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Large N limit

From Microscopic Descriptions to Macroscopic Descriptions: Maxwell (1866),
Boltzmann (1872)...

(a) Maxwell (1831-1879) (b) Boltzmann (1844-1906)

Deriving Boltzmann/Landau and (McKean-)Vlasov-type Kinetic Equations.
Bose-Einstein Condensation. Consistency of discrete algorithms...



Mean Field Limit for Newton Dynamics

Consider the classical Newton dynamics for N indistinguishable point particles in
the mean filed scaling in the classical regime. Denote (x;, v;) the position and the
velocity of particle number i. Then

. . 1 .
Xi = Vi, Vi:N;K(XI‘_Xj)a I:1527"'7N7
JAi

where x;, v; € R3.
As N — oo, the conjectured PDE is the famous Vlasov(-Poisson) equation

O+ v Vof+ Kooy pr- Vof =0,

where pt, x) = [ps f{t, x, v) dv.

Gravitational or Coulomb force: K(x) = +Cpi, i-e. the inverse-square law.
Hauray & Jabin (07 and ’15) , Lazarovici & Pickl ('15), Jabin & W. (’16), Bresch,
Jabin & Soler ('25), Bresch, Duerinckx & Jabin ('244)



Mean Field Limit for the First Order Model

Consider the weakly interacting particle system for N indistinguishable point
particles. Denote x; € RY the position of particle number i. The dynamics reads

dX’Nz?;K dt+\/7dW i:1727"'aN1 (IPS)
J#i

where x; € R, and W are N independent Brownian motions which may model
random collisions on particles with rate o. Let us assume that ¢ > 0. The
interaction kernels K model 2—body interaction forces between particles. In the
point vortex model, one takes K(x) = 5= (X2|’X|2X1) in R2.

The (proved) limit PDE reads (as N — o0)

Oef+ divy (FK*x ) = oA F (MFD)

Goal: Establish and quantify the convergence: Any k—marginal Fy «(t) converges
weakly to £X, or the empirical measure pif, = %,Zfil 8¢ converges in law to d,.



Literature Overview

@ Classical Results: McKean ('67), Braun& Hepp ('77), Dobrusin ('79),
Sznitmann ('91) ... K€ Wh> (K is Lipschitz!) (Coupling Method).
@ Compactness method: 2D Navier-Stokes: Osada ('87), Fournier, Hauray and

A1

Mischer ('14). (The Biot-Savart kernel K(x) = - %5. )

27 N
@ Relative Entropy/Modulated (Free) Energy Method: Jabin and W. ('18).
Serfaty and Duerinckx ('20). Bresch, Jabin and W. ('23) (general singular

kernels). Nguyen-Rosenzweig-Serfaty ('22). Guillin, Le Bris & Monmarché
('24).

@ Central Limit Theorem: Fernandez and Méléard ('97): K € Cffd/z. W.,
Zhao and Zhu ('23), Chen, Holzinger and Jiingel ('26), Nikolaev ('25+ ),
Hao, Zhang and Zhao ('26+)...

@ Large Deviation Principle: Liu and Wu ('19). Chen and Ge ('25)...



The Liouville Equation

Statistical approach: The coupled law of N—particle Fp(t,x1,- -, xy) is governed
by the Liouville equation/forward Kolmogorov equation

N N
OuFy+ ) divy, (FN % > K(xi— xj)) =0 AFn.
i=1 J#i =1

The coupled law Fy is symmetric/exchangeable, i.e. Fy € Psym(RN), since those
particles are indistinguishable.

The observable (statistical information: temperature, pressure for instance) is
contained in the marginals Fp , of Fy as

Fri(t, X1, -+ 5 Xk) :/ Fan(t, xa, - xn) dxgr - - - dx,
RA(N—k)

for fixed k=1,2,---.
BBGKY hierarchy: The evolution of Fy x involves Fp jy1.



Formal Derivation Assuming Molecular Chaos

BBGKY hierarchy: The evolution of Fy  involves Fp 1. For example,
integrating the Liouville Eq. w.r.t. xp,---, xy and using the symmetry of Fy, one
obtains that

N—-1
8tFN_’1 + T / diVX(FNQ K(X — y)) dy = O’AXFN,l.
JE

If we assume that Fy(t, x,y) = Fn1(t, x)Fn1(t,y) (Molecular Chaos) for any
t > 0, then we recover the limit PDE (MFD) as N — oo.

