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Introduction & Background

Problem: il f) f : R" — R continuously differentiable
where g, = Vf(x
Gradient descent method: Xp41 = Xk — Ougi sk f ()
oy == steplength
» Cauchy’s steepest descent (SD): apP = arg min, f(xx — ogi)
» Minimal residual descent (MR): ayR = arg min,, || Vf (xx — agi)]|2

» Observation: poor practical behavior of iteration (‘zigzag’) — in both cases.
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Break the zig-zag

» Akaike ['59]: Asymptotically search direction alternates within the 2-dimens.
subspace spanned by largest, smallest eigenvectors.

» |dea: break the zig-zag by adding randomness

» Raydan and Svaiter ['02]: convergence can be improved by randomly relaxing
o by o € (0,2)

» See also a recent paper by L. MacDonald, R. Murray, and R. Tappenden ['25]
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The quadratic case

Consider: f(x) =3xTAx —b"x | b €R", A € R"", Ais SPD

Gradient: g(x) = Vf(x) = Ax — b, Global minimizer of f: x* =A~'b

Minimal Residual:

Steepest Descent:

Two Gradient Descent

i _ &l& MR _ & Agk
methods: =t (SD) " = o, (MR)
Relaxed gradient-type method: | Xit1 = Xx — OOk l
where: oy = P or al'f, o = relaxation param. # 1
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Relation with shifted power method

Notice that:

k
gir1 — &k — OO AG; Zi+1 = (H(I — O'a,-A)> 20
= (I = aakA)gk SO. — =0

» When o = 1: asymptotically, gradients will tend to oscillate in a subspace of
dim. 2. [largest, smallest eigenvectors]
» What happens when o # 1?7
» Experiment: a 900 x 900 matrix - discretization of a Laplacean on 30 x 30 grid.
» Notation: \; < A\, < --. < A\, =eigenvalues of A U = [uy,u,,- -+ ,u,| = matrix
of unit eigenvectors.
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Y. Saad — Acceleration methods

Rayleigh quotients (1/ay) for & = 0.9
(top) and o = 1.8 (bottom), for SD.

Top and bottom lines = A\, A;.

Dashed black line = o(A; + Ay)/2.
Dashed red line = (A; + \,) /2.

Results with MR are very similar
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Components of the normalized residu-
als in the eigenbasis for iterations k£ =
3,7,11,33 with the MR (left) and SD
(right) algorithms using o = 1.8 (top) or
o = 0.9 (bottom).
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(SD) [Bix| - 0=0.8

Convergence of | 3| for different i’s and

o = 0.8 in the case of SD.

10-05 L
Residuals supported by a few ex-

tremal modes: mode i = 1 and a few
of the highest modes — i between n and
n — 5 — All intermediate modes vanish
asymptotically.
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Spectral acceleration
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Eigenvector acceleration techniques

» |dea: exploit the observation that g, becomes close to an eigenvector

» A simple lemma for motivation. Assumption f(x) = 1xTAx — b"x, A SPD.

Lemma
If the scheme x;1; = xx — gaugy is used to minimize f(x) with o € (0, 2),

oy obtained via (SD) or (MR), and at some iteration k > 1 the gradient
vector gi, is an eigenvector of A (Agr = Agx) then setting o = 1 at iteration

k results in: x5y = x* = A~1b.

» If g, ‘stumbles’ on an exact eigenvector at step k then x4 = x.
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Proposition (Inexact eigenvector case)

Assume that the relaxed GD iteration with either steplength (SD) or (MR) is
applied at step k and let p, be the residual of the vector g; considered as an
approximate eigenvector of A:

o8 — (A — ak_l I)g;
llgxll

Then the gradient of the next iterate satisfies the equality:

ksl = Tewl X llpell X lgll

(SD)

in which oy stands for either o or a,EMR).
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From one step to the next the residual norms in MR are related as follows
when o = 1:

||gk+1||2

= sin? Z(gkyAgr)
|| gl

From one step to the next the A~! residual norms in SD are related as
follows when o = 1:

|| g1 ||i—1

e = sin® Z4-1(gx, Age)
A1
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Let g, be an approximate eigenvector such that Ag, = g + wi  where wy
is orthogonal to g; for MR, and A—!-orthogonal to g; for SD. If we assume that

w w _
[lw| <e SD- Wil -1
|| gk || Il gxlla—1

MR:

then the pair of vectors g; and Ag; satisfy:

