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Outline of today's talk

@ Challenges formalising analysis
© ODEs and PDEs in mathlib
© A glimpse of PDEs

@ Sobolev spaces
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Challenges formalising analysis
@000

Is formalising analysis harder than algebra?

Mathlib's coverage in algebra and category theory is further than analysis
and geometry
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Carleson project formalised harmonic analysis research in near-real time
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Challenges formalising analysis
@000

Is formalising analysis harder than algebra?

Mathlib's coverage in algebra and category theory is further than analysis
and geometry

No fundamental technical reason:
sphere eversion formalised highly unintuitive results (h-principles),
Carleson project formalised harmonic analysis research in near-real time

Sociological reason: fewer experts means less material
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Challenges formalising analysis
[e] Tele}

Challenges formalising analysis

@ techniques, not just theorems — several versions;
abstraction can help

@ invisible mathematics: different kinds of integrals
(e.g. Lebesgue vs. Bochner)

@ invisible mathematics: coercions and working with real numbers

@ more domain-specific tactics needed
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Challenges formalising analysis
[e]e] e}

Three kinds of real numbers under the sky

Real: real numbers
good tactic support (ring, linarith, field_simp, norm_num)

NNReal: non-negative real numbers — encodes positivity condition
worse tactic support: ring and norm_num work less well

ENNReal: extended non-negative real numbers

natural for taking Lebesgue integrals or suprema; sometimes necessary
even worse tactic support (no linarith or field_simp, ring and
norm_num worse)

Conversions are painful: norm_cast helps for coercions (e.g. to Real);
other direction requires additional side conditions
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Challenges formalising analysis
[e]e]e] ]

One type to rule them all

Carleson take-away: work with ENNReal when you can!
new enorm abstraction to support this
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Challenges formalising analysis
[e]e]e] ]

One type to rule them all

Carleson take-away: work with ENNReal when you can!
new enorm abstraction to support this

Project ideas for this week: two tactics for mortal men

@ numerical expressions in ENNReal, e.g.
3

£45— 1260043 =00, 34 b4 d—1,870 (i D)= 167
@ take an ENNReal calculation (with variables) and lift to R>p or R
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ODEs and PDEs in mathlib
[ leJe]e]

ODEs in mathlib

Gronwall's lemma (in forward time)

Picard—Lindel6f theorem: existence and uniqueness of solutions to an initial
value problem (under Lipschitz conditions)

smooth dependence on coefficients and initial conditions: in progress
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ODEs in mathlib

Gronwall's lemma (in forward time)

Picard—Lindel6f theorem: existence and uniqueness of solutions to an initial
value problem (under Lipschitz conditions)

smooth dependence on coefficients and initial conditions: in progress

manifold theory (integral curves, flows of vector fields)
mostly done/under review

global existence (under suitable conditions) in progress
see Winston Yin's talk
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ODEs and PDEs in mathlib
[e] Te]e]

ODEs in mathlib: what's missing

clean up and merge PRs on manifold theory;
complete smooth dependence on initial conditions

Cauchy—Kovalevskaya problem (existence and uniqueness of analytic
solutions to an analytic PDE)

study concrete ODEs

numerical analysis and computations
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ODEs and PDEs in mathlib
[e]e] o]

F(D*u(x), D" tu(x), ..., u(x),x) =0

Does Mathlib know about technique X to prove property Y of PDEs of type
Z?
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ODEs and PDEs in mathlib
[e]e] o]

F(D*u(x), D" tu(x), ..., u(x),x) =0

Does Mathlib know about technique X to prove property Y of PDEs of type
Z?

No.

But it could, and we are possibly not far from it.
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ODEs and PDEs in mathlib
[e]e]e] ]

What we have

No PDE file in Mathlib, but...

Differential calculus: derivatives, Hessian, Taylor series, C", etc.
Probably all you need to state a PDE

Integrals

Sobolev inequality

classical and tempered distributions

No Sobolev spaces (it's being worked on).

Easily doable: verify the fundamental solution of the Heat equation

Verifying the wave equation needs some form of Stokes' theorem
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Some PDE theory
@0000

PDE theory: what do we want?

PDEs are a bit like in Tolstoi's Anna Karenina
All happy families are alike; each unhappy family is unhappy in its
own way.

