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Beyond Algebraic Models (BAM)
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A Family of Scrolls

and Gbeir Offspring
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* “It doesn't matter what it’s called,
* ...as long as it has substance.”
— S.-T. Yau
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Afterword by Yang-Hui He
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Yn-folds in non-Fano Spaces

/ How hard can it be? CY C some “nice enough” Ambient space .
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[arXiv:1606.07420]

Carasria Mantrorps
Y N .. S nd

R Decade Ago...

1 I ' ,aSS,Cal COﬂStI‘ UCl‘lOﬂS smooth R models

Pt || 1 4 (2,86) b,=2=h!! dim. space of Kihler classes
X,, € { . | } —b3—1 86=h*! dim. space of cpx structures
Phim|2=-m] —168=y=2(h"!'—h*") the Euler #

¢ Zero-set of p(x,y)=0, deg[p]=(nl,l) & gqlx, y)=0, deg[q]—(2 m)
“ Generic {p=0}N{g=0} smooth; degp.[p]+degplgl=n+1=fc;=0
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Carastha Mantrorps
A Bectizm, = nd

A Decade Ago...

88 Classical Constructions smooth g, models

L (2,86) b,=2=h!! dim. space of Kihler classes
P41 4 —b3—1 86=h*1 dim. space of cpx structures
Y € {Pl M| 2= | 6 —168=y=2(h"'=h*") the Euler #
1— (1 deg[g]=
¢ Zero-set of p(x,y)=0, deg[p_\—( ) & ¢(x,y)=0, deglq <2 m)

m

— 1 C =0
¢ Generic {p=0}N{g=0} SmOOt\x degp.[pl+degp.lgl=n 1
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Carastha Mantrorps
A Beg: 71y far nd

K Decade Ago...

e C lassical Constructions smooth , models” ~ pecialy
P L] 1 4 (2,86) b,=2=h!! dim. space of Kihler classes
X,, € { . —b3—1 86=h*! dim. space of cpx structures
P lmj2-m] —168=y=2(h"!'—h*") the Euler #
© Zero-set of p(x,y)=0, deg[p_\z (1) & q(x,y)=0, deglg]= (2 m)

m

¢ Generic {p=0}n{g=0} smoot\'\degpn[l?] degp:lgl=n+1=jc;=0

‘“"Sequentlally X, (F(“) P=) [|3)4><|]3’1)
| (14+J)°(1+J,)?
(1+J,4mds) (1447, +(2—m)J5)
¢ Then: Cﬁk[(a11+b]2)k] = gk(4b+ma) = diffeomorphism invariants ¢
eeg., | ci6ol(at+b1y)]1= Ichz[(aJ1+bJZ)], but also Ichz[(ajl+b]2)2],

¢ Chern: ¢ = for F\) and X

bSo, )~ F" & X, ~Rp X, mods): 4 diffeomorphism types <

R%m (mod4)
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A Bess 0 o nd

A Decade Ago...

B <<ical Constructions smooth i models”  specialy
p P 1 4 (2,86) b,=2=h"! dim. space of Kihler classes
® e X. € —b —1=86=h*! dim. space of cpx structures
5.8 m Pl 9 3
] M| &a=1 | 6q —168=y= 2(h"'—h*1) the Euler #
|
© Zero-set of p(x,y)=0, deg[p_\z (1) & qg(x,y)=0, deg[qg]= (2 m)

m

¢ Generic {p=0}n{g=0} smoot\'\degpn[l?] degp:lgl=n+1=jc;=0

g Sequentlally X, (F(“) P= [|3)4><|]3’1)
| (14+J)°(1+J,)?
(1+J,4mds) (1447, +(2—m)J5)
¢ Then: Cﬁk[(a11+b]2)k] = gk(4b+ma) = diffeomorphism invariants ¢
eeg., | ci6ol(at+b1y)]1= Ichz[(aJ1+bJZ)], but also Ichz[(ajl+b]2)2],

¢ Chern: ¢ = for F\) and X

bSo, )~ F" & X, ~Rp X, mods): 4 diffeomorphism types <

R%m (mod4)

g m=0,1,2,..
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2 t'\:w: 100) f<t znd

K Decade Ago...

Iass:cal Constructions smooth , models”  specialy
y A ] 4 (2,86) b,=2=h!! dim. space of Kihler classes
@ 8% X,, € { , —b3—1 86=h>! dim. space of cpx structures
- P || m||2=m| —168=y=2(h"1—h%1) the Euler #
© Zero-set of p(x,y)=0, deg[p_\z (1) & q(x,y)=0, deglg]= (2 m)

m

¢ Generic {p=0}Nn{g=0} smoot\'\ degp.[pl+degp.lgl=n

e Sequentlally X, (F(“) [|3)4><|]3’1) g%, y) ~
(1+J)°(1+J,)?
(+J,4mdy) (1+47,+2—m)J,)
Q Then: Cﬁk[(a11+b]2)k] = gk(4b+ma) = diffeomorphism invariants ¢

eeg., | ci6ol(at+b1y)]1= s ol (al,+bJy)], buralso Ichz[(aJI+b]2)2],

¢ Chern: ¢ = for FY and X

&S0, F9, F® & X, Rp X (mod 4)° 4dlffeonwjhism types <

R*™m (mod 4)
@
- 4

o
0, m=0, 1, 2,-3 = deg[q]=(_éf) 2=




Carastha Mantrorps
2 T\:m: o "D" 2nd

‘Decade Ago...

hy Haven't We Thought of This Before?

