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@ In the homogeneous space:

—cosf; —sinf; 0 O 1 0 0 0

B sinf; —cosf; 0 O B — 0 cosw; —sinw; O
0 0 1 0|7 0 sinw; cosw; O

0 0 01 0 0 0 1

@ For the translation,
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@ In the homogeneous space:

—cosf; —sinf; 0 O 1 0 0 0
B sinf; —cosf; 0 O B — 0 cosw; —sinw; O
0 0 1 0”7 |0 sinwj cosw; O
0 0 01 0 0 0 1
@ For the translation,
1 0 0 4
0100
0 01 0
0 0 0 1
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@ Combining the matrices,

1 0 0 0| |—cosf; —sinf; 0 0| |1 O O d

B — 0 cosw; —sinw; 0 sin6; —cosf; 0 O |0 1 0 O
"7 |0 sinw; cosw; O 0 0 1 0|0 0 1 0
0 0 0 1 0 0 0 1/ (0 0 0 1
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@ Combining the matrices,

1 0 0 0| |—cosf; —sinf; 0 0| |1 O O d
B — 0 cosw; —sinw; 0 sin6; —cosf; 0 O |0 1 0 O
"7 |0 sinw; cosw; O 0 0 1 0|0 0 1 0
10 0 0 1 0 0 0 1/ (0 0 0 1
[ —cos#; —sin#; 0 —d; cos ;
_ sinf;cosw; —cosh;cosw; —sinw; d;sinf;cosw;
- sinf;sinw; —cosf;sinw; cosw; d;sin@;sinw;
L 0 0 0 1
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o With dy =wi; =wpy =w3 =0 and 91:02:7T,weget1

0 d>

0 0
x1 = Biey = e xo = (B1Bo)es = N

1 1

(d2 — d3COS€3)
d3sinf
x3 = (B1B2B3)es = 3 (I) 3 ;
1

xi = (B1B2Bs3 - - - Bi)ey,

i=4,...,nand e, = (0,0.0,1)".

'Thompson (1967)
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@ Let us write .
J

Bij = 1] B

k=i

and calculate the Euclidean distance r;; (x;,x; € R*):

Carlile Lavor (IMECC - UNICAMP) Conformal Coordinates 6/26



@ Let us write .
J

Bij = 1] B

k=i

and calculate the Euclidean distance r;; (x;,x; € R*):

rij = NG5 =x)ll
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@ Let us write

J

Bij= 118k

k=i

and calculate the Euclidean distance r;; (x;,x; € R*):

r,’J

Carlile Lavor (IMECC - UNICAMP)

1G5 = i)
|(By---Bi---Bj)es — (Bi--- Bj)eu|

1By (Blisajy — 1) e
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@ Let us write .
J

Bij= 118k

k=i

and calculate the Euclidean distance r;; (x;,x; € R*):

rij =[x —x)ll
= [(Bi---Bj---Bj)ea — (Bi--- Bi)ed|
= B (Biiv1g — 1) e
= [[(Biir1g = 1) e,

where | is the identity matrix in R**4,
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@ Let us write .
J

Bij= 118k

k=i

and calculate the Euclidean distance r;; (x;,x; € R*):

rij =[x —x)ll
= [(Bi---Bj---Bj)ea — (Bi--- Bi)ed|
= B (Biiv1g — 1) e
= [[(Biir1g = 1) e,

where | is the identity matrix in R**4,
o In R3%3:

J
= H( I+ Z B[i+2’5]> el -

s=i+2
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@ In order to calculate x4 = (B1B2B3Ba)es,
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@ In order to calculate x4 = (B1B2B3Ba)es,

— cos O, —sin by 0 —dy cos Oy 0

Bues — si.n 04 c9$ wg —cosly c95 wa —SiNwg dy si.n 04 c9s wal| |0
sinfysinwg —cosbasinws cosws disinBasinws| |0

0 0 0 1 1
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e ISOMETRIES and the CONFORMAL MODEL

Carlile Lavor (IMECC - UNICAMP) Conformal Coordinates



e ISOMETRIES and the CONFORMAL MODEL

Using internal coordinates, each atom is “constructed” by one
translation and two rotations given by f : R3 — R3,
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e ISOMETRIES and the CONFORMAL MODEL

Using internal coordinates, each atom is “constructed” by one
translation and two rotations given by f : R3 — R3,

f(x) = Ax + b,
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e ISOMETRIES and the CONFORMAL MODEL

Using internal coordinates, each atom is “constructed” by one
translation and two rotations given by f : R3 — R3,

f(x) = Ax + b,

A € R3%3 such that A~ = At and b € R3.
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e ISOMETRIES and the CONFORMAL MODEL

Using internal coordinates, each atom is “constructed” by one
translation and two rotations given by f : R3 — R3,

f(x) = Ax + b,

A € R3%3 such that A~ = At and b € R3.