MR: sin Z(gi,Agr) < SD: sin Z4-1(gk, Agr) <

€ €
pi + € NI
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» Example: € < u/v/3 —  reduction by a factor 2 in residual norm
(8%

» |dea: Monitor eigenvector-residual k” HAgk — ak_lng at each step

|lgx
» When residual is close to an eigenvector — seto = 1

» Otherwise set o # 1 (fixed)
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Algorithm: Eigenvector Acceleration Scheme
1: Start: initial guess xy; setrg = b — Axy , py = Ary;
2: Choose: o with0 < o0 < 1,and 0 < €5 < 1

3: while (not converged) do
T
_ pk Ty
PkTPk

4: oy

5. if (”ﬁ‘—k"” Pk — o '] < eeig) then (o, = 1| else end if
6: Xp41 = Xk + OOyt

4 Ty41 = Iy — OpOyPy

8  Pr+1 = Al

9: end while
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Left: blue line == standard MR (zigzag). Right: blue line == MR with o, = constant.
Compare eigenv. accel. vs ‘no-zigzag’ (right).
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Lanczos-based Acceleration

Push previous idea a bit further: use a subspace instead of single vector

Procedure: I

Use the same detection criterion as before: | =& ||Ar, — ak_lrk|| < Eeig

[lrell

If satisfied, start a short Lanczos iteration starting with ry.
Result: |V, T,, = VAV,

Compute: |xkt1 = Xk + Vaym | With  y,, = argmin g ||re — AV,.2]|?
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Algorithm: Lanczos Based Acceleration (LBA)

1: Start: initial guess xy; setro = b — Axy and py = Ary;
2: while (not converged) do

3 = Py 1/P{ Pk

4 if (||rk|| llpx — ak_l"k” < Eeig) then

5 Vs T = Lanczos(A, ry, m)

6 Solve y,, = argmin,cp. ||re — AV,2||

7 Xit1 = Xk + ViYm; Fig1 = I — AViYm

8 else

9: X1 = Xi + ooty Frp1 = Iy — ooupyg
10: end if
11: Pr = Ary
12: end while i,
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MR (no zigzag) 597
Eigenvector accel. 622
Lanczos-based accel. 396

Comparison of total Mat-vec’s

Lanczos based acceleration (o = 0.8, €., = 0.8); Lanczos with m = 5.
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Goal: set number of Lanczos steps dynamically

Algorithm: Adaptive Lanczos
1: Start: initial guess r; matrix A; relative tolerance reltol
2: fori=1...mdo

3 perform i-th step of Lanczos: — V;, H;
4 Solve y; = argmin,y ||[r — AViz||

5 if ||r — AVyy;i|| < reltol X ||r|| then
6: break

7 end if

8: end for

Note: Givens rotations exploited to perform test in Line 5. f
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Nonquadratic case
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Nonquadratic case

» So far: quadratic case only. But: in this case — Conjugate Gradient is best
» Goal: extend strategies seen for general nonlinear case

» Residual r, becomes Vf(x)

TH T (H,
> We will use MR — 50 | ay = S48k _ 8 (Hige) (One 'mat-vec’)

gl Higw  (Hug)T (Hige)

\Y he.) —
» H,g, computed from Frechet diff. | Hyg; = S (e +h 8k) — 8k

where h > 0 is a small parameter
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Global convergence strategy

» Extensions of the MR method with globalization technique - in convex case

» Large Scale problems: use ‘undemanding’ line search (LS) globalization

» Quadratic case: oy obtained from exact line search (closed form formula)

» In non-quadratic case — inexact line search: adapted from W. La Cruz and G.
Noguera 09