/,
/ ® deg[q]— 4 holomorphic sections?!

| | ©Not everywhere on P*xP! — (simple poles) ST 4 1@
3 X, € ]
~ “butyeson F;"C P P'“ >105 of ’le m|[2-m ] _
" for m=73
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A Decade Ago...

W hy Haven’t We Thought of This Betore?

,deg[q]— =) holomorphic sections?!

¢ Not everywhere on P*x P! — (simple poles) P
.\ Xm
“but yeson F;"C PAx P! >105 of ’le




ALasAa Mantrorps
3 :‘\\' D for o

| /; @Why Haven't We Thought of This Before?
/ Adeg[q] = (C)) holomorphic sections?!

[AAGGL:1507.03235 + BH:1606.07420] 8
[+ GvG:1708.00517]

@ Not everywhere on P*XP! — (simple poles) i 1] 4 125 Two more choices
“but yeson F;"C P4x P > 105 of em! [IPﬂ 2 m]ms <x0y§ _ ﬁ) (ﬁ _ xl_ylz)
form=73 y7 Yo/ A Y

equivalence class! = 3x35=105 sections

xyloy -) mod po(x, Y)] deg[c]= ;)
)2p(x )’)L_) I—C(X)( 2—y21) in the y,#0 chart €
p(x Wi =€) (255) inthe y;#0 chart€

p(x,y) =0 on F5:={px,y)=0}

_How? On F, q(x,y)=~q(x, y) +4-p(x,y)
] ¢ [H1rzebruch 1951]= p= ng() +x1y1 & gq= C(X)[(xoyo_

¢ 5o, qdo= [Q(-xa y)

(01
Ac(x)

(Voyp)?
S & (% y)—qo(x,y) =2—

C& q=|q(x,y)+

Wu-Yang
magnetic
monopole

()’o 1)2

= |GvG, 1708.00517] scheme-th. “generalized complete intersections”
Reverse-engineered: Mayer-Vietoris sequence & “patching” of the two charts

5
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q % 2nd
Dhos

k Decade Ago...

| /J hy Haven’t We Thought of This Before?

/ ® deg[q] — (C)) holomorphic sections?!

[AAGGL:1507.03235 + BH:1606.07420] 8
[+ GvG:1708.00517]

@ < Not everywhere on P*xP! — (simple poles) PA 1 ]| 4 1% Two more choices
¢ but yes on F(‘”C P4x Pl—KZ 105 of ’em! lpl : m]168 <x0y§ - ﬁ) (ﬁ - X1_y12)
form=73 y7 Yo/ A Y

equivalence class! = 3x35=105 sections

xyloy -) mod po(x, Y)] deg[c]= ;)
)ZP(X )’)]M I—C(X)( 2—y21) in the y,#0 chart €
p(x Wi =€) (255) inthe y;#0 chart€

p(x,y) =0 on F5:={px,y)=0}

e How? On F(‘” qg(x,y)~qg(x, y) +4-p(x,y)
P © [H1rzebruch 1951]= p= xOyO +x1y1 & g= C(x)[(x()yo_

¢ So, qdo= [Q(-xa y)

(01
Ac(x)

(Yoy1)?
__’& ql(xa y)— Q()(X, y)= 2

C& g)= [CI(X, y)+

Wu-Yang
magnetic
monopole

()’o 1)2

o |GvG, 1708.00517] scheme-th. “generalized complete intersections”
Reverse-engineered: Mayer-Vietoris sequence & “patching” of the two charts

2026: Borisov: no schemes needed—rank-2 v.bdl & codim-2 0-locus
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L Family of Scrolls

/ i "n We"‘temperEd COUhterpOmt [BH:1606.07420, 1611.10300 & 2205.1

/ 4 +more

| | n m—l1
| £t ” prf 1
/ or {O =Xy TX1y{ |+ E E €irXaYy Vi } =F),, € [Pl m]
| :‘ _—l
i :=p0(x, y) a=2 =1

even py(x,y) is transverse, p, 1(0) is smooth



Po '(0) N 871(0) is smooth
dpy(x, y)AdS(x,y)#0

‘‘‘‘‘‘‘

R Family of Scrolls

. .in well-tempered counterpoint

[BH:1606.07420, 1611.10300 & 2205.128%

5 +more
k ! , P 1
/ = For { =XoYy tXY | } F, )»ﬂ [Pl m]
? B A_
=Py, Y) even py(x,y) is transverse, p, 1(0) is smooth
© The central ( € =0 ) member of the family is a Hirzebruch scroll F,, :
. : m—_]
¢ Directrix: | $(.x, y) — [( - _)’0””) Gy, )m Pox, )’)] degree- < n1l>
OH Ep: po(x, y) )XOYO +ay " =0=x= —x;(y1/ )", @ yy#0
(A
©S0, X=X =8(x,y) & (X 1=2,-+)=(X,"**, X, Yo, V1) X X X As Xs
a , ,§ V), , s Yo, «—
S Key: det [ (po(g( xy)x(z y)mx.z ?O yl)] — const. 1 1 1 0 0-»
0o X15 X25 ***5 Y0 V1 —m 0 0 1 ] <p!