@ Using the HOMOGENEOUS MODEL,
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e ISOMETRIES and the CONFORMAL MODEL

Using internal coordinates, each atom is “constructed” by one
translation and two rotations given by f : R3 — R3,

f(x) = Ax + b,

A € R3%3 such that A~ = At and b € R3.

@ Using the HOMOGENEOUS MODEL,

A0t

x € R3.
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The Conformal Model

@ In the Homogeneous Model,

H(x) =x+e =

?Dress and Havel (1993)
3Li, Hestenes, and Rockwood (2001)
*L., Souza, Aragén (2021)
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The Conformal Model

@ In the Homogeneous Model,

He =xve= [3+ [ = 1],

x € R3, H(x) € R%.

?Dress and Havel (1993)
3Li, Hestenes, and Rockwood (2001)
*L., Souza, Aragén (2021)
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The Conformal Model

@ In the Homogeneous Model,

He =xve= [3+ [ = 1],

x € R3, H(x) € R%.

@ In the Conformal Model, 2 3 4

C(x) =x+e

?Dress and Havel (1993)
3Li, Hestenes, and Rockwood (2001)
*L., Souza, Aragén (2021)
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The Conformal Model

@ In the Homogeneous Model,

He =xve= [3+ [ = 1],

x € R3, H(x) € R%.

@ In the Conformal Model, 2 3 4

C(x)=x+e+(?)ex =

?Dress and Havel (1993)
3Li, Hestenes, and Rockwood (2001)
*L., Souza, Aragén (2021)
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The Conformal Model

@ In the Homogeneous Model,

He =xve= [3+ [ = 1],

x € R3, H(x) € R%.

@ In the Conformal Model, 2 3 4

X 0
C(x)=x4+e+(")ew= |0]+ |1
0 0

?Dress and Havel (1993)
3Li, Hestenes, and Rockwood (2001)
*L., Souza, Aragén (2021)
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The Conformal Model

@ In the Homogeneous Model,

He =xve= [3+ [ = 1],

x € R3, H(x) € R%.

@ In the Conformal Model, 2 3 4

X 0
C(x)=x4+e+(")ew= |0]+ |1
0 0

x € R3, C(x) € RS,
?Dress and Havel (1993)
3Li, Hestenes, and Rockwood (2001)
*L., Souza, Aragén (2021)
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@ For the isometry f,
1
C(f(x)) =(Ax+b) + e + <2Ax + b2> €so-

@ Since
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@ For the isometry f,
1
C(f(x)) =(Ax+b) + e + <2Ax + b2> €so-

@ Since
JIx]12

Hbz,> A

1
5HAx + b|> = (b*A)x + (

the isometry f can be represented by
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@ For the isometry f,
1
C(f(x)) =(Ax+b) + e + <2Ax + b2> €so

@ Since

blI2 2
fHAx—i—bH2 (b*A)x + (” 2” >1+(1)’X2‘ :

the isometry f can be represented by

A b 0 X Ax+ b
0 1 0 1 = 1
btA @ 1 ||X|| IIAX;rbH2

x € R3.
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@ In our particular case,

A b 0
U=1| 0 1 0
2
pta LEE g
[ — cos6; —sin@; 0 —d; cos 8; 0]
sinf;cosw; —cosl;cosw; —sinw; d;sinf;cosw; 0
— [sinf;sinw; —cosf;sinw; cosw; d;sinf;sinw; 0
0 0 0 1 0
d?
i d; 0 0 =+ 1
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o Differently than we did using homogeneous coordinates,
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o Differently than we did using homogeneous coordinates,

rij # 0—x)l,

Xi, Xj € RS,
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o PROBLEM: How to define a between R3 and a subset
H C R®, in such a way that isometries in R3 can be represented
orthogonally in R>?
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e PROBLEM: How to define a bijection between R3 and a subset
H C R®, in such a way that isometries in R3 can be represented
orthogonally in R>?

e (NOTATION)

For each x € R3, its representative in H will be denoted by

R eER® )
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o PROBLEM: How to define a between R3 and a subset
H C R®, in such a way that isometries in R3 can be represented
orthogonally in R>?

