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Two-grid method

We solve
Anxn =by

using a combination of pre-smoothing (denoted by V,, pre), coarse grid correction and
post-smoothing (denoted by V, post)-

fin - VZ?};(;‘E(A?I) bna x’gj))
T = 0 = Al
_ PH
LA = PkanPn,k
. Solve Apyr = 7y
. .’f?n. =, + Pn,kyk
6. YD = VP (AL by i)

n,post

O s WNRO
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Multigrid method

TGM is a stationary method with iteration matrix

TGM(A,, Ve VYt Py ) =

n,pre’ ' n,post’

Vitsate [T = Puse (P ARPs) ™ P A Vi

n,pre*

Replacing the inversion of PkanPn,k by recursive application of the TGM vyields the
multigrid method, given by

MGMy, .. (4,, V. V7 ) =On,

min ’ LY. T ng > Mlin ke

MGM((A,,,, VY, VY P,

ner Vngo nuke):

min min*""¥min

v -1 v
Vng |:Inz — Pk, (Inr‘rl - MGMK—H) (Pf Anepnz,kz) Pli,kgAne} Vv,

0,ke n ne*
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Convergence of TGM

Let A,, be a positive definite matrix of size n and let V,, ,ost, Vi pre be defined as in the TGM
algorithm. Assume

(a) Japre >0 : ||Vn,prexn||,24n < ||xn||,24n - apre”Vn,preaniga vz, € C,
(b) 3apost >0 ¢ [[Vapostzallfy, < llznlls, — cpostllanlldz, — Van € C7
(¢) 3y >0 : mingecr lzn — Popyll3 < vllznll?, Vo, € C™.

Then v > apost and

1 — ost/’)/
TGM AnaVn re»Vn O »Pn < — b < 1.
| ( pres Viuposts Pai) |4, < 4/ —

Conditions (a) and (b) are known as smooothing properties and (c) is known as
approximation property.
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Convergence of MGM

Napov and Notay have shown that
p (MGMo(Any, V2V Py ko)) <

no no’? no’?

no? " Nno?

1= p(TGM(Apy, V2, VY Pro ko))
1 — min 3 :
¢ Hﬂ-A“z HAW(IW*V%”)*I

We make use of the following theorem to show uniform boundedness:

Assume that there exists a positive C' independent of n such that
A(Ar,) € (0,C1,

where A(A,,) denotes the spectrum of the matrix A,,. Suppose that one iteration of the
Richardson method with the damping parameter w € (0,2/C') both as pre-smoother and post-
smoother is applied. Then, the boundness of [|ra,, |5 implies that ||7TAne||124ng(In[—V§;)—1 is
bounded as well.
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Data distribution

» variables distributed to processors

» usually domain splitting approach bt ettt et
» variables are staying on the processors they have been assigned 1 P )0 P 1
to initially ~» unused processors on coarser levels tottoo et

» parallel execution time:

TMQ(N, P) = O(N/P + log P) .Pl.o . . 0P101 *

» result of inherently necessary information exchange that is
necessary to solve the problem

» much better than all-to-all
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Parallel computer architectures

GPUs

Usage for scientific computations rising in the past years
(supercomputers as well as smaller clusters), but the
programming model is more complicated.

Xeon Phi Cluster Oakforest-PACS

Massivley parallel system of the JSCAHPC (U Tokyo und U
Tsukuba) with Intel x86 CPUs with 68 cores and fat-tree
network with full bisection bandwidth (#16 TOP500

Jun. 2019).