There is no general theory of solvability of all PDEs: instead focus on
families of PDEs and particular PDEs

Good first target: elliptic PDEs and their regularity theory
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Some PDE theory
(o] lele]e]

The (not so) discreet charm of weak solutions

well-posedness depends on your notion of solutions

classical solution of n-th order PDE must be C"
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Some PDE theory
(o] lele]e]

The (not so) discreet charm of weak solutions

well-posedness depends on your notion of solutions
classical solution of n-th order PDE must be C"

weak solution: relaxed regularity requirements;
PDE is re-interpreted using weak derivatives

regularity estimates: must weak solutions in fact be e.g. classical solutions?

goal: find a suitable function space to study weak solutions
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Some PDE theory
00e00

An idea of elliptic regularity estimates

elliptic PDEs include the Laplace Poisson and Cauchy—Riemann equation
Laplace equation Au = Z @ =0 for u: E — R withdimE =n
Poisson equation Au = f

Fact: weak solutions to Au = 0 (harmonic functions) are analytic!
Fact: if f € CK (k > 2), then Au = f implies u € C*

A similar principle applies to e.g. the Cauchy—Riemann equation.
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Some PDE theory
000eo

Case study: elliptic regularity in differential geometry

and global analysis

holomorphic curves are a major technical tool to study symplectic
manifolds

smooth map u: ¥ — M with du complex-linear, where (M, w) symplectic
manifold, ¥ Riemann surface, J (almost) complex structure on M
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Case study: elliptic regularity in differential geometry

and global analysis

holomorphic curves are a major technical tool to study symplectic
manifolds

smooth map u: ¥ — M with du complex-linear, where (M, w) symplectic
manifold, ¥ Riemann surface, J (almost) complex structure on M

characterised by the Cauchy—Riemann equation dsu + J(u) o Oru =0
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Some PDE theory
000eo

Case study: elliptic regularity in differential geometry

and global analysis

holomorphic curves are a major technical tool to study symplectic
manifolds

smooth map u: ¥ — M with du complex-linear, where (M, w) symplectic
manifold, ¥ Riemann surface, J (almost) complex structure on M

characterised by the Cauchy—Riemann equation dsu + J(u) o Oru =0

moduli space M(J) of curves with prescribed geometric data encodes
geometric information

implicit function theorem shows M(J) C C*(X, M) is a smooth manifold
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Some PDE theory
000eo

Case study: elliptic regularity in differential geometry

and global analysis

holomorphic curves are a major technical tool to study symplectic
manifolds

smooth map u: ¥ — M with du complex-linear, where (M, w) symplectic
manifold, ¥ Riemann surface, J (almost) complex structure on M

characterised by the Cauchy—Riemann equation dsu + J(u) o Oru =0

moduli space M(J) of curves with prescribed geometric data encodes
geometric information

implicit function theorem shows M(J) C C*(X, M) is a smooth manifold
Trouble: C*°(X, M) is only a Fréchet manifold, not Banach

Solution: consider weak solutions in CX(X, M) or Sobolev spaces
WHkP(L, M) (for kp > 2)
Elliptic regularity proves the solution sets are the same.
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Some PDE theory
[ee]e]e] ]

Sobolev spaces: a suitable space for studying weak solutions

X measure space, E finite-dimensional real normed space, 1 < p < oo

Lebesgue space

LP(X) :={f: X — E measurable | [}|f(x)|Pdx < c0}/ae. equivalence
is Banach, reflexive, dual space (LP(X))* = L9(X) where % + % =1
drawback: cannot speak about derivatives
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Sobolev spaces: a suitable space for studying weak solutions

X measure space, E finite-dimensional real normed space, 1 < p < oo

Lebesgue space

LP(X) :={f: X — E measurable | [}|f(x)|Pdx < c0}/ae. equivalence
is Banach, reflexive, dual space (LP(X))* = L9(X) where % + % =1
drawback: cannot speak about derivatives

Ck(X) is a Banach space, but bad dual space
fractional version: Holder space C*®(X), still too strong for weak solutions
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Some PDE theory
[ee]e]e] ]

Sobolev spaces: a suitable space for studying weak solutions

X measure space, E finite-dimensional real normed space, 1 < p < oo

Lebesgue space

LP(X) :={f: X — E measurable | [}|f(x)|Pdx < c0}/ae. equivalence
is Banach, reflexive, dual space (LP(X))* = L9(X) where % + % =1
drawback: cannot speak about derivatives

Ck(X) is a Banach space, but bad dual space
fractional version: Holder space C*®(X), still too strong for weak solutions

Sobolev space
WkP(X) :={f € LP(X) | f has k weak derivatives, each in LP(X)}
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Sobolev spaces
00000000000

Two kinds of Sobolev spaces

X measure space, E real normed space, Q2 C X, pe N, ke N, seR

WkP(Q) :={f: X = E | fla € LP(Q) has k weak derivatives in LP(Q)}
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Sobolev spaces
00000000000

Two kinds of Sobolev spaces

X measure space, E real normed space, R C X, pe N, ke N, se R

WkP(Q) :={f: X = E | fla € LP(Q) has k weak derivatives in LP(Q)}

Sobolev—Slobodeckij spaces

W=P(Q) := {f € WIIP(Q) | SUP|q|=[s| | D*flls—|s),p.0 < 00}, where
||-[l6,p, is the Slobodeckij seminorm (analogous to Hélder seminorm)
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Sobolev spaces
0@000000000