e (NOTATION)

For each x € R3, its representative in H will be denoted by

R eER® J

@ In mathematical terms, find this bijection such that, for any x,y € R3
and an isometry f defined on R3,
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o PROBLEM: How to define a between R3 and a subset
H C R®, in such a way that isometries in R3 can be represented
orthogonally in R>?

e (NOTATION)

For each x € R3, its representative in H will be denoted by

R eER® J

@ In mathematical terms, find this bijection such that, for any x,y € R3
and an isometry f defined on R3,

Ix =yl =lIf(x) = fy)ll = J
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o PROBLEM: How to define a between R3 and a subset
H C R®, in such a way that isometries in R3 can be represented
orthogonally in R>?

e (NOTATION)

For each x € R3, its representative in H will be denoted by

R eER® J

@ In mathematical terms, find this bijection such that, for any x,y € R3
and an isometry f defined on R3,

Ix =yl = [If(x) = F)| = %9 = F(x)- F(y) J
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e INNER PRODUCT in R® as DISTANCE in R3
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e INNER PRODUCT in R® as DISTANCE in R3

@ Thatis, IF

%-9=|x—yl? ]

we would have
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e INNER PRODUCT in R® as DISTANCE in R3

@ Thatis, IF

%9 =|x -yl ]

we would have

F(x) - F(y) = IF(x) = F)II%,

which would imply
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e INNER PRODUCT in R® as DISTANCE in R3

@ Thatis, IF

%9 =|x -yl ]

we would have

F(x) - F(y) = IF(x) = F)II%,
which would imply

—_

Ix =yl = If(x) = F)| = %9 = F(x)- F(y),
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e INNER PRODUCT in R® as DISTANCE in R3

@ Thatis, IF

%9 =|x -yl )

we would have

F(x) - F(y) = IF(x) = F)II%,
which would imply

—_

Ix =yl = If(x) = F)| = %9 = F(x)- F(y),

where
x,y € R?
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e INNER PRODUCT in R® as DISTANCE in R3

@ Thatis, IF

%9 =|x -yl ]

we would have

F(x) - F(y) = IF(x) = F)II%,

which would imply

—_

Ix =yl = If(x) = F)| = %9 = F(x)- F(y),

where
x,y € R?

and
%,y € RS
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@ Assuming that £ -y = ||x — y||, for x = y, we would have
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@ Assuming that £ -y = ||x — y||, for x = y, we would have

VxeR? — £-£=0
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@ Assuming that £ -y = ||x — y||, for x = y, we would have

A

VxeR? = %-8=0 = ||| =0
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@ Assuming that £ -y = ||x — y||, for x = y, we would have

A

VxeR} = - 2=0 = |#|=0 = %=0.

Contradiction!
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@ Assuming that £ -y = ||x — y||, for x = y, we would have

A /\||

VxeR} = - 2=0 = |#|=0 = %=0.

Contradiction!

@ Removing the positivity of the inner product in R®,
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o Assuming that X - = [[x — y||?, for x = y, we would have

=0 — X=0.

A /\||

VxeR} = - 2=0 = |#

Contradiction!

@ Removing the positivity of the inner product in R®,

VxeR? = £.%=0 = ||%]| =0. J
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o Assuming that X - = [[x — y||?, for x = y, we would have

=0 — X=0.

A /\||

VxeR} = - 2=0 = |#

Contradiction!

@ Removing the positivity of the inner product in R®,

VxeR? = £.%=0 = ||%]| =0. J

Points in 3D space —
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o Assuming that X - = [[x — y||?, for x = y, we would have

A /\||

VxeR} = - 2=0 = |#|=0 = %=0.

Contradiction!

@ Removing the positivity of the inner product in R®,

VxeR? = £.%=0 = ||%]| =0. J

Points in 3D space — vectors in R® with zero norm
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o Assuming that X - = [[x — y||?, for x = y, we would have

VxeR} = - 2=0 = |#|=0 = %=0.

Contradiction!