Multigrid methods on high performance computers BERGISCHE
UNIVERSITAT

Matthias Bolten 9/46 WUPPERTAL




Multigrid for Toeplitz matrices on Oakforest-PACS

> 3-level Toeplitz matrix of dimension 511 x 511 x 511 with symbol
f(z,y,2) =6 —2cos(x) — 2cos(y) — 2 cos(z)

» Corresponds to 3D Laplace with 2nd order FD/FEM

| —— 1 node
10 3 —+— 2 nodes
4 nodes
—O— 8 nodes
——&— 16 nodes
ol —&— 32 nodes
10 —&— 64 nodes

time [s]

10° 10t 10? 10° 10*
# cores
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Multigrid on multiple GPUs

We consider three problems:
pl: —Au = f for z € Q = (0,1)3, periodic boundary conditions, given f
p2: —Au= f forz € Q= (0,1)3, u =0 for x € 9Q, same f
P3: —€Ugy — Uyy — Uz, = f for x € Q= (0, 1)3, u =0 for x € 99,
€ = £(2 + sin(27z) + sin(2my) + sin(272)), modified f

Comparison of our OpenCL solver mgcl with hypre on 8 NVIDIA A100 GPUs of Pleiades at
University of Wuppertal, solving on 5123 global grid:

400 - 300 300 |- H
=z 300 = =
= 200 £ 200 £ 200| .
Q - - Q Q
g 100 | . g 100 g 100
| | |
5 10 5 10 5 10
vci vci vci
(a) p1 (b) p2 (c) p3
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Multgrid for structured matrices
Multigrid for Toeplitz and circulant matrices
Multigrid for symmetric positive definite block matrices
Aggregation-based multigrid for Toeplitz matrices
Block smoothers in multigrid methods for Toeplitz matrices
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Toeplitz and circulant matrices

» Toeplitz matrices {T,,}72, € C"*™ given > Circulant matrix C,, € C™*™ for
by trigonometric polynomial f of degree

to t_q t_o s topg .
. lower than n given by
ty to t_q

i B Calf) = Fudiag(F(0{") F,
e i=0,...,n—1, with (92(”) = 27% and
» Diagonal entries given by Fourier 1 g1
coefficients of generating symbol f. F, = T [e_”ei ] .
n ij=

» Classical result from Szego:
» Circulant matrices form an algebra of

If f € Lo is real-valued, then the normal matrices
eigenvalues of the Hermitian Toeplitz » Tensor products of Toeplitz and circulant
matrices A,, are distributed as f(z). matrices lead to multilevel matrices
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Multigrid for circulant matrices

Assume the following:
> A; = Ay, (fi) is circulant
» f; has single zero 20 of even order 3

Multigrid method constructed as follows:
» Define cut matrix Ky, j € C™+1*™ as

1 0 --- 0
Kn,; k=
1 0 0

» Define sets of corners and mirror points

Qg(z) ={y:y; € {z; +2kn/g,k=0,..., g —1}},
My (z) = Qg(2)\{z}

Multigrid methods on high performance computers
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» Fori=0,...,Imax choose p; s.t.

. Pz‘(y)‘
lim su < 400,y € My(z), (1
0< Z pi(y), forall z € [-m,m) (2)
YEQ, ()
> Set

P, = An,(p) K[ 4,
A1 = PIAP,

» Similar for Toeplitz matrices with
modification of K,
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Block Toeplitz matrix

Let the Fourier coefficients of a function f : [—m, 7] — R with f; € LP([—7, 7]) be

s 1

f; : f(0)e 9dp e R,  jeZ

Then, the block-Toeplitz matrix associated with f is the matrix with d blocks of size n and
hence it has order d - n given by

7] <n

where ® denotes the (Kronecker) tensor product of matrices. The term J,(zj) is the matrix of
order n whose (i, k) entry equals 1 if i — k = j and zero otherwise.
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Multigrid for symmetric positive definite block circulant matrices

Assume the following:
> A, = A, (f;) is circulant
» There exists a unique 6y € [0,27) and j € {1,...,d} s.t.