But for fixed N, Fyo(t) # Fn.1(t)®?, even we start from i.i.d. initial data
Fn(0) = FN71(0)®N, since correlation does exist since particles do interact!

Relaxation: Kac’s chaos ('56). Introduced by Kac to derive the spatially
homogeneous Boltzmann equation.



Propagation of Chaos

Definition 1 (Kac's chaos)

Let E =R or any Polish space. A sequence (Fn)n>2 of symmetric probability
measures, i.e. Fy € Psym(EN), is said to be f—chaotic for a probability measure f
on E, if for any fixed k=1,2,3,---, Fy, — @k as N = .

“Asymptotic independence” for a finite group.
Definition 2 (Propagation of (Kac's) chaos)
The diagram commutes.

FN,k(O) — @k(O)
lips ImrD
Fn (1) - k()

v

See the works by Laure Saint-Raymond’s group and also the recent breakthrough
by Deng-Hani-Ma ('24+).



Relative Entropy

We use the (scaled) relative entropy to quantify chaos

1 F
0< HN(FN|f®N)(t) = N /E/v FN|Og f@TIXI dxq - -+ dxp.

Thanks to the monotonicity of the (scaled) relative entropy

1 F
IHk(FN,k|f®k) = ; /N FN’k|Og fg}(k dX1 e ka S HN(FN|f®N)
E

and the classical Csiszar-Kullback-Pinsker inequality
|k — F2K|| 2 < o/ 2kHi(Fre| %),

one can obtain propagation of chaos given a vanishing sequence of Hy(Fy|foN).
See also Ben Arous & Zeitouni ('99).



Quantitative Entropic Propagation of Chaos for 2D Vortex
Model on T?

Theorem (Jabin & W. ('18))

Assume that K € W-1°°(T9) with divK € W1°. Assume further that

fe L>=([0, T], WRP(T9)) for any p < oo solves (MFD) with inf f> 0 and
Jpe f=1. Then

Hu(Fy| M) <RI ( (F"If?”)ﬂl\/)’

where we denote ||K|| = || K]|yy-1, + || divK]| -1, and M is a universal constant.

v

This result applies to the Biot-Savart law, i.e. K(x) = 2 ‘ ‘2, since K = divV with
1 [—arctan § 0
- = 2
2 0 arctan ’X‘—f

Uniform-in-time propagation of chaos by Guillin, Le Bris & Monmarché ('24).



2D Vortex Model on R?

Theorem (Feng & W. (26, '26))

Assume that Fp is an entropy solution to the Liouville equation and that
fe L>=([0, T], L' N L>(R?)) solves (MFD) with f>0 and [g, f(t,x)dx= 1.
Assume that there exist constants C;, G5, C3 such that the initial data

fo € W2>°(R?) satisfies the growth condition

[Viog o(x)[> < Gi(1+ [x?),  [VZlog fo(x)] < (1 + [x),
and the Gaussian upper bound
fo(x) < Gexp(— G [xI?).

Then we have

H(Fa ) < €L+ 0 (Hn(FIA™) + %)

where C is some universal constant that only depends on those initial bounds.




Evolution of the Relative Entropy

Let us focus on the torus case first. We compute the time evolution of the
relative entropy

N
d N g FN 2 1
aﬁ"ﬁN(F/\/U‘® )(t) < _N/ndN |V log @| dFy + /|'|dN (W > bl XJ)) dFn,

ij=1

where upon symmetrization, i.e. taking 3(¢(x,y) + ¢(y,x)) as the new ¢(x, y),
one writes

1 .
$(xy) = —5Klx—y) - (Vlog fix) = Vlog fly)) — divK(x —y)
1 1
+ §V|og fx) - K f(x) + EV|Og fly) - K= fy).
At least for the Biot-Savart law, we have that ¢ € L, as long as fis regular
enough.



Uniform in N Large Deviation Type Estimate

Recall a Jensen-type (Gibbs) inequality, i.e. for any parameter > 0,
F
/FN¢N< f—/FNI og o + Iog/f®Nexp(nN¢N)

We only need to show that the 2nd term is o(1) as N — oo which is guaranteed
by

Theorem (Jabin & W. ('18) )

There exists a constant ¢y, such that when ||¢||1~ < co and

/¢xy y)dy = 0,Vx, /¢xy x)dx = 0,Vy,
we have

N
1
sup N exp (N Z #(x;, xj)> dXN < € < oo

N>2.Jnav Pyt




The Landau-Maxwellian Equation

Recall the spatially homogeneous Landau equation reads
8tf: QL(f; f)a fZ Oa‘/ERdv

where f= f{t,v) denotes the probability density function now only for the velocity
variable.

