAN: An adversarial learning based approach for unknown view X-ray tomographic
reconstruction, ISBI, 2021.
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Bypassing individual view angle estimation?

@ Question: Can we achieve good image reconstruction without the
estimation of individual view angles?

@ Yes! One approach is to use the generative adversarial learning!?.

@ Challenge: recover both the image and the viewing angle distribution
simultaneously.

1
Gupta et al. CryoGAN: A New Reconstruction Paradigm for Single-particle Cryo-EM Via Deep Adversarial Learning, IEEE
TCl, 2021.

Zehni and Zhao, UVTomo-GAN: An adversarial learning based approach for unknown view X-ray tomographic
reconstruction, ISBI, 2021.
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Reconstruction based on distribution matching
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Reconstruction based on distribution matching
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Reconstruction based on distribution matching

?

/

Inference
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Reconstruction based on distribution matching
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Reconstruction based on distribution matching

I, p(9)
T AN
Simulate
Update

d(Pdatay IP)I,p)

—

Statistical inference is performed by minimizing, over the parameter space,
the distance / divergence between model distribution and the empirical
distribution of the data.
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Comparing probability distributions

o KL divergence, Jensen-Shannon divergence, total variation, MMD...
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Comparing probability distributions

o KL divergence, Jensen-Shannon divergence, total variation, MMD...
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o KL divergence, Jensen-Shannon divergence, total variation, MMD...
@ The Earth-Mover’s distance or Wasserstein-1 distance

W(Pgata, Prp) =  inf ey lllz — ylll.
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Comparing probability distributions

o KL divergence, Jensen-Shannon divergence, total variation, MMD...

@ The Earth-Mover's distance or Wasserstein-1 distance

W(Pgata, Prp) =  inf ey lllz — ylll.
( data I,p) 'YEH(IégtaylPI,p) (z,y) 7[||$ y”]

@ The Earth-Mover's distance or Wasserstein-1 distance using
Kantorovich-Rubinstein duality

W(Pdataa PLp) = ”fS”up<1Ex~]Pdata [f(x)] - Exw]P],p [f(l')]

o Earth-Mover's distance has nicer properties than Jensen-Shannon
divergence or KL divergence in learning distributions, specifically for
distributions supported on lower dimensional manifolds.
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Image representation

We use the Hartley transform of the images, which is a real representation
closely related to Fourier transform and defined as:

I =H(I) = real{F(I)} — imag{F(I)},

@ Projection slice theorem in Hartley domain: Zg(f) = f({,@g)

1A. Klug and R. Crowther, “Three-dimensional image reconstruction from the viewpoint of information theory,” Nature,
vol. 238, no. 5365, pp. 435-440, 1972.

2Zhao and Singer, “Fourier—Bessel rotational invariant eigenimages”, JOSA A, vol. 30, pp. 871-877, 2013
Zhao, Shkolnisky, and Singer, “Fast steerable principal component analysis”, IEEE TCl, vol. 2, pp. 1-12,-2016
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Image representation

We use the Hartley transform of the images, which is a real representation
closely related to Fourier transform and defined as:

I =H(I) = real{F(I)} — imag{F(I)},

e Projection slice theorem in Hartley domain: (&) = I(£,6;)
@ Truncated expansion of I on Hartley-Bessel (HB) basis

kmax
Z ch qu 7(£,0).
k=—Fkmax g=1
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Image representation

We use the Hartley transform of the images, which is a real representation
closely related to Fourier transform and defined as:

I =H(I) = real{F(I)} — imag{F(I)},

e Projection slice theorem in Hartley domain: (&) = I(£,6;)
@ Truncated expansion of I on Hartley-Bessel (HB) basis

kmax
Z ch qu 7(£,0).
k=—Fkmax g=1

@ Rewrite the forward model in transformed domain as:

(o= Hpc+&, Oi~p, Le{1,2,..,L}

A. Klug and R. Crowther, “Three-dimensional image reconstruction from the viewpoint of information theory,” Nature,
vol. 238, no. 5365, pp. 435-440, 1972.

2Zhao and Singer, “Fourier—Bessel rotational invariant eigenimages”, JOSA A, vol. 30, pp. 871-877, 2013

Zhao, Shkolnisky, and Singer, “Fast steerable principal component analysis”, IEEE TCl, vol. 2, pp. 1-12,-2016
Zhizhen Jane Zhao (UIUC) July 15, 2026



Image reconstruction from truncated expansion coefficients

From the truncated expansion coefficient ¢, we can reconstruct the image
in the spatial domain,

k?max Pk
Ig)= Y D ergH (uh) (r¢)
k=—kmax q:1
where
2v21s(—1) 9D Ry, Ji(2msr) 77
rH k,q ’ _ »q k =),
() () Gy oL G

and [ = k—;l for odd k£ and [ = % for even k.

Zhizhen Jane Zhao (UIUC) July 15, 2026



An adversarial learning based reconstruction

el AL L
! {Crml}é:l {Cr(\al}le

Tomographic projection\
Csyn = Hypc+ ¢

g 0
eln] ~ N (0,0%)

Gradients of loss with respect to ¢ and p
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Wasserstein generative adversarial learning

@ Follow the Wasserstein GAN, the loss is

L(c,p, ¢ Z%( real) Dy (Egyn) +AGP(Chy)

@ Generator loss:

B
La(e,p) ==Y Dy(Hg,c+ &),
b=1
B Ny
== 6(0; — 0,)Dy(Hp,c+ &), Op ~ p.
b=1 t=1
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Wasserstein generative adversarial learning

@ Follow the Wasserstein GAN, the loss is

L(c,p, ¢ Z%( real) Dy (Eé’yn) +AGP(Chy)

@ Generator loss:

B
La(e,p)==)_ Dy(Hy,c+ &),
b=1
0
== 6(0; — 0,)Dy(Hp,c+ &), Op ~ p.
b=1 t=1

@ L¢ is non-differentiable with respect to p. How to allow
backpropagation?