Aj(£i(8)) =0, for 8 =6y and j =,
A;(fi(#)) > 0, otherwise

» The order of this zero 6y is even

Multigrid method constructed as follows:
» Choose p; as appropriate matrix-valued trigonometric polynomial
> Set
Pi=An,(pi) (K ©15) and  Aiy = BTAP;

» Similar for Toeplitz matrices with modification of K, .
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Requirements from p;

Sufficient conditions for the choice of p; to imply convergence are
(2)

p(0)p(0) +p(0+ ) pO+7) >0 Vo€ 0,2r),
which implies that the trigonometric function

1

s(0) = p(0) (p(O)"p(0) + p(0 + )" pO+7)) pO)

is well-defined for all 6 € [0, 27),
s(00)q;(60) = q5(60),

lim A;(£(0))"1(1 — A\;(s(9))) =¢, c€R.

6—0¢
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Convergence of TGM for block circulant matrices

Consider the matrix Ay := A,(f), with n even and f € M, matrix-valued trigonometric
polynomial, f > 0, such that condition (3) is satisfied. Let P; be the projecting operator defined
as in equation (4) with p € M, trigonometric polynomial satisfying conditions (i) — (i4i).
Then, there exists a positive value v independent of n such that

Jy >0 : min ||z, — Poayll3 < ’y||xn||?4n, Yz, € C",
y€eCk
i.e. (c) in the Theorem mentioned above is fulfilled.

To check wether p; fulfills the required properties we also derived a few technical lemmas
that guarantee the fulfillment while being easier to check.
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Convergence of MGM for block circulant matrices

Let ¢5(0p) be the eigenvector associated with the ill-conditioned subspace of f(6y). In addition,
assume that the eigenvector g;(6p) is s.t.:
(a) g;(fo) is an eigenvector of p(fly), associated to A1) = 0 that is p(60)g;(60) = AV g;(6o);
(b) g3(00) is an eigenvector of p(fy + m) associated with the zero eigenvalue, that is
P (0o + m)g5(00) = 0g5(o)-
' i RO _
0—00 Ay (£(9))

then there exists a 0 independent from i s.t.
||7TAiH2 <9,

i.e. the V-cycle converges optimally.
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Example: Q, finite elements

» Consider the problem:

{ —(a(z)u(z)")" = ¢(z), on (0,1)

u(0) = u(1) :B

» Stiffness matrix for Q, finite elements fulfills requirements
» Different generating symbols for the projector can be shown to fulfill the requirements
on p;:

» Linear interpolation for all grid points

» Projector using the finite element basis functions
» For r = 2 we obtain:

1 16 —8(1 +€l%)
fQ?(e) - g |:—8(]_ _|_e—i9) 14+ei9 +e—i€:| )

P, (9) = |: 2e—i9 9 :|
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Aggregation-based multigrid for Toeplitz matrices

Aggregation-based multigrid methods are a common variant of algebraic multigrid methods
> Widely used for non-structured problems

» Not used for Toeplitz matrices very often

In aggregation-based multigrid the restriction is given by

1 .- 1
Rnk—<Pd )T: 1 .- 1

:[n®(1...1).

d .
This corresponds to a prolongation with the symbol p(z) = 3 €.
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Analysis of smoothed aggregation

» only for some points in M(0) requirement (1) is not fulfilled
> more precisely we have

—— =¢, 0 <c< 4o, y € Mgy(x)
z—0 Z?le‘; ’ g ’

where r =d — #{y;|y; =0, j =1,...,d} is the number of directions along which
p(z) is zero
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Order of the zeros in the 3-level case

[—7, ] X [—m, 7]
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Analysis of smoothed aggregation

>
>

v

>

Multigrid methods on high performance computers

only for some points in M(0) requirement (1) is not fulfilled

more precisely we have

Jim sup Ip;-(y)!