We first consider the case with Maxwellian molecules, i.e. when

a(z) = |2°ly — z® z

The Landau system conserves the total mass, momentum and kinetic energy of
the gas. We normalize the quantities to

flv)dv=1, / viv)dv=20 / Iv[2f(v)dv = d,or
Rd RY
We can also rewrite the Landau equation in a compact formulation as

Of=V -[(ax AVF—(bx Nf], or 8, f= (axf):V3f— (cxNf,

with the vector field b=V - a and the scalar c =V - b, namely
b (v) = 0pgans(v) = —(d — 1)vy, c(v) = Oaba(v) = —d(d —1).



Particle Systems for the Landau-Maxwellian

We are interested in deriving the Landau equation as the mean-field limit of many
particle system. We consider the N indistinguishable interacting particle system
for instance in [Fournier '09] that

o N o N
d\/t—N;b(\/t—\/’t)dH\f(lZa ) dBj, i=1,..,N.

j=1

We use the convention that a(0) = 0 and b(0) = 0 to omit the notation i # j.
Applying It6's formula and the relation V - a = b, we can derive the Liouville
equation of N-particle joint distribution Fu(t, V), V= (V,..., V") on R as

N 1 N 1 N
OFn = div, {N > alV = V)VuFu— 5 > bV - VI)FN}
i=1 j=1 j=1

where the initial value is fully tensorized as Fy(0) = £".



Entropic Propagation of Chaos

Theorem (Carrillo, Feng, Guo, Jabin and W. ('26))

For any T > 0, we assume that classical solution f € C1([0, T],C2(R9)) solves the
Landau equation with f> 0 and the conservation laws. Assume that the initial
data fy € C2(RY) and there exists some positive constants Cy, C; and C3 such
that fy satisfies the Gaussian-type bound from above that

fo(v) < Grexp(— G v?),

and the logarithm growth conditions
[Viog fo(v)| < G(1+|vl), [VZlogfo(v)| < Go(1+ |vf?).

Then for any entropy solution of the Liouville equation, we have the following
estimate

Cr

Hu(Fnlfv)(t) < Hn(Fnlfv)(0) + TN




Sequential Interacting Diffusions

We investigate a non-exchangeable system where particle i interacts only with its
predecessors {1,

..,i—1}. This model was firstly introduced by Du-Jiang-Li
('23+4) .

@ The Sequential System: For i > 2:

dX; = (b(t. X}) + (K% ui)(X)) dt + 0B,

where pi=! = = ZJ.<,.6X,; is the empirical measure of predecessors

@ The Limit (McKean-Vlasov):
dj(t = (b(t, Xt) + (K* pt)(yt)) dt+ O'dBt7

where 7, = L(X;) and (Kxv)(x) == [pa K(x, y)r(dy).

Goal: Quantify the convergence of the i~th particle to the limit as i — oo



Path-space Formulation and Incremental Relative Entropy

For t € [0, T], set C; := ([0, t]; RY) and define path laws
'b[o,t] = ‘C()_([O,t]) € P(Ct)a [0 t] - E(( : aXi)[O,t]) € P(Ci)-

Theorem (W. & Zhao ('26+))

For the sequential interacting diffusion before, we assume that the drift term and
the interaction term are both bounded and the diffusion coefficient o is a

non-degenerate constant matrix. Then we have the estimates for incremental
relative entropy

Ri(t) := (P [0,

; =2,

Pog © I_D[O,t]) ISh

and the global entropy

Sn(t) = ( (0,4

P ]) log N.




Modulated (Free) Energy

Now we focus on gradient flows, i.e. K= —V V. To show the mean field
limit/propagation of chaos for (IPS) with more singular interactions, Relative
Entropy Method itself is not enough.

The modulated energy method introduced by Serfaty (with an appendix with
Duerinckx) ('20) ) can treat more singular (Coulomb, Riesz potentials+ possible
perturbation!) interactions for deterministic flows.

In Bresch-Jabin-W. ('23), we put relative entropy and modulated energy together
to form a modulated free energy as

En(FnlfN) = Hu(Ful M) + Kn(Fnl V),

with
1

Ka(Fal) = By [ Vo 0 = i) (dnat) — )}

See also the 2D Coulomb gas with additive noises on the whole space in
Cai-Feng-Gong-W. ('24+).