Zhizhen Jane Zhao (UIUC) July 15, 2026



Approximation of the generator loss

@ Discretize projection angle domain to Ny equal bins.

1
E. Jang et al., Categorical reparameterization with Gumbel-softmax, ICLR, 2017
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Approximation of the generator loss

@ Discretize projection angle domain to Ny equal bins.

e Use Gumbel-Softmax! to allow backpropagation through samples
from discrete distributions.

1
E. Jang et al., Categorical reparameterization with Gumbel-softmax, ICLR, 2017
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Approximation of the generator loss

@ Discretize projection angle domain to Ny equal bins.

e Use Gumbel-Softmax! to allow backpropagation through samples
from discrete distributions.

@ Approximate L such that it is differentiable in both ¢ and p.

1
E. Jang et al., Categorical reparameterization with Gumbel-softmax, ICLR, 2017
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Approximation of the generator loss

@ The Gumbel-Max trick:

d(6; — ) = one hot (argmax[gbﬂ- + log(p[i])]), g ~ Gumbel(0, 1)

(2

1
E. Jang et al., Categorical reparameterization with Gumbel-softmax, ICLR, 2017
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Approximation of the generator loss

@ The Gumbel-Max trick:

5(0; — 6y) = one hot (argmax[gbﬂ- + log(p[i])]), g ~ Gumbel(0, 1)

(2

@ Use softmax function as a continuous, differentiable approximation to

argmax!: 7;,(p) = ijf’((gb,iﬂog(p[i]))/f)

Zl exp ((gp,5+log(pls]))/7)
5=

1
E. Jang et al., Categorical reparameterization with Gumbel-softmax, ICLR, 2017
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Approximation of the generator loss

@ The Gumbel-Max trick:

5(0; — 6y) = one hot (argmax[gbﬂ- + log(p[i])]), g ~ Gumbel(0, 1)

(2

@ Use softmax function as a continuous, differentiable approximation to

argmax!: 7;,(p) = N§XP((9b,i+log(p[i]))/T)

Zl exp ((gp,5+log(pls]))/7)
5=

@ The approximate generator loss becomes:

B Ny

Lale,p)~ =Y > 1ip(p)Dy(Ho,c+ &)

b=1 i=1

1
E. Jang et al., Categorical reparameterization with Gumbel-softmax, ICLR, 2017
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Approximation of the generator loss

@ The Gumbel-Max trick:

5(0; — 6y) = one hot (argmax[gbﬂ- + log(p[i])]), g ~ Gumbel(0, 1)

(2

@ Use softmax function as a continuous, differentiable approximation to

argmax!: 7;,(p) = N§XP((9b,i+log(p[i]))/T)

Zl exp ((gp,5+log(pls]))/7)
5=

@ The approximate generator loss becomes:

B Ny

Lale,p)~ =Y > 1ip(p)Dy(Ho,c+ &)

b=1 i=1

o Differentiable with respect to both ¢ and p.

1
E. Jang et al., Categorical reparameterization with Gumbel-softmax, ICLR, 2017
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Numerical results

PSNR(dB)

Iter. 20k Iter. 40k Iter. 60k Iter. 80k

Convergence curves

W
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>
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Numerical results—reconstructions from clean projections

MADE + GL EM best random init. Given p Assume p unif. Joint opt. ¢ & p

Abdomen clean Lung clean

Ribosome clean

PSNR=23.0dB, CC=0.95 PSNR=36.3dB,CC=1 PSNR=32.2dB, C(

0.99 PSNR=34.6dB,CC=1 PSNR=23.0dB,CC=0.95 PSNR=34.1dB,CC=1

|| ———
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Numerical results—at SNR= 3

EM best random init. Given p Assume p Unif. Joint opt. ¢ & p

. \

Lung noisy

Abdomen noisy

Ribosome noisy
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Numerical results—viewing angle distribution

PMF

PMF

PMF

(a) Lung-No noise, dty =0.041

10—2

(b) Lung-SNR 3, dty =0.073

T
— Sanple p
— Origin. p

D

(¢) Abdomen-No noise, dty =0.040

-10—2

(

d

) Abdomen-SNR 3, dty =0.08

(e) Rib.-No noise, dry =0.041
.10—2

(f) Rib.-SNR 3, d1v =0.070

1
I T

3

™ 3r ™
4

)

bl :
rojection angle 6

Zhizhen Jane Zhao (UIUC)

0 x

3

rofs
oy

3
Projection angle 6

July 15, 2026



Summary and discussions

@ We introduce an adversarial learning approach to jointly reconstruct
image and viewing angle distribution from random 2D tomographic
projections.

@ To update the viewing angle distribution via backpropagation, we use
Gumbel-softmax approximation of samples from categorical
distribution.

@ Future directions: Extend to 3D reconstruction, understand the
sample complexity, adapt to different measurement uncertainty.
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Thank You!

ALFRED P. SLOAN
FOUNDATION
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