=c, 0<c<+o0, y e Mgz
z—0 Zj:ll‘; ’ g( ),

where r =d — #{y;|y; =0, j=1,...,d} is the number of directions along which
p(z) is zero
order of the zeros of order 1 must be improved by smoothing

w-Richardson smoother is used for this purpose

St [=m,m) = C
r = siw(z) =1—-wfi(x)

e.g., for 1-level case with g = 2 we choose w = 1/ f(7)
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Convergence result

Assume that f; > 0 has a single isolated zero of order 2 at the origin and that f; obtains the

maximum only at all y € M(0) lying on the axes and let § be one of these points. Further,
let
d

ag(z) = [J(1 +e7), z € [-m, )%

j=1

Then the symbol of the smoothed prolongation given by
pi(z) = Si,1/f () (z) aq(x)

fulfills (1) and (2).
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Multigrid methods with block-sized aggregation

To not deal with block Toeplitz matrices on the coarser levels, block-sized aggregation can
be used on the finest level. For that purpose we define

Pl =1, @ q;(0). (5)
Under the same assumptions as before we can show the approximation property:

Consider the matrix Ay := C,(f), where f is a d x d matrix-valued trigonometric polynomial
that satisfies (3). Let P4, be the projection operator defined in (5). Then

By >0 c mi gy Ploylls <llanlhy,  Van eCV.
Yy

From the second level onward the matrix is scalar and multigrid convergence follows using
the well-established theory.
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Smoothing property for block Jacobi

For block Toeplitz matrices it is natural to consider block Jacobi as a smoother. Considering
An = Cy(f) the iteration matrix of relaxed block Jacobi is given by

Vipost = In — wDg' Ay, (6)
where Dp is block diagonal with the same block diagonal as Ay, i.e.

Dp=Iy® f‘o = Cn(f())

Let Ay := C,(f), where f is a d x d matrix-valued trigonometric polynomial, f > 0. and let
Vi post given by (6). If

1 I

Az A=

1£o *£f5 *loo
then there exists an a5t > 0 s.t. ||Vn,posth||124N < ||:v]\/||1241\]—Ozpost||:c]\/||?42 forall zy € CN.
N
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Performance of aggregation plus block Jacobi for C),(fg,

» Varying block size d

N[ —

> 1 iteration of damped block Jacobi as post smoother using w =
» Matrix size given by N =d -2t ¢t =15,...,20

; TGM V-cycle

d=2 d=4 d=8 d=2 d=4 d=38

15 37 64 121 48 84 155
16 37 64 121 48 84 155
17 37 64 121 48 84 155
18 37 64 121 48 84 155
19 37 64 121 48 84 155
20 37 64 121 48 84 155
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Advanced smoothing techniques
Block smoothers
Smoothers for systems of PDEs
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Improving parallel scalability

» Reducing log-term by aggressive coarsening

> Aggressive coarsening leads to smaller coarse space
~» better smoothers necessary
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Improving parallel scalability

» Reducing log-term by aggressive coarsening

> Aggressive coarsening leads to smaller coarse space
~» better smoothers necessary

Feasible better smoothers:
» Polynomial smoothers

» Block smoothers
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Improving parallel scalability

» Reducing log-term by aggressive coarsening

> Aggressive coarsening leads to smaller coarse space
~» better smoothers necessary

Feasible better smoothers:
» Polynomial smoothers
» Block smoothers
Polynomial smoothers
» Use polynomials p(A) as approximate inverse
P> Are often used when aggressive coarsening is used
P> Are easy to implement
» Need degree(p) communication steps
(can be reduced to 1 if more involved implementation is used)

Multigrid methods on high performance computers * CELEL
Matthias Bolten 30/46 WUPPERTAL




Improving parallel scalability

» Reducing log-term by aggressive coarsening

P> Aggressive coarsening leads to smaller coarse space
~> better smoothers necessary

Feasible better smoothers:
» Polynomial smoothers
» Block smoothers
Block smoothers
» Consider only a small subset of unknowns
P> Relax residuals by solving reduced systems
» Subset is determined with the help of geometric information
> Are easy to implement
» Need only one communication step
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Block smoothers on GPUs
B. , Letterer [5]