» Steplength # must satisfy: | f(xx + & di) < f(xe) — e ||gkl|* + 7, |Where
~ > is asmall scalar, i > 0iss.t. >, m < < oo

» Search dir. dy is either —g; or V,,.y,, with ¢, = 1 (Lanczos update)
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Algorithm: Line search (backtracking)
1: Input: o € (0,1),0 < v < 1, x¢, o, 8k, d, and . > 0
2. Setd, = coud;, Xy =X +d, o= ngEk, and 3 =1
3: while (f(x4) > f(xx) — v(Boau)?||gl|* + m) do
4 Biemp = —38%6/(f(x4) — f(xx) — 36)
5 if Bemp € [Bo1,B0;] then B := Biem, else 3 := £ endif
6
7
8

Xy =X+ /ng
: end while
: Output: ooy, +— Boay, and  xp4q «— x4
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Numerical examples

n

(a) (Strictly convex2) x € R" — f(x) = Z —.(exp(xi) — X;);

i=1
p
(b) (Logistic loss) x € R" — f(x) = §||x||2 + ) log (14 exp(—(x"z)y))
i=1

» Initial guess for (a) = componenwise random in the interval [0, 3]

» For (b) initial guess is = vector of all ones; z; € R" are random vectors; y; are

random £+1, x = 0.1
103
min{1, max{10—3, 105||g|| } }

University of
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Varying m — problem (a) n = 1000

Lanczos acceleration for strictly convex 2 and several m, n=1000

im : ; Grad Callsto
o m its. Evals Lanczos
4 468 973 9
5 444 934 9
; 6 476 995 7
8 474 1021 9
10 391 863 8
10 0 100 200 erations 300 400 500 Um’ve,-s,',y of

Minnesota
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Varying m — problem (b) n = 2,000,p = 300

Lanczos acceleration for logistic loss function, n=2000, p=300

1200 : Grad Callsto
1o \ 10 m its. Evals Lanczos
™ 4 81 187 6
| 5 67 170 7
7 6 92 215 5
o 8 49 187 11
10 43 197 11
’ ° ° Iterations ° * 1 University of
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Problem (a)n = 1,000, Fixedm = 5 for Lanczos

Gradient-type methods and accelerations for strictly convex 2, n=1000

10(
04 L

10 —— MR (no zigzag)
1003 )
eigvec accel.
1002
Lanczos accel.
1001
res eigvec acc
00
10
res Lanczos acc
10'01 |-
E -02
g107°
E 10'03 |-
B, 0
S 107
[C]
10»05
10'06 |-
10'07 |-
10'05 |-
10-09 |-
10-10 |-
101 I I I I . . )
0 200 400 600 800 1000 1200 1400

Iterations

Y. Saad — Acceleration methods

Accel.
scheme

Grad
its. EvalS

MR (no zigzag)
Eigenvector
Lanczos (9)

695 1391
573 1147
444 934

Note: Top curves = eigenvector

residuals

Nonquadratic case
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Problem (a)n = 2,000, Fixedm = 5 for Lanczos

Gradient norm

Gradient-type methods and accelerations for strictly convex 2, n=2000

03 |

-06 |

0

——— MR (no zigzag)

eigvec accel.
Lanczos accel.
res eigvec acc ACCG | a
5 Ty L B b I i res Lanczos acc
e

Grad
its. EvalS

?\:\k‘\ | scheme

MR (no zigzag)
Eigenvector
Lanczos (6)

1159 2319
1096 2193
767 1565

J

200 400 600 800 1000 1200 1400
Iterations
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Problem (b)n = 1,000,p = 200, Fixed m = 5 for Lanczos

Gradient-type methods and accelerations, logistic loss function, n=1000, p=200

10% 1

0% —— MR (nozigzag)

eigvec accel.
Lanczos accel.
—— res eigvec acc

— res Lanczos acc

Gradient norm
N
o,

1 I I . )
0 50 100 150 200
Iterations
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Acceleration its. Grad Eval

MR (no zigzag) 111 223
Eigenvector 104 209
Lanczos (8) 52 145
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Problem (b)n = 2,000,p = 300, Fixed m = 5 for Lanczos

Gradient-type methods and accelerations, logistic loss function, n=2000, p=300

10% 1

107 N
1000%'\«\1\55(—mr—w\r——\r
RN U \/
L N

0| — res Lanczos acc

——— MR (no zigzag)

eigvec accel.