© P*%P! bi-degree — toric (C*)*-action:



Po '(0) N 871(0) is smooth
dpy(x, y)AdS(x,y)#0

Famlly of Scrolls

.in well-tempered counterpoint [BH:1606.07420, 1611.10300 & 2205.128%

/ +more

T ! m m n P 1
/ ' F {O =KoY T | } F )”& [Pl m]
’ ’ _P/
r =Pyl y) _ A

even p(x,y) is transverse, p, 1(0) is smooth
“ The central ( €¢=0 ) member of the family is a Hirzebruch scroll F,, :

¢ Directrix: | 3(x, )’) = [( — )

ymo yom (Yo )m

Po(x, Y)] degree- < ,,,11>

Lon FY: py(x, y) )xOyo +x3"=0 = xp= —x; (0, /)", @ y#0
|CA
f@SOJ x]_)X1=§(xay) &(Xia i=23"°)=(-x29"°9-xn;y()ayl) Xl X2 X3 X5 X6 Vs

a(p()(xv y)’ g(x’ )’), .X2, "°;y()7 yl) 1 1 1 0 0 -p* v

= const.
0(xo, X1, X2, ***3 Yo, Y1) ] -m 0 0
© P*%P! bi-degree — toric (C*)*-action:

¢ Key: det[

SMMhat about the rest of the €, ,-deformation family? s
gerein smooth models are all diffeomorphic to each other) ‘Reverse-Engineered (Toric) Model
6



A Family of Scrolls

4 :'.Wl’th a meandermg motit [BH:1606.07420, 1611.10300 & 2205. 128"

+more

Construction 2.1 Given a degree{ ! ) hypersurface {pz(z,y)0} C P*"xP! asin (2.2), construct

. 1 n
deg = (,_rl,.): se(@,y;\) == Flip [ pa(aﬁ,y)} (mod pe(z,y)), [[P’ rr}l]

vo LYdO Y1 pl

progressively decreasing ro+ri =2m,2m—1, - - -, and keeping only Laurent polynomials con-
taining both yo- and y; -denominators but no yo, y1 -mixed ones. The “Flip, ” operator changes
the relative sign of the rational monomials with y;-denominators. For algebraically indepen-
dent such sections, restrict to a subset with maximally negative degrees that are not overall
(yo, y1)-multiples of each other.




A Family of Scrolls

| | ‘w'th a meanden ng mOtlf [BH:1606.07420, 1611.10300 & 2205.

+more

Construction 2.1 Given a degree{ ! ) hypersurface {pz(z,y)0} C P*"xP! asin (2.2), construct
: 1 n
deg = (m—rg—ri): Se(®, 35 A) = Flip [ pa(fv,y)] (mod pe (2, y)), ”j;l 7;]

yo LY0° Y1t
progressively decreasing ro+ri =2m,2m—1, - - -, and keeping only Laurent polynomials con-
taining both yo- and y; -denominators but no yo, y1 -mixed ones. The “Flip, ” operator changes
the relative sign of the rational monomials with y;-denominators. For algebraically indepen-
dent such sections, restrict to a subset with maximally negative degrees that are not overall
(yo, y1)-multiples of each other.

i m=2 , 2 1 :
CFE.g.. po=xeyel+X1y1°; epla_] ==Tab1e[ — > {1, 0, a}]; Expand /@ (pO {ep[5], ep[4], ep[3]})
Yo Yi
@ Xp X1 yi Xp X1V¥Y:1 X1 Xp Xp X1 Xo Yo X1 Xo yg X1

{{_3 * 5 2 .2 " a ? 3" 22 3 2 ’ 4 2? 5 _3}’
Yo Yo Yo Y1 Yo Yo Ye¥Y1 Y1 YeVY: Y1 Yo Y1 Yi Y1
Xo X1Y1 Xo X1¥1T X1 Xeo XeoVYo X1 Xo Y% X1 Xo X1YT Xo Xi1Y1 X1 XoYe Xo Yc?) X1

{_2+ 4 " 3 2 2 2° 3 T ’ 4 +_2}’{_+ 3 2, 2 2 2 ? 3 +_}}
y@ yg Yo Y1 YQ y@ yl yl Yo Y1 )’1 )’1 Yo yG Y1 yo Yo yl yl Y1



A Family of Scrolls

..with a meandering motif

[BH:1606.07420, 1611.10300 & 2205. 12

+more
Construction 2.1 Given a degree{ ! ) hypersurface {pz(z,y)0} C P*"xP! asin (2.2), construct

: 1 P" || 1
deg=0_(. .1 ) seieygd =0 [ =(x, ] mod pz(x,vy)),
8= (m—ro—r): Se(®yN) yOp o o 02 )| (madge(s, ) [[P’l m]

progressively decreasing ro+ri = 2m, 2m—1, and keeping only Laurent polynomials con-
@ tammgiboth Yo- and denommator:sﬁbut 10 Yo, y1 -mixed onesl The “Flip,, ” operator changes
" the relative sign of the rational monomials with Yi- -denominators. For algebraically indepen-
dent such sections, restrict to a subset with maximally negative degrees that are not overall

(yo, y1)-multiples of each other.

. m=2 1 ,
CE.g.: po=xeye’+x1y1’; epla_] ==Tab1e[ — > {1, 0, a}]; Expand /@ (pO {ep[5], ep[4], ep[3]})
Yo Yi
@ Xp X1 yi Xp X1V¥Y:1 X1 Xp Xp X1 Xo Yo X1 Xo )’§ X1

{{_3 * 5 2 .2 " v 37 22 3 2 ’ 4 2? 5 _3}’
Yo Yo Yo Y1 YG Yo Ye¥Y1 Y1 YeVY: Y1 Yo Y1 Yi Y1

{Xo X1Y3i Xo X1¥1 | X1 Xo| Xo Yo X1 Xo Y% X1 Xo X1YT Xo Xi1Y1 X1 XoYe Xo Yc?) X1
N2 4 " 3 272 3 T ’ 4 +_2}’{_+ 3 2, 2 2 2 ? 3 +_}}
y@ y@ Yo Y1 YQ y@ yl yl Yo Y1 yl yl Yo yG) Y1 yo Yo yl yl Y1