Derivation of the Patlak-Keller-Segel System

Take K= —VVand V= Alog|x| + Ve(x) where A > 0. Then (MFD) is the
famous Patlak-Keller-Segel (PKS) model, which is one of the first models of
chemotaxis for micro-organisms. Note that in 2D, Vis the attractive Poisson
potential.

Theorem (Bresch, Jabin & W. ('23))

Given the potential V and K= —V V. Assume that py € L*°(0, T; L}(NN)) is an
entropy solution to the Liouville equation, with initial condition that

pn(0) = p®N(0). Assume that p € L>(0, T; W2>(N9)) solves (MFD) with

inf p > 0. Assume further that A < 2do. Then there exists a constant C > 0 and
an exponent 6 > 0, independent of N, such that for any fixed k,

_ Ck1/2
POk

lonx — | Lo (0, o1 (k) < N

The optimal constant 4o in 2D corresponds to the critical mass 8w for which we
have blow-up in finite time for PKS. (Blanchet,Dolbeault and Perthame ('06)).



Strategies

@ The modulated free energy Ey “effectively” control the distance between ppy

and py. Goal:
1

C
En(ponlin) > = o) — .
n(onlon) = Hnlpnlon) = 5

@ Control %EN above by Ey or Hy or Ky + C/N°. The PKS case is okay by

the previous large deviation estimates, since now for |V V(x)| < C/|x|.

@ For more singular kernels, we need to establish that

o [ dpw / YV ) (@) — () (dun — )2
nav xFy

< CRn(pnlpn) + CH(pnlpn) + e(N),

where g(N) — 0 as N — occ.



The Fluctuation Measures

We define the fluctuation measure as n"(t) = v/N(un — p). Consider (IPS) with
ony =0 > 0. Then by Ito's formula, one has

(', @) = (ohp, ) det + K'(p) dt + —— Z V(X - dB,

where the interaction term is given by
KY(p) = VNV, unK * iy — pK s p).
By direct computations, one has
VN(unK * pn — 5K * p)

1
=pK % nN + VK p+ —=n"KxnV.

VN



The Limiting SPDE

Formal computations indicates that the expected limit equation for the
fluctuation measures should be

O = oAn =V - (5K *n) =V - (nK* p) = V20V - (Vi) , (SPDE)

where £ is a space-time noise on RT x T9, i.e. a family of centered Gaussian
random variables.

We use the martingale solution to the previous SPDE. In short, we call (1.) a
martingale solution to the SPDE on some stochastic basis (2, F, (F;),P), if pis a
continuous (F;)—adapted process in C([0, T], H=22) N L2([0, T], H~%),

Vo > d/2, a.s. and for any test function ¢ € C>°(MN9) and for any t € [0, T],

t

t
<"7t799>_<770>§0>:/0 <0A<p,n>d5+/0 (Vo, pKx 141K * p) + M¢(p),

where M;(¢) is a continuous adapted centered Gaussian process with values in
H=*=1 for each o > d/2.



Assumptions

Our analysis build on our previous work (Jabin & W. ('18)). We make the
following assumptions.

@ (A1)-CLT for initial values. There exists g, which belongs to the space of
tempered distributions, such that the sequence {776"},\/21 converges in
distribution to 79 in S’(MN9).

@ (A2)-Regularity for the kernel. The kernel K is either bounded or can be
made bounded upon symmetrization. (Include the Biot-Savart law.)

@ (A3) -The optimal convergence rate in Jabin and W. ("18). That is
Hu(ponlpn) < §-

@ (A4) - The regularity of the mean-field PDE. There exists § > d/2, s.t.
p e (o, 7, ¢’(n?))



Gaussian Fluctuations

Theorem (W., Zhao, Zhu ('23))

Under assumptions (A1)-(A4), the sequence n converges in distribution to 7 in
the space L2([0, T], H=*) N C([0, T], H=“~2) for every o > d/2, where 1 is the
unique (in distribution) martingale solution to the SPDE.

Note that here the regularity « > d/2 is optimal (rewriting the SPDE in mild
form and study the stochastic part by Kolmogorov's theorem, then applying
Schauder estimates).

A general result before requires that K € C%?+2 by Fernandez and Méléard ('97).
Our limit (7).) is characterized by a generalized Ornstein-Uhlenbeck process.

We can treat the general case oy — o > 0 but with oy — o] = O(1/N) as well,
but the assumption for the mean-field law p should be modified.