@ Removing the positivity of the inner product in R®,

VxeR? = £.%=0 = ||%]| =0. J

Points in 3D space — vectors in R® with zero norm (NULL VECTORS)
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@ Choosing a basis in R?:
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@ Choosing a basis in R?:

x>
I
x

+
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@ Choosing a basis in R?:

x>

= X+ xy€4
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@ Choosing a basis in R?:

X = X+ x4€4 + X565,
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@ Choosing a basis in R?:

X = X+ x4€4 + X565,

X = x1e; + X265 + xze3 and {e;. e, e3.4,65} is an orthogonal basis in R,
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@ Choosing a basis in R?:

X = X+ x4€4 + X565,

X = x1e; + X265 + xze3 and {e;. e, e3.4,65} is an orthogonal basis in R,

e From the algebraic properties of the inner product in R®,

X XxX=0 =
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@ Choosing a basis in R?:

X = X+ x4€4 + X565,

X = x1e; + X265 + xze3 and {e;. e, e3.4,65} is an orthogonal basis in R,

e From the algebraic properties of the inner product in R®,

£-2=0 = xZ(es-e) +x2(es5-e5) = —||x]|°
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@ Choosing a basis in R?:

X = X+ x4€4 + X565,

X = x1e; + X265 + xze3 and {e;. e, e3.4,65} is an orthogonal basis in R,

e From the algebraic properties of the inner product in R®,

£-2=0 = xZ(es-e) +x2(es5-e5) = —||x]|°

@ Assuming

(x#0 and |l =1) =
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@ Choosing a basis in R?:

X = X+ x4€4 + X565,

X = x1e; + X265 + xze3 and {e;. e, e3.4,65} is an orthogonal basis in R,

e From the algebraic properties of the inner product in R®,

£-2=0 = xZ(es-e) +x2(es5-e5) = —||x]|°

@ Assuming

(x#20 and |l =1) = Jes| <O.
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@ Choosing a basis in R?:

X = X+ x4€4 + X565,

X = x1e; + X265 + xze3 and {e;. e, e3.4,65} is an orthogonal basis in R,

e From the algebraic properties of the inner product in R®,

£-2=0 = xZ(es-e) +x2(es5-e5) = —||x]|°

@ Assuming

(x#20 and |l =1) = Jes| <O.

@ Let's consider [|es]| = —1.
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e (BASIS with NULL VECTORS)
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e (BASIS with NULL VECTORS)

We will replace {es, es} with vectors {ep, e~} given by

€5 — €4

e = and ey, = e5 + &4,

resulting in
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e (BASIS with NULL VECTORS)

We will replace {es, es} with vectors {ep, e~} given by

e — €
e = > * and €0 = 65 + €y,
resulting in
leol| = [lesc|l =0
and
€ e =—1
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@ Using {e1. e, 3, €0, ex0 }:
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@ Using {e1. e, 3, €0, ex0 }:

X-y= (X+X060 +Xooeoo) : (.y + Yoo +yooeoo) =
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@ Using {e1. e, 3, €0, ex0 }:

X-y= (X+X060 +Xooeoo) : (.y + Yoeo +}/ooeoo) =Xy - (XOYOO +y0Xoo)'
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@ Using {e1. e, 3, €0, ex0 }:

X-y= (X+X060 +Xooeoo) : (.y + Yoeo +}/ooeoo) =Xy - (XOYOO +y0Xoo)'

e For X =1y,
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@ Using {e1. e, 3, €0, ex0 }:

X-y= (X+X060 +Xooeoo) : (.y + Yoeo +}/ooeoo) =Xy - (XOYOO +y0Xoo)'

e For X =1y,

£-%=0 = |[x]|” = 2x0xs0 = 0.
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@ Using {e1. e, 3, €0, ex0 }:

X-y= (X+X060 +Xooeoo) : (.y + Yoeo +}/ooeoo) =Xy - (XOYOO +y0Xoo)'

e For X =1y,

£-%=0 = |[x]|” = 2x0xs0 = 0.

o Considering xg = 1, we finally obtain
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@ Using {e1. e, 3, €0, ex0 }:

X-y= (X+X060 +Xooeoo) : (.y + Yoeo +}/ooeoo) =Xy - (XOYOO +y0Xoo)'

e For X =1y,

£-%=0 = |[x]|” = 2x0xs0 = 0.

o Considering xg = 1, we finally obtain

A 1 2
$=x+ e+ ( Hlx?) e J
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@ Using {e1. e, 3, €0, ex0 }:

X-y= (X+XOeO +Xooeoo) : (.y + Yoeo +}/ooeoo) =Xy —= (XOYOO +y0Xoo)'

e For X =1y,

£-%=0 = |[x]|” = 2x0xs0 = 0.

o Considering xg = 1, we finally obtain

A 1 2
$=x+ e+ ( Hlx?) e J

@ As a consequence,

. 1 1 1
£9 = (x+ et JldPes ) (v + e+ GllPen ) =~k I
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o Writting