A Family of Scrolls

..with a meandering motif

[BH:1606.07420, 1611.10300 & 2205. 12

+more
Construction 2.1 Given a degree{ ! ) hypersurface {pz(z,y)0} C P*"xP! asin (2.2), construct

: 1 P" || 1
deg=0_(. .1 ) seieygd =0 [ =(x, ] mod pz(x,vy)),
8= (m—ro—r): Se(®yN) yOp o o 02 )| (madge(s, ) [[P’l m]

progressively decreasing ro+ri = 2m, 2m—1, and keeping only Laurent polynomials con-
@ tammgiboth Yo- and denommator:sﬁbut no yo, y1-mixed ones! The “Flip, ” operator changes
" the relative sign of the rational monomials with yZ _denominators. For algebraically indepen-
dent such sections, restrict to a subset with maximally negative degrees that are not overall

(yo, y1)-multiples of each other.

| 2
E.g.: p@n}xeye + X1 Y123 epla ] :=Tab1e[

1

-, {i, 0, @}|; Expand /@ (p@ {ep[5], ep[4], ep[3]})

a=-1 i
Yo Y1
Z i
@ {{ Xo , X1 Y1 Xo X1¥1 X1 Xo Xo X1 XeYo ., X1 Xoe Yo Xi }
T ) b

+ — + — + *
y: o oys T8 ve Ty oy v T vy ey vy

2 2 2
@{ Xo X1 yl Xo X1¥1 ] X1 Xg| Xe VYo X1 Xo Yo X3 } { Xo X1¥7] X Xi1¥Y1 X1 Xg¥Ye XeYe X3 }}
- - — + + — — + — + — + + —

) ) b

+ ’ ’ ’
Yo Yo ST yg Ly vyil yi  e¥T  yl i Yo ys Y1 y: Yo @ y? y3 o1
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& Family of Scrolls

..with a meandering motif

[BH:1606.07420, 1611.10300 & 2205. 12

+more
Construction 2.1 Given a degree{ ! ) hypersurface {pz(z,y)0} C P*"xP! asin (2.2), construct

. 1 n
deg = (,_rl,.): se(@,y;\) == Flip [ pa(az,y)} (mod pe(z,y)), [[P’ rr}l]

vo LYdO Y1 pl

progresswely decreasing ro+ri = 2m, 2m—1, and keeping only Laurent polynomials con-
th yo- and y- denoatos but no yo, y1-mixed ones! The “Flip, ” operator changes
the relative sign of the rational monom1a]s with yZ _denominators. For algebraically indepen-
dent such sections, restrict to a subset with maximally negative degrees that are not overall

(yo, y1)-multiples of each other.

m=2
PO = Xo Yo~ + X1 V1°3 epla ] :=Tab1e[

1

———, {i, 0, }|; Expand /@ (p@ {ep[5], ep[4], ep[3]})
Yo Yi
@ Xp lei Xp X1V¥Y:1 X1 Xp Xp X1 Xo Yo X1 Xey(f) X1
{{ - - y —3 ¢+ y — ’  t y +—},
e Yo Yo de¥T YI ¥YT Y1 YT ey
@{Xe X1Y3i Xo X1¥Y1 | X1 Xe| Xo Yo X1 XOY% Xl} {Xo X1YT Xo Xi1Y1 X1 XoYe XGY% Xl}}
e —— + — + + + + +

o2 ’ R e y T » ’ + —
y3 1y2 yi] v} et eydeemeyd) lypgmemepd C y1 oy T yo y2 T sydemeeeyr




X Family of Scrolls

:. .wnth a meandering motit

[BH:1606.07420, 1611.10300 & 2205. 12

+more
Construction 2.1 Given a degree{ ! ) hypersurface {pz(z,y)0} C P*"xP! asin (2.2), construct

. 1 -
e = (m—Tol—Tl) D gels, W = Wlip [ pe*(a?,?/)] (mod pz(z,y)), [[F" 7}2]

vo LYdO Y1 pl

progressively decreasing ro+ri =2m,2m—1, - - -, and keeping only Laurent polynomials con-
1 yo- and y; -denominators but no yg, y; -mixed ones{ The “Flip, ” operator changes
the re]at1ve s1gn of the rational monom1als with yz _denominators ﬁor algebraically indepen-
dent such sections, restrict to a subset with maximally negative degrees that are not overallj
(yo, y1)-multiples of each other.I

m=2
PO = Xo Yo~ + X1 V1°3 epla ] :=Tab1e[

-, {i, 0, a}|; Expand /@ (p@ {ep[5], ep[4], ep[3]})

5.9

XoYo = X1 x@yo+ﬂ} {Q+X1Y1 Xo , X1 Y1 1 Xey Xo Yo Xl}}
) b ] bl
y eV eyl )T lapgeemegd: 1y, y2 Tl ve gy

Yo o

) + ’
Yo Yo de¥T

2
@{ Xg X1¥Y1 Xg X1Y1
+ ‘ - 3

Z
@ {{Xe RS Xo  X1¥1 X1 Xg Xg X1




Po '(0) N 871(0) is smooth
dpy(x, y)AdS(x,y)#0

Famlly of Scrolls

.wnth a meandering motif

Construction 2.1 Given a degree{ ! ) hypersurface {pz(z,y)0} C P*"xP! asin (2.2), construct

deg = (m—rir,): se(@y; ) = Flip [ ~pele.y)] (mod pe(z.y)), [P” ' ]
yo LY0° Y1'! Pl m
progresswely decreasing ro+ri = 2m, 2m—1, and keeping only Laurent polynomials con-
o- and y; denoatos but no yo, y1-mixed ones! The “Flip, ” operator changes