Lanczos accel.

—— res eigvec acc

Gradient norm
N
o,

1 I I . )
0 50 100 150 200
Iterations
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Acceleration its. Grad Eval

MR (no zigzag) 122 245
Eigenvector 111 223
Lanczos (7) 67 170
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Concluding remarks

Fascinating behavior of relaxed GD methods ...
... which can be nicely exploited

Main point: for certain o’s, residual tends to lie in a small dimensional
eigenspace. Projection method (Lanczos) perfect for this case

To do: Can this be helpful in Machine Learning? [in theory and in practice]

To do: Fully analyze behavior
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Concluding remarks

Fascinating behavior of relaxed GD methods ...
... which can be nicely exploited

Main point: for certain o’s, residual tends to lie in a small dimensional
eigenspace. Projection method (Lanczos) perfect for this case

To do: Can this be helpful in Machine Learning? [in theory and in practice]

To do: Fully analyze behavior

Thank you!
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If time permits: Analysis
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Analysis of relaxed GD in quadratic case

k
Recall that eyl = (I — O'CXkA)rk — Fey1 = (H(I = U(I,A)) ro

i=0

Observed: residuals concentrates on a few extreme eigenvectors.

e Ay) = v Ay v A
Define: n(A,v) = vy v(A,v) = m’
1 1
(SD) (MR)
Note: a = —— (o} = ——
g N(Avrk), g v(A,ry)

Denote the components of ry in the eigenbasis of A by By - -« » Buk

Normalize by A-norm

SD) : 2 =1, (MR): 2\ = 1.
for MR, 2-norm for SD: (SD) ;ﬁ”k > (MR) ;ﬁ”k

University of
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quotients:

» Rayleigh “ "
VEOT D) ) = S B (MR) iv(A,r) = 3 BEAL
i=1 i=1

» Components of new residual:
(sx, = normalization factor)

Y. Saad — Acceleration methods

Rewrite Fpi1 = (I = O'OékA)rk asryy 1 = —

Sk

Note: 1/c; == Ag; — Define & = —

These are convex combinations of eigenvalues — Both € [Aq, A,].
We will denote by As either p(A,ry) (SD) or v(A,r;) (MR)

1
<I — A> rr Where s; = scaling

(e85

1
— Tyl = s—(fkl — A)ry
k

Apart from scaling : shifted power method. Shift &, changes at each step.

:Bi,k—}—l —

1 .
S_(fk—)\i),@i,k, 1<i<n
k

University of
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1
Magnitude of each eigen-component of r;, ‘amplified’ by — & — Ai.
Sk
Recall: & = 2% and & € [Ai/o, A/ 0]

Amplification factors for relaxed SD /
MR scheme

Largest factor : associated with either

x‘n A; or with \,.

Intuition: if the &'s are well distributed = for \; # 1,n, Bix — 0

University of
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Let (Bix)ren be the i-th component of r,. Assume that B1,08.,0 # 0.
Select & from interval (2, 22), with o € (0, 2), at each step k. Then,
fori=1,...,n

(

k 1/k
i — A i
limsup(H M) <1l = lim Bl
—0

k—+00 §— M k—+oo | By
& — ) V 1Bigl
lim sup( <1 = lim
k—>+oo H |€1 A R |ﬁ”k|
Note: the shifts are not necessarily those of the SD/MR schemes
University of
Minnesota
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Let (& )ren be a sequence of independent random variables, uniformly distributed

in (2, 22) for o € (0,2).

