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Motivation: A Fixed-Point Solver Design Tension
Large-scale physics solvers need iterations that are simple enough to scale, but strong enough to converge.

Why fixed-point iterations?
• Picard/Richardson steps use 

local kernels such as residual 
evaluations and sparse matrix-
vector products.

• They are attractive on distributed-
memory systems because the 
operations are simple and 
parallel-friendly.

• But the baseline iteration may 
converge slowly or fail when the 
map is weakly contractive or 
non-contractive.

Why Anderson acceleration?
• It reuses recent residual/update 

history to compute a small 
least-squares mixing 
correction.

• It can reduce stagnation, 
improve robustness, and 
accelerate slow fixed-point 
sequences.

• The price is a dense global 
least-squares problem tied to 
communication and memory 
movement.

Why this talk?
• Alternation reduces how often 

Anderson mixing is applied. 
• Alternating multiple Picard 

iterations with one single Anderson 
update improves robustness of the 
scheme against stagnations

• Inexact/sketched least-squares 
reduces the cost of each mixing 
step.

• Physics-aware projection makes the 
reduction practical for nonlinear 
coupled PDEs.

Central question: Can we keep Anderson's convergence benefit while paying only a 
small, stable, hardware-aware fraction of its cost?
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AA computes a mixing of previous updates so that the new sequence         converges faster.  

Ensures better exploration 
of the loss function 

landscape

New 
sequence

Mixing to prevent stagnation

Anderson Acceleration 
[D. G. Anderson, 1965]

(1)

Formula (1) to compute AA can be recast as 

Given a fixed-point iteration

Using

The vector of mixing coefficients        in AA can be computed by solving the following least-squares 
(LS) problem 

(2) The dimension        is a tunable parameter

Solving a least-squares at each iteration causes severe bottlenecks for parallelization
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To reduce the number of least-squares to solve, a variant of AA called Alternating Anderson was 
proposed by Pratapa et al. 2016

Alternating Anderson Acceleration

Solving global least-squares, even if less frequently, is still expensive on large scale applications

Solution: replace solving the exact least-squares problem with solving an approximate one

[1] P. P. Pratapa, P. Suryanarayana, and J. E. Pask, “Anderson acceleration of the Jacobi iterative method: An efficient 
alternative to Krylov methods for large, sparse linear systems,” Journal of Computational Physics, vol. 306, pp. 43–54, 2016. 
DOI: 10.1016/j.jcp.2015.11.018.
[2] P. Suryanarayana, P. P. Pratapa, and J. E. Pask, “Alternating Anderson–Richardson method: An efficient alternative to 
preconditioned Krylov methods for large, sparse linear systems,” Computer Physics Communications, vol. 234, pp. 278–285, 
2019. DOI: 10.1016/j.cpc.2018.07.007.
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Narrative Roadmap: Three Questions, Three Contributions

The talk is organized as a progression, from reducing the frequency of global corrections to making 
each correction stable, cheaper, and physics-aware.

2019 AAR foundation

Why does reducing the 
frequency of global Anderson 
steps help?

?

2024 Stable inexact AA/AAR

How much least-squares 
inexactness is safe?

2026 Two-level sketching

How do we make this practical 
for nonlinear coupled physics?

Unifying principle: use problem structure first, then approximate only as much as stability indicators allow.

? ?
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Why does reducing the frequency of 
global Anderson steps help?

2019 AAR foundation

M. Lupo Pasini, Convergence analysis of Anderson-type acceleration of Richardson’s 
iteration, Numerical Linear Algebra with Applications, Volume 26, Issue 4 August 2019, 
e2241, 2019 https://onlinelibrary.wiley.com/doi/full/10.1002/nla.2241 

https://onlinelibrary.wiley.com/doi/full/10.1002/nla.2241
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MPI experiments: 
Block-ILU(0) 

preconditioner 
with 1,024 

diagonal blocks

Alternating 
Anderson 
Richardson 
reduces 
communication 
overhead 
compared to 
state-of-the-art 
iterative linear 
solvers

Strong Scaling Comparison along Benchmark Problems
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AR / p=1

residual never decreases

AAR p=2

oscillates; still fails

AAR p=3

recovers; finite convergence

Key implication: this construction produces 𝓁 consecutive stagnation steps.
AR (p = 1) stagnates badly, while AAR converges when p is chosen large 
enough (p > 𝓁 - 1).

Block-circulant Test Matrix in the Stagnation Study
Matrix A: coefficient matrix A is block diagonal with b blocks. Each block of A has 
increasing size so that the kth block is an 𝓁k x 𝓁k circulant matrix, where 𝓁 
represents an integer
Right-hand side b
Choose x₀ = 0 and set b so that only the first entry of each block is nonzero.
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Narrative Roadmap: Three Questions, Three Contributions

2019 AAR foundation

Why does reducing the 
frequency of global Anderson 
steps help?