4 the re]at1ve s1gn of the rational monom1a]s with yZ _denominators ﬁor algebraically indepen-
@ dent such sections, restrict to a subset with maximally negative degrees that are not overall
' (v, y1)-multiples of each other.I

m=2

1
PO = X Vo~ + X1 V125 epla ] :=Tab1e[

-, {i, 0, a}|; Expand /@ (p@ {ep[5], ep[4], ep[3]})

a=
Yo Y1
@ {{xe N X1Y1 Xo  Xay1 Xa Xo Xo X1 Xo Yo X1

= 5 * s — + , Xo Yo X yla ya
Yo Yo M Y1 St Y1 M M

@{xe p X1 Y1 Xo  XaY1 [ X1 Xo| XeYo = X1 Xo Y5 N Q} {Xo X1Y1 Xo X1 Yl ny Xo Yo Xl}}
4 b
yGowemeyls  No¥T  yo | Yo ) Vi)l VI eV mydewend e

o 2 . " THE hallmark
' finds {8(x, y) = (y1 —yz) mod (xgye>+x,,°) ;deg=<_;>, [871(0)] =[J,]1-2[/,]. |exceptional divisor

%, 2)
THE exceptional sectlon 7 [5]°=—1 of F 2




the central ‘A
(ea O) : i}/;/a MAMFOLDS
model Vs demf = o s oma

\ Family of Scrolls

: .wnth cousins joining in...

/,
/

[ ol . .5 5 4 o
/ ' Deform: p,(x, y)—xOyO +X1 Y7+ X%V, toric F(4,1,0 )
xoYo X 4 Xy X xyd
& CNow: 3, (G Y)="T+ 000 & 80 y) =
| 0(191,51,1,91,2,?63’ *+3 Yo V1) X, X X Xs X
©& det[ o ] = const. 11 12 13 05 06»4
(X0, X1, X2, X3, **3 Y, V1) —4-1 0 1 1



V4

the central
(€,,=0)

model

amlly of Scrolls

: .wnth cousins joining in...

/.

[ o . _ 5 5 4 ;
/ e eform: p(x,y)=XgVy +X1Y; +X)0), toric F((421,o )

4 xoYo X2 X1 Xo Xyt

I( ‘ ONOW §1 1(x9y)_ y14 _y_14 & gl’z(x,y)zyl _y() Bl y()5
5(191»51,1,91,2,?63’ 3 Y0, V1) A X X

0(Xg, X1, X35 X35 ***5 Y0 V1) —4 -1 0

DefOI'm: pz(,x, y) — xoyos +x1y15+x2y02y13 toric F(n)

(3,2,0,...)
XoYo? =~ Xo X Xo X x1y13
¢ Now: 9, ((x,y)= +—— & 955, (x,V)=————
21( ) VP MACARUE 2’2( ,)7) 2o Yo Y

(P2, 35159225 X35 ***3 Yo, V1)

A(xg, X1, X9, X35 ***3 Y0, V1)

¢ & det [ ] — const.

convex
Xl Xy X5 Xy X5 X rectangle

1 1 0 O-»

5 5 2., 3
@ . and p;(x, Y)=x0)’o TX Y0V Y +x3)’() }’1 SRR

(n)
> toric F(2 A




Va N

the central

(Ga,f - O)

mode]

A Family of Scrolls

..with cousins joining in...

/
y
/(

/

." . . 5 5 4 . n
/ @AD eform: pl(X, Y) —XOY() +X1y1 +X2y0y1 toric F£(421,0,..-)
| XoYo . X2 o X2 Xyt

X & 8 (x.y) X
f —_—— X — — —_
| Vit oyl L2V V)= T

o(p1, 81,1591 2, %3, 3 Yo, V1)

0(Xg, X1, X2, X3, ***3 Y0 V1)

. © Now: 3106, y)= e +
¥ , 1

Xl X2 X3 XS X6
= const. 11 1 0 0-#
-4 -1 0 1 1=

@&da[

"” Deform: p,(x,y)= xoy05 +x1y15+x2y02y13 toric F

(3,2,0,...)

,‘ XoYo? Xy X X0 Xy X1yp3
“Now: 9, ((x,y)= +—— & 8,-(x.V)=————

2,115, Y) VS oy ve 22(%, Y) Y2 Y2 ¥

(P2 82158225 X35 ***3 Yoo V1)

A(xg, X1, X9, X35 ***3 Y0, V1)

¢ & det [ ] — const.

X| X X

5 5 2., 3 3., 2
S and pa(x, y) = XYy XY H0)y Y HRY Y, 221

. toric F = ®) O
' (2,2,1,-+-) for n=3, F(z,z,l) F(1,1,0)