» 3d 7-point Laplace with Dirichlet boundary

» Multicolor block Gauss-Seidel implemented using OpenCL ExaStencils
» Local blocks solved using 10 steps of Gauss-Seidel EE F 25 €
» NVIDIA Tesla M2050 of JUDGE at Jiilich Supercomputing Centre sl

n block size  time/iter.  #iterations performance supported by

-1 2x2x2 0.156 s
261 2x2x2 0.322's
27 -1 2x2x2 1.129 s

4.76 GFLOPS
18.50 GFLOPS
42.25 GFLOPS

70.28 GFLOPS

25.11 GFLOPS
71.22 GFLOPS

75.43 GFLOPS

3%_-1 3x3x3 4222 s

43 -1 4x4x4 0.211s
41 —1 4x4x4 4.765 s

62—1 6x6x6 2.673 s

a|ldp|lOW|lOOW
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Block smoothers on GPUs
B. , Letterer [5]

» 3d 7-point Laplace with Dirichlet boundary

» Multicolor block Gauss-Seidel implemented using OpenCL ExaStencils
» Local blocks solved using 10 steps of Gauss-Seidel EE F 25 €
» NVIDIA Tesla M2050 of JUDGE at Jiilich Supercomputing Centre sl

n block size  time/iter.  #iterations performance supported by

-1 2x2x2 0.156 s
261 2x2x2 0.322's
27 -1 2x2x2 1.129 s

4.76 GFLOPS
18.50 GFLOPS
42.25 GFLOPS
70.28 GFLOPS

25.11 GFLOPS
71.22 GFLOPS

75.43 GFLOPS

3%_-1 3x3x3 4222 s

43 -1 4x4x4 0.211 s
41 —1 4x4x4 4.765 s

62—1 6x6x6 2.673 s

a|ldPB|lW|OWWW
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Smoothers for systems of PDEs

» Systems of PDEs require simultaneous relaxation of unknowns
» Consider the Stokes equations

Au+ Vp = f, (momentum equation)
V-u=0 (continuity equation)

» Often overlapping smoothers are used
» \We consider a non-overlapping one

L4 A4 L4 . . . . . .
. . . L] ) Y 'Y °
. L4 L4 . . . . . .
. L] . . L] L] L] L] . L] . L]
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Parallel Implementation

Vanka Triad
» SOR method » SOR method
» 9 coloring » Red-Black coloring

sl -
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Convergence Behavior

Stokes problem with periodic boundary conditions

2-norm of residual

10E&esic:lu::ll of velocity u

10-10

—+—Vanka
—<—Braess
—+— Triad

0 5
number of iterations
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2-norm of residual

Residual of velocity v

10Iér:esiduall of pressure p

number of iterations

—— Vanka I ——Vanka
—<—Braess | —=—Braess
—+— Triad —+—Triad
*-*
10 e
©
=)
°
wn
¥ g
5100 |
£
o |
= |
~ |
-15 1
18 A
|
10-20 L
0 5 10 0 5 10

number of iterations
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Convergence Behavior

Stokes problem with Dirichlet boundary conditions

esidual of velocity u
105{

—+—Vanka
—<— Braess
F —+— Triad

10°

«

10°

2-norm of residual
=
o
N

10°®

L

108

0 5 10

number of iterations
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2-norm of residual

10!f{esidual of velocity v

10®

108

10Iéesidual of pressure p

——Vanka ——Vanka
@ —<— Braess —<—Braess
H—k —+— Triad —+—Triad
©
3
g
[}
U
—_
—
[S)
£
=
]
g
o~
0 5 10 0 5 10

number of iterations

number of iterations
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Convergence Behavior

Stokes problem with Dirichlet boundary conditions

2-norm of residual

esidual of velocity u

’Triad: inefficient, but cheap ‘

Residual of velocity v

Residual of pressure p

—+—Vanka —+—Vanka —+—Vanka
—<—Braess —<— Braess —<—Braess
—+— Triad —+— Triad —+—Triad
% _ * —
* s RN 3
* i=] *. =] *
* 0 T 0 *
y 2 o L
4 N— [ N
~ ~
£ £
= =
o o
10* T 10" <
o~ ~ |
10—10 L
10® 10
K I - F -
10 8 " 10 8 . 10 15
0 5 10 0 5 10 0 5 10

number of iterations
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Improvement of Triad smoother

B., Claus [6]

. . . .
. . . .
. . . .