Xy =x-y—(X0¥o0 + YoXo0)

in matrix format,
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o Writting

- (Xoyoo + yOXoo)

x>
<>
Il

in matrix format,

100 0 07T [wn
010 0 0|y
Ly=[xaxex3xoxo] |0 01 0 0] |ys]| =%y,
000 0 —1| 1|y
000 -1 0] [Veo
where
/I 0 0
Il.=10 0 -1
0 -1 0
and | € R3x3,
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o Considering

A b 0
Uu=120 1 0,
btA ||b2||2 1
it is easy to check that
Ut =
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o Considering

A b 0
u=10 1 0,
b 2
pta | 2|| 1
it is easy to check that
Ut = .U,
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o Considering

A b 0
u=10 1 0,
b 2
pta | 2|| 1
it is easy to check that
ut=I1U,
UtiU = I, )

and, in turn,
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o Considering

A b 0
u=10 1 0,
b 2
pta | 2|| 1
it is easy to check that
u—t=I1.U,
UtiU = I, )

and, in turn,
(U%) - (Uy) = (UR)'I(U) = (U I U)y = % - 7,
for all x,y € R3.
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@ As we did using the homogeneous model,
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@ As we did using the homogeneous model,

LXi=Bje | Bi= H B |,
k=1

where
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@ As we did using the homogeneous model,

LXi=Bje | Bi= H B |,
k=1

where
[ — cos 6, —sin @y 0 —d cos O 0]
sinf, coswy, —cosbfcoswy, —sinw, disinfgcoswy 0
B, = |sinfksinw, —cosbysinwy cosw,  disinbisinw, 0
0 0 0 1 0
d2
i dy 0 0 = 1
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o First, let's write (i <)

B[I—i-l,j H Bk
k=i+1

and note that

By = Bjj) Bliti.j)-
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k=i+1

By = Bjj) Bliti.j)-

and , we obtain
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Xj-Xi = XjleX;
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o First, let's write (i <)

B[I—i-l,j H Bk
k=i+1

and note that

By = Bjj) Bliti.j)-

e From and , we obtain
s o Atl s,
Xj-Xi = XjleX;
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o First, let's write (i <)

B[I—i-l,j H Bk
k=i+1

and note that

By = Bjj) Bliti.j)-

e From and , we obtain
s o Atl s,
Xj-Xi = XjleX;

eéB[l;] /c B[,’]E()
eo(Bji1.1)" (BjylcBjiy)eo
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o First, let's write (i <)

B[I—i-l,j H Bk
k=i+1

and note that

By = Bjj) Bliti.j)-

e From and , we obtain
s o Atl s,
Xj-Xi = XjleX;

= eéB[l;] /c B[,’]E()
= e5(Bir1) (B{ylcByi)eo
= e(Bjit1,) (lceo)
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o First, let's write (i <)

B[I—i-l,j H Bk
k=i+1

and note that

By = Bjj) Bliti.j)-

e From and , we obtain
s o Atl s,
Xj-Xi = XjleX;

= eéB[l;] /c B[]Eo
= e5(Bir1) (B{ylcByi)eo
= e5(Bjiy1,)) (lceo)
)

= 765(8[1'-1—1,‘/] feo
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o First, let's write (i <)

B[I—i-l,j H Bk
k=i+1

and note that

By = Bjj) Bliti.j)-

e From and , we obtain
S-% = Sl

= eoB[/]l Biijeo
= e5(Bpir)( []/ Biij)eo
= e5(Bjiy1,)) (lceo)
= *eé(B[iJrlJ]) €0

—_— —_— t . -
= Bt
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@ That is,
r?; = 2el (Bjit1)) €0

€, €xo € RO,
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@ That is,
r?; = 2el (Bjit1)) €0

€, €xo € RO,

@ Just to compare,

rij = || (Biiyg — 1) el

)

€1 € R4,
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@ That is,
r?; = 2el (Bjit1)) €0

€, €xo € RO,

@ Just to compare,

rij = || (Biiyg — 1) el

)

€1 € R4,

J
rij = H div1l + Z dsB[i+2’S] e,
s=i+2

€1 € R3.
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Number of operations to calcule r;
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Number of operations to calcule r;

Model Number of Operations
Euclidean 55(j — i) — 97
Homogeneous 35(j —i)—25
Conformal 28(j — i) — 45
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Thank you!
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