| ~Veronese

8



amily of Scrolls

..in elaborate hi h .
1N €laborate nierarc -
e y [BH:1606.07420, 1611.10300 & 2205.1282%]
.Q.' . . . . o . V2
4 Deg. Blpro;ectlve E]?eﬁnlng Section N(asl)ne, GLSM Charges » +more
po(x,y) =xo Yo + T1 Y7 ks ‘
[ ) ] X1 Xo X3 X4 Xs
(_5): so(z, )= (28 — =) /po(z,y) 1 1 1 0 —
Yo Yo / —5 0 0 1
p1(x,y) =po(x,y) + 2 you F7)
s sia(my) = [ (240 — 2+ 23 ) /pi(a,y)| X, Xo X5 X,
L I
2 sz, y) = (Z—‘f — St - ﬁ)/pl(fv,y)} 4 -1 & ¥
p2(x,y) =po(x,y) + x2 yo yi F§7)
[ X 2 x x x
sy = [(E e ) /)] x X, X Xy
R (i ) VR e S
p3(x,y) =po(x,y) + x206y1 + T3ydy1l Fy% ., ~e F5Y
t s3a(x,y) = _("’”2%0 T S "’;—g)/ps(ﬂc,y)_
. (x )_ _(a;_o o xly‘f oz m;_:,yi‘)/ (ZC )_ Xl X2 X3 X4
. 3b yY) = I Y1 ) yg Yo i yél P3 » Y 1 1 1 1 O
Cosse(wy) = | (T9EE - b 2R g Jps(ay)) T3 71 oL
pa(z,y) =po(x,y) + 2 yoy1 + x3 Y5 ¥7 Fy3 ., ~r F5Y
([ = 2 x x @x ﬂat
ey = (- EE ) /mew] X6 X X X convex
5 - [ (= 96194 x r3y i 1 1 1 O O
s osp(ay) = (2 -2 — 22w fpi@y] L 1 100 rectangle

: 54c(x7 y): (woyo ‘m

3
Tiy¥i 4 Zo2
s vo Y1

— Z_§>/p4(x7 :y):

equivalent to p3(x,vy)

ps(x,y) =po(x,y) + 293y + T3y5y?

3 3
F2(2)1 ~Rr F1(,1)

() — (w_o_M_w_z_
e’ [\ ¥7 v3 yg
3 I 0oYo T
- 55b(xa y) o ( yJ = Y3
- 2 2
3 . OoYo 1Yy
: 55c($a y) == ( w3 3 -+

2 4 2290 4 23) /ps(a,y)

r2 __
Y1

m;gl )/pg,(iv, y)
(6] _

§—§>/p5(33, :y):

X1 X2 X3 X4 X5 -
1 1 1 0) 0
-2 -2 -1 1 1




I Héibsch

Toric Varieties

..........

‘Family of Scrolls

In a deformation reunion

[BH:1606.07420, 1611.10300 & 2205.12827]
+more

® A deformation family picture:

,\F(n)

Eqe-Space [m (mod n)]
(least negative, most generic)




In a deformation reunion

® A deformation family picture:

‘Family of Scrolls

€q¢-Space

s

[BH:1606.07420, 1611.10300 & 2205.12827]

,\F(n)

[m (mod n)]
(least negative, most generic)

+more



In a deformation reunion

® A deformation family picture:

‘Family of Scrolls

€q¢-Space

——

[BH:1606.07420, 1611.10300 & 2205.12827]

,\F(n)

[m (mod n)]
(least negative, most generic)

+more



——

‘Family of Scrolls

In a deformation reunion

[BH:1606.07420, 1611.10300 & 2205.12827]
+more

® A deformation family picture:

® One
complete
intersection

®to “rule
them all”
(toric
varieties)

o cifalGN
hypersurfaces
therein

..and a web

,\F(n)

of connected €ar-Space i (mod )]

(least negative, most generic)

GL.SMs




‘Family of Scrolls

..with combinatorial counterpoint

[BH:1606.07420,... 2605.06998]

SA dihedral deformation family picture:

® 1951, Hirzebruch;
here, m = 5

2, fiber
F(3) F(3) F(3) F(3) F(3) F(3)

F(3) F(3) F(3) F(3) F(3) F(3)

m2 F(3) F(3) F(3) F(3) F(3)

| F(3) F(3) F(3) F(3)




‘Family of Scrolls

..with combinatorial counterpoint

[BH:1606.07420,... 2605.06998]

SA dihedral deformation family picture:

® 1951, Hirzebruch;
here, m = 5

® solid arrows:
explicit deformations,
by trial and directrix
identification




‘Family of Scrolls

..with combinatorial counterpoint

[BH:1606.07420,... 2605.06998]

SA dihedral deformation family picture: L 0
~ Gross [alg- geom/9402014]

here, m = 3 = (1,0) ~ Wall & Veronese: n_f > n_% moqQ

s Solid a]f']f'OWS: . e o o e o o e o o e o o e o o
explicit deformations, 3 3 3 3
by trial and directrix = F( ) F( ) F( ) F( )
identification

® dashed arrows:
non-algebraic map

(Wall “mod m” diffeo;
(...perhaps...)
~Veronese-twisted,

smooth-deformed) P&




[BH:1606.07420,... 2605.06998]

\ ’7 Their Offspring

. back to the main motif &

7 ], i.e., need deg=< " )

2—m 2—m

= fo(X)=11X = (X, =8(x,y)) (X, =x,)(X,1.1 = Vo)X, 1, =Y;) = “fundamental monom.

¢ is not transverse & {II1X=0} is singular (“(n+1)-horon”)



! ’} Their Offspring

. back to the main motif &

2fm], i.e., need deg:(z_m>

l = fo(X) =11X := (X; =8(x, y))--- (X, =% ) (X, 1 =Yo)( X, =Y1) = “fundamental monom.’

¢ is not transverse & {IIX=0} is singular (“(n+1)-horon”)




[BH:1606.07420,... 2605.06998]

1 f Their Offspring

. .back to the main motif &2

" ], i.e., need deg=< " )

2—m 2—m

JoX)=11X := (X;=8(x,y)) (X, =x )X, . =Y)(X, .,=y;) = “fundamental monom.’