3. . 4 .

Multigrid methods on high performance computers * CELEL
Matthias Bolten 36,46 WUPPERTAL




Convergence Behavior

» Stokes problem with Dirichlet boundary conditions
» Triad smoother with alternating directions

esidual of velocity u esidual of velocity v esidual of pressure
1051 Yy 105 ty 10I§ p P

—+—Vanka —+—Vanka —+—Vanka
< —<—Braess 4 —=<—Braess —<—Braess
Y —+— Triad 102 —+—Triad —+— Triad
0 \
10
g 8 10° g
T 2 kel kel
n 10 [l [l
g 2 2
5 ‘s 107 s
E . g £ £
5 10 o o
< < 10" 5
o~ o~ o~ |
1010
10°® 106
108 108 1018
0 5 10 0 5 10 0 5 10
number of iterations number of iterations number of iterations
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Asynchrony in multigrid methods
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Asynchrony in multigrid methods

Asynchrony can be used in multigrid methods in two ways:
1. Using asynchronous methods as smoothers, only
2. Extending the ideas of asynchronous methods to the full multilevel method
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Asynchrony in multigrid methods

Asynchrony can be used in multigrid methods in two ways:
1. Using asynchronous methods as smoothers, only

2. Extending the ideas of asynchronous methods to the full multilevel method

The first is usually straightforward and even when employed only on the finest level parallel
multigrid methods can benefit, as a vast majority (and synchronization...) of the work is
carried out on this level.
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Asynchrony in multigrid methods

Asynchrony can be used in multigrid methods in two ways:
1. Using asynchronous methods as smoothers, only

2. Extending the ideas of asynchronous methods to the full multilevel method

The first is usually straightforward and even when employed only on the finest level parallel
multigrid methods can benefit, as a vast majority (and synchronization...) of the work is
carried out on this level.

The latter usually is based on additive variants of multigrid, that come with an increased
number of iterations.
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Asynchronous smoothers multigrid methods

» A lot of the asynchronous methods (to be?) discussed here can be used as smoothers in
multigrid methods

» A GPU implementation of Jacobi is presented by Tsai et al. in [13]

» Wolfson-Pou and Chow in [15] consider asynchronous semi-iterative methods and the
asynchronous Chebyshev method, also in conjunction with multigrid
> ...
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Fully asynchronous multigrid methods

» Already in 1989 Hart and McCormick [8] and McCormick and Quinlan [10] propose an
asynchronous variant of FAC, the fast adaptive composite grid method

» Vassilevski and Yang in [14] propose an additive communication-minimizing variant of
AMG that was implemented by AlOnazi et al. [1] where they report speedup despite
almost doubled iteration counts due to going from multiplicative to additive

» Chaotic multigrid by Hawkes et al. [9] uses chaotic cylces based on sawtooth cylces,
employing chaotic relaxation methods; authors report a 13.3x speedup

» Hahne et al. in [7] propose overlapping grids that are solved asynchronously specifically
for the parallel-in-time method multigrid-reduction-in-time
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Conclusions

» Parallelization of multigrid is possible

» Performance of (parallel) multigrid can be improved on modern architectures by use of
block methods

» Analysis of multigrid for structured matrixes, as they arise from the discretization of
PDEs on structured meshes, provides a lot of insight

» Results for scalar matrices can be transfered to the block case, as necessary for higher
order discretizations and systems of PDEs

» Asynchrony can be used on the level of smoothing or on the whole hierarchy, being
beneficial in both cases
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