New Large Deviation Type Estimate

Theorem (W., Zhao, Zhu ('23))
For any probability measure j on a Polish space S(= N?). Assume further that
¢ € L>=(S?) with ||¢||.~ is small enough, and that
[ 796 ) axcdy = .
Then
SUP/ PPN exp (NI(¢, pw @ p)[?) XV < € < oo,
SN

N>2

This estimate can be rewritten as the following form

sup/ 7N exp (nN\(h, u? p®2>|2) dXN < € < co.
N>2 J sy



Uniform Estimates for n"
To go through the standard procedure (1. Tightness; 2. Identifying the limit;3.
The well-posedness of the limiting SPDE), we need

@ For any a > d/2, for any t € [0, T], one has

Ellun(t) = pellfw S (Halonlow)(6) + %),

@ Assuming that |[x]K € L* and K is anti-symmetric. Assume that
a > 2+ d/2, then

1

E|[V - (unK s i = 5K Pl Ie S (Mnlonln) () + 5 )

@ For any ¢ € WA one has

E| (6. (ow — 2K un— )| < (Haondn) + 1,).



Entropy-dissipation Informed PDE Solver

This part is based on the following two papers.

@ Shen, Z., Wang, Z., Kale, S., Ribeiro, A., Karbasi, A. and Hassani, H., 2022,
June. Self-consistency of the fokker planck equation. In Conference on
Learning Theory (pp. 817-841). PMLR.

@ Shen, Z. and Wang, Z., 2023. Entropy-dissipation Informed Neural Network
for McKean-Vlasov Type PDEs. arXiv preprint arXiv:2303.11205. NeurlPS
2023.

Our goal is to solve the Cauchy problem of the PDE of the continuity type, which
describes the evolution of a density function p;. For instance let us assume that

Ocpr + diVx(ﬁt-A[ﬁt]) =0, ﬁ|t:0 = po-

Initially, we can guess a velocity field f= f{t, x; #). With this velocity field and
initial data, one can compute the flow generated by f, say X?, and then the
computed density p?.



Entropy-dissipation Informed PDE Solver continued

One can then cook up the following loss function on the time interval [0, T] based
on the self-consistency structure of the continuity equation, i.e.

//\f(txe — AL gl () d

Then for many important cases, for instance the linear Fokker-Planck case, 2D
Navier-Stokes cases and the McKean-Vlasov equation case in general, one has the
following estimate

s[upﬂ/ Py Iogp—t < CR(# C/ dt/ dpo(x)|f(t, X(t, x); )—A[P?(X(t, ))‘2
te[o,



The Kinetic Landau Equation

We recall the (full) kinetic (Fokker-Planck-) Landau equation as
Of+v-Vf+F-V,f=Quff), t>0,xcQcRYveR
where f= f{t, x, v) denotes the probability density, F is an exterior force and can

be chosen to be self-consistent for instance as K, pf, and the Landau collision
operator is defined as

Qurn) = aiv,( [ alv AV - AT ] v )

where d > 2, and a is a (semi-positive-definite) matrix given by

zZR z
a(2) = |22 (Iy — P ), vE€[-d-11].

Note that d = 3,y = —3 corresponds to the Coulomb interactions. Maxwellian
molecules: v = 0; Hard potential: v € (0, 1]; Soft potential: v € (—3,0).



Derivation of the Landau Equation

The well-posedness of the kinetic Landau equation is quite less developed. But
now the well-posedness of the spatially homogeneous Landau equation is quite
well-understood, thanks to the recent breakthrough in Guillen-Silvestre (Acta,
'25).  For instance, given initial data with finite Fisher information, the spatially
homogeneous Landau equation admits a unique classical solution.

There are several different approaches to derive (approximate) the Landau
equation.

@ Taking the grazing limit of the corresponding Boltzmann equation. See
Ling-Bing He & Yu-Long Zhou (ARMA, '21).

@ Taking the weakly coupling limit of from a Newton’s dynamics. In this
direction, the result is quite limited. See Boblylev-Pulvirenti-Saffirio (CMP
'13). There is no short time convergence result as Lanford's theorem for
Boltzmann, not even the long time one as Deng-Hani-Ma.

@ From Kac's N—particle model to the spatially homogeneous Landau
equation, i.e. Kac's program. See Feng-Wang ('25 +) , Tabary ('25+) .



Goal and Setting

@ We consider N-particle stochastic systems with Coulomb interactions
leading, in the mean-field limit, to the spatially homogeneous Landau
equation.