¢ is not transverse & {IIX=0} is singular (“(n+1)-horon”)

f

| l
~ where deg[mi(X)]=deg[X-] & om(X)=0 (~Demazure roots)
¢inQM, |n)" =X _ c,|m)?; also, X;=0 == §I1X=0

¢ (SIIX)N(5I1X) are X;- and X -independent and delimit [511X] & [6,11X]
so (X)), (X) 0 # ([5 HX]n[5 TIX]) =0; etc.

they form a poset




[BH:1606.07420,... 2605.06998]

David A, Cox
John B. Lictle
Heary K. Schenck

- ‘

’ Their Of

.
P
)

_.back to the main motif §

pring




[BH:1606.07420,... 2605.06998]

d Their Offspring

back to the main motif &2

" ], i.e., need deg=< " )

1
2—m 2—m

B rvic, i, e[,

s fo(X)=IIX = (X;=8(x,y))- (X, =x )X, . 1=y (X, ., =Yy;) = “flundamental monom.’
¥ is not transverse & {I1X=0} is singular (“(n+1)-horon”)

_Deform: f,(X)=IIX w IIX +¢/611X, SI1X := m (X)(9,[1X)

- where deg[mi(X)] =deg[X;] & dm(X)=0 (~Demazure roots)
@inQM, [n)V=%X% , c,|m)?; also, X;=0 =5 5I1X=0

¢ (SIIX)N(511X) are X;- and X -independent and delimit [5I1X] & [§,11X]
so (X)), (X) 0 # ([5 HX]n[5 TIX]) =0; etc.

they form a poset

< Combinatorially, TIX U | |.[6T1X] ~ {TIX=0|S.R.,...)
_ Also, 0; L 011X & generate a dual poset



[BH:1606.07420,... 2605.06998]

" Their Offspring

@ 8(bird‘s eye view)

©@Monomial collections
with U(1)*-charges of I1X
form posets, with
“deformation fronts”
= facets

©The shape changes
throughout the €; -space

indicate that
— convexity is overrated

. ¢In all deformed models,
there exist transverse regular
polynomials (nonnegative exponents)...

*
3
AR,

@except in F5(3)[Cl]: requires rational monomials
to be transverse, & (’Hopital/intrinsic limit) smooth




[BH:1606.07420,... 2605.06998]

P.in the Mirror

. Non-Convex Mirrors —2D Proof-of-Concept—

m=23

@.‘: 12X20(X3 @X4)2+1m EB X11X21 (X3 @X4)2+0m

’f
f
‘!
|

/
|
f

o

o

o

® ® universal
X X, X3X,

® G/

o o

14



[BH:1606.07420,... 2605.06998]

PL.in the Mirror

. Non-Convex Mirrors —2D Proof-of-Concept—

m=23

® A:} 12X20(X3 @X4)2+1m D X11X21 (X3 @X4)2+0m D X10X22(X3 @X4)2_1m

;'f
f

|

|

’

/

|

14



[BH:1606.07420,... 2605.06998]

" in the Mirror

Non—Convex Mirrors

__3—2D Proof-of-Concept—

/'} ZXZO(X3@X4)2+IM EB X11X21(X3@X4)2+0m @ X10X22(X3®X4)2 Im

14



[BH:1606.07420,... 2605.06998]

" in the Mirror

NOh-COhVéX Mirrors —2D Proof-of-Concept—

m=23
/ @ } 22X @X) @ XX (XX @ XXX DX,
. ‘T ranspolar (=~ dual):

; A— | |.(convex O) ; =
;ﬁ Compute O, — 0. :={v: (v|Vued,)+1>0} '

®
[
Hg

. L

6 -0 universal

Pt X\ XXX,
Qo o o

m *

] ”

| ’0

u *

n "

o o o

14



[BH:1606.07420,... 2605.06998]

" in the Mirror

NOh-COhVéX Mirrors —2D Proof-of-Concept—

m=23
/ @ } 22X @X) @ XX (XX @ XXX DX,
‘T ranspolar (= dual):

o A | |.(convex @) ;

;ﬁ Compute O, — 0. :={v: (v|Vued,)+1>0} ¢

o

® ® universal
X, X, X; X,

o Q/

P YT @vennns °

14



[BH:1606.07420,... 2605.06998]

" in the Mirror

NOh-COhVéX Mirrors —2D Proof-of-Concept—

m=23
/ @ } 22X @X) @ XX (XX @ XXX DX,
‘T ranspolar (= dual):

o A | |.(convex @) ;

;ﬁ Compute O, — 0. :={v: (v|Vued,)+1>0} ¢

® ® universal
X, X, X; X,
® Q/

14




[BH:1606.07420,... 2605.06998]

" in the Mirror

Non-Convex Mirrors

__3—2D Proof-of-Concept—
/ BN 200X @ XX (G@X, 0" @ XL XXX
‘./ ‘T ranspolar (= dual):
i A — | |.(convex @;)/;-\ \:.
C'Compute O.— 6 :={v. (v|Vued)+1>0} ‘

.
.
“
® -
LI )
L )
L I
L T
L )
55
¢ -0 universal
) )
L XXX,
s ®
e o
® ® ®

e
o30ss®
e’
¢

14



[BH:1606.07420,... 2605.06998]

" in the Mirror

Non-Convex Mirrors —2D Proof-of-Concept—

m=73
/ BN XX @ XX (GOX,0 @ XXX
. Transpolar (= dual):

o A— | |.(convex O)) ;

i Compute O, — 0. :={v: (v|Vued,)+1>0} ¢

e
¢ e
@
* e
ass

o

® ® universal
X, X, X; X,

O @/

o o ®

14



[BH:1606.07420,... 2605.06998]