• Reduced time to solution 
• Improved scalability
• Improved robustness 

against stagnations

2024 Stable inexact AA/AAR

How much inexactness in 
Picard evaluations and/or 
least-squares is safe?

2026 Two-level sketching

How do we make this practical 
for nonlinear coupled physics?

Unifying principle: use problem structure first, then approximate only as much as stability indicators allow.

? ?
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Linear Case

M.L.P., Paul Laiu, Anderson acceleration with approximate calculations: Applications 
to scientific computing, Numerical Linear Algebra with Application , Volume 31, Issue 
5, October 2024, e2562, https://onlinelibrary.wiley.com/doi/full/10.1002/nla.2562 

2024 Stable Inexact AA/AAR

https://onlinelibrary.wiley.com/doi/full/10.1002/nla.2562
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Define the perturbation       to the left-hand side of the least-squares as

Define k as an iteration where AAR performs an Anderson mixing

  

 

If

Then

Main Result: Theorem (ensures that approximate calculations 
do not compromise convergence)

with

Consider the perturbed least-squares problem to compute the coefficients of the Anderson mixing

(QR factorization)

Let Possible due to assumption of linearity

Perturbation on left-hand side (LHS)
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Proof of the Theorem: Lemma

Assume that                 iterations of Full AAR have been carried out and the iteration has not stagnated for more 
than     consecutive steps.

Let       be the Anderson mixing computed by solving the perturbed least-squares problem

Then, the following inequality holds

with

(QR factorization)
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Proof of the Theorem (cont.’d)  

The upper bound from the Lemma leads to the following chain of inequalities

IF for each  

THEN

Expensive to estimate

Lemma

As a result, larger errors (systematic or noise induced) can be afforded as we 
approach convergence
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Type of Perturbations Affecting the LS Problem

Perturbation affecting only left-hand side (LHS)

Perturbation affecting both LHS and right-hand side (RHS)

Allowing for more sources of error leads to more stringent 
requirements on accuracy to maintain backward stability
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How to Read the Theorem

PROS CONS

Approximation error in the least-squares 
can be tolerated.

The admissible error can grow as the 
residual decreases.

The residual target is preserved if 
perturbations stay within the bound.

Error injected cannot be arbitrarily large. 
Its magnitude must be judiciously 
controlled.

The theoretical constants 
computationally expensive.

This motivates computable heuristics plus a monotonicity 
check rather than direct use of every theoretical quantity.
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Corollary (ensures that an appropriate use of heuristic still 
preserves convergence)

Assume that                iterations of Full AAR have been carried out and the iteration has not stagnated for more 
than     consecutive steps.

If

Then

Define

and Monotonicity of the residual across 
successive Anderson steps

The corollary is both practical and rigorous 

𝛾i > 0 for any iteration i with i ≤ k.

The algorithm does not need to enforce the exact theoretical error bound at every step. 
Instead, it uses a computable surrogate bound plus a residual-monotonicity safeguard.
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Numerical Results: Linear Case

Richardson’s scheme to iteratively solve linear systems

We consider the diagonal matrix 

The perturbation matrices      ’s, with                                                are random 100 ×100 matrices

 generated with normally distributed values using the Matlab function randn.

The quantity         is used to tune the magnitude of the noise injected in the LHS of the linear system 

We set                      accordingly to the size of the linear system we are solving.
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Numerical Results: Linear Case (cont’d)
This experiment is a 
numerical stress test of 
the paper’s main 
idea: AA/AAR can 
tolerate approximate 
least-squares 
calculations, but the 
amount of tolerated 
inaccuracy must be 
tied to the residual 
size and the 
conditioning of the 
least-squares matrix.

As guaranteed by the 
theorem, the figures 
show that while the 
error goes up at each 
iteration the process 
still converges
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Numerical Results: linear case (cont’d)

MM = Matrix Market 
collection 
https://math.nist.gov/M
atrixMarket/ 

SS = Suite Sparse Matrix 
Collection 
https://sparse.tamu.edu 

https://math.nist.gov/MatrixMarket/
https://math.nist.gov/MatrixMarket/
https://sparse.tamu.edu/


22

Numerical Results: linear case (cont’d)
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Take-Home Message from the Linear Case

• Theoretical bounds provide useful insights to judiciously inject inaccuracy in the 
calculations without compromising the final accuracy of the physics-based 
solver.