@ Compared to classical mean-field limits (first-/second-order McKean—Vlasov
SDEs), the Landau case is substantially harder:

e the diffusion matrix is distribution-dependent;
e it is also degenerate and singular (Coulomb singularity).

@ The standard BBGKY hierarchy approach is ill-adapted: the degenerate
dissipation does not control higher-order derivatives in the hierarchy.

@ Our strategy: use the duality approach of Bresch—Duerinckx—Jabin
(BDJ)('24+) and adapt it to the Landau master equation with Coulomb
interactions.



The Landau Equation with Coulomb Interactions

Recall that the spatially homogeneous Landau equation in R? with Coulomb
interactions

5= 0= [ austv— v (1) G2 - 0 0 Y,

8Vg 8v*ﬁ

where t > 0 and v € R?. The coefficient matrix is given by

_ . ZaZ,
(2) = 1 (Map@as,  with Nas(z) = das = 727

The Landau-Coulomb equation also conserves the total mass, momentum and
kinetic energy of the gas. We can also rewrite the Landau equation in a compact
formulation as

Bef =V - [(a% HVF— (b N,

with the vector field b=V - a(z) = —2z/|z3.



Kac's Model for the Landau-Coulomb Equation

Consider the Kac's model given by the following SDEs

R R V2L
=1 =
where Z/ = BY = — 7" fori< jand 00| = a.

We use the convention that a(0) = 0 and b(0) = 0 to omit the notation i # .
Applying It6's formula, we can derive the Liouville equation of N-particle joint
distribution Fy(t, V), V= (\},..., V") on R as

N
0= 50 D (T = F) - (V= V) (Vo = V) ).
i=1

where the initial value is fully tensorized as Fy(0) = £V,
The equation for Fy is exactly the lifted one of fto dimension N, in the same
spirit as in Guillen-Silvestre ('25).



Propagation of Chaos

Theorem (Feng and W. ('26) )

Let fy € L1 N L>°(R3) be some probability density function satisfying the
normalized conditions. Let Fy € L*([0, T]; L N L>°(R3N)) be the unique
bounded weak solution to the Liouville equation with initial data fy". Let

fe C1((0,0); S(R?)) N L>([0, 00); LX N L>°(R3)) be the unique bounded smooth
solution to the Landau equation with initial data f,.

Assume that fy has finite weighted Fisher information and high-order L* moment:

/ (V)3 V log fo|*fo dv < oo, [foll, < oo for some m > 6.
R3

Then for any T > 0, we have the propagation of chaos: for any k > 1, the
k-marginal Fy i converges weakly to f2k as N — oo on [0, T] x R3X.

Remark

Weak convergence can be improved to be convergence in Wasserstein sense. One
can also obtain entropic propagation of chaos and propagation of chaos in L.




Basics of the Duality Method

For any fixed time 7 > 0 and fixed k € Z™, and for any test function
€ C(R3), we construct the corresponding backward dual Kolmogorov equation
1 L o
00N = =55 > (V= V) - (a(V = V) - (Vo = V).

ij=1

with the symmetric final data

On(T M) = (G D0 (V) p(vVh).

1<ip<---<ix <N

Motivation: Study the evolution of observables instead of the joint law. Now &y
is an observable along the particle trajectory. Propagation of Kac's chaos is
encoded in appropriate limits of expectations involving ®y. See
Bresch-Duerinckx-Jabin ('244).



The Duality Method

By direct computations,

[ Fuame = [ amehees
R3k R3k

_ / Fu(TYON(T) — / AT)ENON(T)  (Symmetry)
R3N

:/uw /f(T)®’Vd>NT)— //waf(tm%

Using the equations, the right-hand side can be re-written as (up to a small error)

/oT/RaN NV, )Ny d,

where
2
Vv, w) = — a(v—w) : (VTf(v) — Viog {v) ® V log f(w))
— b(v—w) - (Vlog fiv) — Vlog w))

+axflv): v—ff(v) —cx flv).



Further Discussion

1 Propagation of Chaos: Uniform-in-time estimates in particular for kinetic
Vlasov equations (Gong, W. and Xie ('24+)); Derivation of
Vlasov-Poisson/Landau. The underlying space for the velocity variable is on
the whole space.

2 (Path/dynamical) Large deviation principles for kinetic theories (Boltzmann,
Landau, Vlasov-Poisson, 2D Euler equation...).

3 Quantify the convergence from Kac's model to the (spatially homogeneous)
Landau equation. This will be useful to numerical analysis (See in particular
Kai Du and Lei Li ('244)).
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