" in the Mirror

Non-Convex Mirrors —2D Proof-of-Concept—

m=73
/ BN XX @ XX (GOX,0 @ XXX
. Transpolar (= dual):

o A— | |.(convex O)) ;

i Compute O, — 0. :={v: (v|Vued,)+1>0} ¢

o

® ® universal
X, X, X; X,

O @/

o o ®

14



[BH:1606.07420,... 2605.06998]

" in the Mirror

Non-Convex Mirrors —2D Proof-of-Concept—

m=73
/ BN XX @ XX (GOX,0 @ XXX
. Transpolar (= dual):

o A— | |.(convex O)) ;

i Compute O, — 0. :={v: (v|Vued,)+1>0} ¢

o

® ® universal
X, X, X; X,

O @/

o o o

14



[BH:1606.07420,... 2605.06998]

" in the Mirror

Non-Convex Mirrors —2D Proof-of-Concept—

m=73
/ BN XX @ XX (GOX,0 @ XXX
. Transpolar (= dual):

o A— | |.(convex O)) ;

i Compute O, — 0. :={v: (v|Vued,)+1>0} ¢

o

® ® universal
X, X, X; X,

O @/

o o ®

14



£.in the Mirror

« Non-Convex Mirrors —2D Proof-of-Concept—

[ m=73
/ 12X20(X3 @X4)2+1m D X11X21 (X3 @X4)2+Om D X10X22(X3 @X4)2_1m
L Transpolar (~ dual):

o A > | |.(convex @) ;

: v Compute O;— O, := {v: <V|Vu S 8i>+ 1>0}

' < (Re)assemble dually
: (91 n 9]’)0 — :Hio, 9]0] ”‘... 3

with “neighbors” @
&

|

l(}”q
m - EF Olded. ) !
X,?
X5

14



i%.in the Mirror

« Non-Convex Mirrors —2D Proof-of-Concept—

/

,/ _ Transpolar (= dual):
© A= | |,(convex O)) ;
v Compute @, — 0" :={v: (v|Vued,)+1>0}

< (Re)assemble dually '
.: (91 n Hj)o _ :Hio, Hjo] yVS ’0“’ SQO\{AX

u; €Ay, v;E Ay

mirror=transposition

lllll
......

AKX
AFm— A va

~ with “neighbors” @ .
A 0 0 X, X, X5X
~ Swap roles 0(\@%? X, Q -
Xl <> YI C) Y32Y42 ________
Yy
“.lng 2y 5 Yy x2
Xy “o.. PO] X7 X, =
m AVFm ..""--é?{: ........ . Xy

F [c;] < F, [c]
14




[BH:1606.07420,...

:
,
/
/ |

|

|

fXO) = XX + X7 X + XX+ X7 X
fTY) =Y Y2+ Y2+ VY + Y
20 5 0

20 0 5
02 0 -1

- mirror=transposition

< (Re)assemble dually e
P (O.n (gj)o = [0, 9]0] | ‘ S

with “neighbors”

rk[€] = 3, so need to
chisel both A’;3 and

< Swap roles

— . AKX
’92: Khovanskii also AF3 T AVF3

X, oV )

l d v ., FPukhlikov. " to 0-enclosing
(pre)complex| X, 4 X;” ’93: Karshon simplices
algebraic X, +Tolmaq :
geometry - ’99:1\I;IIatt(Zir1 Who'’s ---------

eenVEX MM 00 x2 ~ TMasuda o ...
F,lc] <— F,[c] — )18 — +lots of VE/'(Q”)?!
polytopes T —{ (pre)symplectic keometry e




[BH:1606.07420,... 2605.06998]

" in the Mirror

Non-Convex Mirrors

m=23

1
/)/

/ @; hat of self-crossing multifans & multitopes that span them?
|

V4 Vg

> Good question!
| Ap@) = AVF@)

- ¢ “sandwiched” between toric varieties
(far right)

¢ and (umtary) torus manifolds (far left)
- with (S!)"-equivariant almost complex
structure

contract/collapse

1

¢ C*~S'XR, = “circular” & “radial” action ”

< Topological Torus Manifolds? [Ishida, Fukukawa & Masuda, 2013 ]

< Top cone orientation <> rel. orientation btw. M & cpx[T,; @ R*]... top cones encode
characteristic points;

obverse top cones encode

1ess: obverse top-cones obstruct global almost complex structure  points where complex

& break supersymmetry...?) structure “breaks”

. They have cohomology rings generated by Cox-like coords & “Z;”



[BH:1606.07420,... 2605.06998]

1
¥

r"‘

/ |

Y(n—1)-fol
o

F(n)

[m (mod n)]
(least negative, most generic)

€qe-Space

A deformation family picture




[BH:1606.07420,... 2605.06998]

Each distinct F’%’) harbors a

combinatorial web of
> Laurent defo & smoothing X transposition mirror models

of CY hypersurtaces
In generic F", the I1X has

plenty of regular smoothing
deformations (with only
nonnegative exponents)

No regular smoothing
deformations remain in the
central model: only rational

monomzals remain

(n)
F_> , e.8., F((Q)21 )

‘ (n) n
F—> , €.2., F((3)11 )

€qe-Space

All these distinct toric varieties
: S~ are found within the same
A deformation family picture 4 explicit deformation family

(n)
¥ imadicil

(least negative, most generic)
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Eldorado Ho!
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