o<1 =>Vi#l llmsup<H|§1_ ’|> <1 = lim [By] =0
—> 00

k—+oc0 j=0 g, A1|
1§ — A .
oc>1 =Vi#n: licrﬁfip(nm, )\|) <1 =>kli)no’1°|6,,k|—0
k €& — Al 1/k
o=1 :>Vi;é1,n:limsup(HJ—> < 1= lim |B;;] =0and
k—4o00 =0 |£] — )\1|n | k—oco
|B1.x| & |Bnx| cannot both converge to 0. ]
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A determinisc analysis

Assume a deterministic situation where we preselect m shifts in interval [a, b]
| A So C k- m-1
o |1 I1]1] | e L]
| R Tt 1
a b

E():a, £m_1=b, A E[a,b] fori>1, A=\ <a

Notation: ¢ € (a,b) — meant to represent an arbitrary \;

I =&l _ o)
I A =&l O

Interested in analyzing:

witr p() = [[ (¢~ &).

University of
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Assumption: m shifts &; uniformely distributed in [a, b]:

[E,-:a—l—ih, i=0,--,m—1, with: hE(b—a)/(m—l).]

Notation: &,_; = largest &; to the left of ¢ r?gx &E=&_1.|(k>1)
i <t

Define: |8, = (t — &—1)/h; 0 = (a— A)/h.| (Note: 0 <4, <1)

University of
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Under previous assumptions and notation the ratio of the amplification
factors p(¢) and p(\) is such that:

p(®)| T(k+6) Tm—k+1—25,) T(5)

P T @) Ta-b) Tmte
(£)® ml—o
(1= 5yt (%) @

()

where I' represents the Gamma function and ¢ = NCAN(ETAE

Note: (1) can be defined by continuation when 8, = 0 i.e., when ¢t = &;_;: analysis
= a value of zero for the right-hand side of (1) as expected. University of
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Examine case when number of points m — oo and eigenvalue \; = ¢ is fixed.
Largest &1 < t will converge to ¢
k — oobutratok/m — (t —a)/(b —a) =

Product (2) behaves like a constant times |m!=°/ (’;:_‘11) and

d = (a — X\)/h > 1for m large enough —so = m'=% — 0
-1
When k = 1 then (”’") =1

k—1

—1\!
H When k > 1then lim (IZ 1> — 0

m—-oo

Note: we can can be applied tp case where more than eigenvalue < a

University of
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Relaxing uniform distribution: Quasi-uniform distribution

» Can adapt theorem by relaxing the uniform distribution assumption.

» We will require the &;’s to obey a quasi-uniform distribution:

[69=a, €w1=b and 0<h<&-&.,<h i=

1, ,m—1.

» Define §, = (t — &_1)/h; & = (a — M) /h.

» Then can state a similar theorem - with following asymptotic result:

POl L, () om?
PN =BT ()

Y. Saad — Acceleration methods
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Simplified analysis of the relaxed SD iteration

» So far we assumed a certain distribution of the shifts.
» It is difficult to prove that the shifts will satisfy a given distribution

» We often (not always) observe that the final residuals tend to have only 2 large
eigen-components =-

» Explore case where we have only two nonzero components 3;,0 and 3,..

» The 3 ’s evolve as:

1 /X 1/
Br+1 = — (ﬂ = )\1) B ks and Bhrn = — (ﬂ = )\n> 1655 1o
Sk o Sk o

University of
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Simplified analysis of the relaxed SD iteration

Notation:
AL+ A\ A — A1 S\ﬁ,k
y=——, h=——+, @ =——~v =
2 2 o
A A
ok x=ar+h, 2\, =a —h.
g (o2

Then we get: ,Bl,k—i—l = i (ak + h) /Bl,ka ,Bn,k—l—l = é (ak = h) /Bn,k°

University of
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(Theorem:

Under previous notation and assumptions:

As, As, (M — X)Xk — A1)
o o oSy

= Xﬁ,kﬂ will change sides relative to o+ whenever

O'S]E < 2()\,, — S\B,k)(j\ﬁ,k e >\1)

When o = 1 Inequality always satisfied = As, will oscillate around ~.

When o > 2X, /(A1 + A,) then Ag, converges. When Ag, converges its

limit is either Ay, or A, or . r)
Miversity of
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