• Numerical results on indefinite linear systems show clear benefit of heuristics in 
drastically reducing the computational time compared to stat-of-the-art solvers. 
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Non-Linear Case

Nicolas Barnafi, M. L. P., Two-Level Sketching Alternating Anderson acceleration 
for Complex Physics Applications, SIAM Journal of Scientific Computing (SISC), 
Accepted (04/14/2026), ArXiv preprint available at 
https://arxiv.org/abs/2505.08587 

2026 Stable Inexact AA/AAR

https://arxiv.org/abs/2505.08587
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AA computes a mixing of previous updates so that the new sequence         converges faster.  

Anderson Acceleration 
[D. G. Anderson, 1965]

(1)

Formula (1) to compute AA can be recast as 

Given a fixed-point iteration

Using

The vector of mixing coefficients        in AA can be computed by solving the following least-squares 
(LS) problem 

(2) The dimension        is a tunable parameter



26

Define the perturbation       to the left-hand side of the least-squares as

Define k as an iteration where AAR performs an Anderson mixing

  

 

If

Then

Main Result: Theorem

with

Consider the perturbed least-squares problem to compute the coefficients of the Anderson mixing

(QR factorization)

Denote the Lipschitz constant of the fixed-point operator       with      such that:  

Define an arbitrary sequence                                                                                        such that 

Expensive to estimate
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Type of Perturbations Affecting the LS Problem 

Perturbation affecting only left-hand side (LHS)

Perturbation affecting both LHS and right-hand side (RHS)

Allowing for more sources of error leads to more stringent 
requirements on accuracy to maintain backward stability
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Bridge: What Changes from Linear to Nonlinear?

Linear case Nonlinear case

Residual differences satisfy exact 
algebraic identities with the error.

Perturbations can be related directly 
to matrix quantities.

The stability story is cleaner and more 
explicit.

Exact identities between residuals 
and errors are replaced by Lipschitz-
type control.

Local behavior of the fixed-point map 
must be estimated.

The same backward-stability 
philosophy still guides sketching.

The nonlinear theory keeps the same message, but the implementation 
must estimate stability thresholds adaptively.
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Heuristics for the Non-Linear Case

Since  calculating                          and         is computationally expensive, we approximate them as follows : 

• Estimate                          by performing a few (e.g., between 1 and 5) iterations of the inverse power method to

the matrix                        (CT Kelley. Iterative methods for linear and nonlinear equations. SIAM, 1995.) 

• Estimate         by keeping track of the increment norms so that 
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Narrative Roadmap: Three Questions, Three Contributions

2019 AAR foundation

Why does reducing the 
frequency of global Anderson 
steps help?

• Reduced time to solution 

• Improved scalability

• Improved robustness 
against stagnations

2024/202
6

Stable inexact AA/AAR

How much inexactness in 
Picard evaluations and/or 
least-squares is safe?

2026 Two-level sketching

How do we make this practical 
for nonlinear coupled physics?

Unifying principle: use problem structure first, then approximate only as much as stability indicators allow.

?
• Larger errors are tolerated 

as convergence is reached
• Theoretical guidelines allow 

reduction of computational 
cost without affecting final 
accuracy
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Nicolas Barnafi, M. L. P., Two-Level Sketching Alternating Anderson acceleration 
for Complex Physics Applications, SIAM Journal of Scientific Computing (SISC), 
Accepted (04/14/2026), ArXiv preprint available at 
https://arxiv.org/abs/2505.08587 

2026 Physics-Informed Two-Level Sketching

https://arxiv.org/abs/2505.08587
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Challenges to Apply AAP to Multi-Physics

1. Different physical quantities can attain values of largely different orders of 
magnitude

2. Combining these physical quantities can affect the conditioning of the LS 
problems solved to compute the Anderson mixing, which in turn affects the 
convergence of the AAP scheme
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Proposed Solution: Two-Level Projection for LS Problem 

Multi-physics problems can be recast as a system of only one of their variables 
without losing information (e.g., Schur complement in linear systems)

First Level: 
• Physics-driven projection of the LS onto subspace identified by one physics field 

(e.g., projection onto pressure/velocity subspace for Stokes problem)

• Projection subspace is static throughout iterative process → allows to 
conveniently pre-allocate the memory needed once at the beginning of the 
execution of the algorithm

Second Level (nested within the first level):
• Adaptive selection of the rows in the LS problem using heuristics from 

backward stability
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Second Level - Adaptive Selection of the Rows in the LS 
Problem 

Goal: use theoretical bound                                                    to guide adaptive sketching

When adaptive sketching is used for sub-selection of entries in the LS problem, the 
matrix        is a projection operator 

Denote the projection operator onto the subspace of retained entries with       
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Adaptive Selection of the Rows in the LS Problem (cont.’d)

Definition of 
backward 
error on LHS

We impose the error on the RHS to be

Such that  

Adaptive sketching selectively 
projects LS problem only if this 
chain of inequalities is satisfied to 
ensure backward stability of the 
numerical scheme
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The Two Sketching Levels Have Different Jobs

Level 1: physics projection

Static choice of field/subspace.

Improves scaling and 
conditioning.

Reduces memory allocation for 
the least-squares matrix.

Level 2: algebraic sketching

Dynamic row selection.

Adapts to the residual and stability 
threshold.

Controls least-squares perturbation to 
allow for an inexpensive  QR/least-
squares solve without destroying 
stability.

Why both are needed

Physics projection alone may still 
leave a large LS problem.

Algebraic sketching alone may 
ignore field scaling.

Together they separate modeling 
insight from stability control.

gᵏ = argmin ‖ Π₂ Π₁ ( Rᵏ g −  rᵏ ) ‖₂   

Π₁ = Projection operator onto subspace identified by physical field
Π₂ = Projection subspace identified by algebraic sketching

LS solved to compute Anderson mixing
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Numerical Results: Non-Linear Case

Baseline: standard AAP without any projection

Two Level projection

• First Level Projection: projection onto one field (we test all options)

• Second Level Projection (adaptive selection):

• No adaptivity
• Selection of rows corresponding to entries with large residual
• Randomized selection
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Where                            denotes the density of particles at position                 traveling along direction      

with energy                   at time              . Here the advection and collision operators are denoted by      and      , 

respectively.

With a simple backward Euler method, the implicit stage of an implicit-explicit time integration

scheme, 

with                                                                     ,                      = total emissivity,          = total opacity

The fixed-point iteration is                                         where the fixed-point operator          is defined as

Numerical Results: One Time-Step for Boltzmann Equation

The non-relativistic Boltzmann equation is given by

non-linear collision operator
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Iteration counts and computation time (in log scale) for various fixed-point solvers for solving the non-
linear system at different matter density, which corresponds to the stiffness of the system.

Numerical Results: Boltzmann Equation (cont.’d)
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Numerical Results: Bidomain Equations

This is a degenerate parabolic problem that is commonly used to describe the 
propagation of an electric potential in soft tissue, such as the one that generates 
a heartbeat in cardiac tissue. 

The domain is split into two parts: the space inside the cardiac muscle cells, and 
the space between the cardiac muscle cells. 
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Numerical Results: Bidomain Equations (cont.’d)

Picard iteration

First-level physics-based 
projection

Extra-cellular mask Intra-cellular mask

OR
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Numerical Results: Navier-Stokes Equation

Fixed-point formulation of the discretized system

Given Reynolds number  

Find
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Numerical Results: Navier-Stokes Equation (cont.’d)
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Practical Takeaways

When the approach helps most When gains may be modest

Least-squares/history manipulation is 
a significant runtime component.

Field variables have very different 
scales.

A stable reduced LS problem 
preserves the iteration count.

Residual assembly or physics kernel 
dominates runtime.

The reduced LS problem does not 
change iteration count.

Aggressive masks hurt cache locality 
or trigger stability checks.

The method is most compelling when mathematical stability 
and hardware-aware reduction point in the same direction.
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Narrative Roadmap: Three Questions, Three Contributions

2019 AAR foundation

Why does reducing the 
frequency of global Anderson 
steps help?

• Reduced time to solution 
• Improved scalability
• Improved robustness 

against stagnations

2024/2026 Stable inexact AA/AAR

How much inexactness in 
Picard evaluations and/or 
least-squares is safe?

2026 Two-level sketching

How do we make this practical 
for nonlinear coupled physics?

Unifying principle: use problem structure first, then approximate only as much as stability indicators allow.

• Larger errors are tolerated 
as convergence is reached

• Theoretical guidelines allow 
reduction of computational 
cost without affecting final 
accuracy

• Two-stage projection 
scheme to reduce the 
dimensionality of LS

• First static projection onto 
a physical field

• Second adaptive projection 
based on error estimates
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Conclusions and Future Work

• We presented backward stability analysis for Alternating Anderson acceleration 
applied to linear and non-linear fixed-point iterations

• Backward stability analysis suggest that AA tolerates larger approximation errors as 
convergence is reached

• Adaptive projections can be used to compress the LS problem to reduce the 
computational cost of the numerical scheme without affecting final convergence to 
desired accuracy

• Physics-based projection allows to retain sufficient physics information while still 
allowing for a significant reduction of the computational cost

• More theoretical analysis is needed to explain why physics-based projection works
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Thank you!

Questions? 

lupopasinim@ornl.gov 

mailto:lupopasinim@ornl.gov
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