Two kinds of Sobolev spaces

X measure space, E real normed space, Q. C X, pe N, sc R, 0 =5 — |s]|

Sobolev-Slobodeckij spaces
WP(Q) := {f € WIP(Q) | supjy—s)[ID*fllop < 00}, where |-[lg,.0
is the Slobodeckij seminorm (analogous to Hélder seminorm)

Fact: forl < p<oo, keN
WrP(R™) = {f: R? — £ | F1|(1+ [¢)/2Ff] € LP(Q)}

Bessel potential spaces are defined using Fourier multipliers
HoP(Q) = {f € S'(Q) | F~1[(1+[¢2)*/2Ff] € ()}
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Sobolev spaces
0@000000000

Two kinds of Sobolev spaces

X measure space, E real normed space, Q. C X, pe N, sc R, 0 =5 — |s]|

Sobolev-Slobodeckij spaces
WP(Q) := {f € WIP(Q) | supjy—s)[ID*fllop < 00}, where |-[lg,.0
is the Slobodeckij seminorm (analogous to Hélder seminorm)

Fact: forl < p<oo, keN
WrP(R™) = {f: R? — £ | F1|(1+ [¢)/2Ff] € LP(Q)}

Bessel potential spaces are defined using Fourier multipliers
HoP(Q) = {f € S'(Q) | F~1[(1+[¢2)*/2Ff] € ()}

Fact. If Q has Lipschitz boundary, W52(Q) = H*2(Q) (otherwise only D)
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Sobolev spaces
00000000000

Classical distributions

space of test functions
G5 (Q2) = {f € C*(2,R) | f|, is smooth,supp f is compact}
distributions allow integrating test functions: D’(Q) = ((§°(2))*

Examples:
f e Ll () induces [f] € D'(2, F) by ¢ — [ F(x)é(x)dx (regular)

loc

Dirac delta distribution ¢: ¢ — ¢(0) (not regular)
tempered distributions are similar: test against all Schwartz functions

vector-valued classical distributions: details omitted (see Dedecker's talk)
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Sobolev spaces
00000000000

Weak derivatives

X measure space, 2 C X, E real normed space; a multi-index

If  has classical derivative f/, then [ f D%¢ = (=1)l*l [ D*f ¢ for all
fe G3P((R)
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Weak derivatives

X measure space, 2 C X, E real normed space; a multi-index

If  has classical derivative f/, then [ f D%¢ = (=1)l*l [ D*f ¢ for all
fe G3P((R)

The above formula makes sense for distributions also: T € D’(Q2) has weak
derivative D*T if T(D%¢) = (—1)l*/(D*T)¢ for all ¢ € C5°(Q)
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Sobolev spaces
00000000000

Weak derivatives

X measure space, 2 C X, E real normed space; a multi-index

If  has classical derivative f/, then [ f D%¢ = (=1)l*l [ D*f ¢ for all
fe G3P((R)

The above formula makes sense for distributions also: T € D’(Q2) has weak
derivative D*T if T(D%¢) = (—1)l*/(D*T)¢ for all ¢ € C5°(Q)

Sobolev space: f € LP(Q) lies in WP(Q) if each weak derivative D*f of
[f] on Q is regular and induced by an LP function
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Sobolev spaces
0000e000000

Properties of Sobolev spaces

WkP(Q) is Banach for p > 1; WOP(Q) = LP(Q)

C$°(R) € WkP(Q) is dense
natural inclusions WP < WkP for k < |

intuition: £ € WP has k — g continuous derivatives
Sobolev embedding theorem: if k > m, p < q and k — % >m— g, there is

a continuous inclusion W*P(Q) — Wm™9(Q)

Rellich—Kondrachov compactness: if kp > n, k — g <1 and g € [0,00), the
inclusion WAT4P(Q) — WkP(Q) is compact

Banach algebra property: kp > n and e.g. Q open bounded with
smooth boundary, then ||uv||\yre < ||ullwre||VIwke
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Sobolev spaces
00000@00000

Formalisation of Sobolev spaces: general considerations

Joint with Filippo Nuccio and Floris van Doorn; building on formalisation of
distributions

Lesson from Carleson project: prefer working with unbundled unquotiented
functions MemSobolev f over £ : SobolevSpace since

o (f+ g)(x) = f(x)+ g(x) for all x

@ the former is more general (enormed spaces)
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Sobolev spaces
0000000000

Overview of formalisation status

o distributions prerequisites virtually merged now

@ 400 lines merged; 1200 in progress
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Sobolev spaces
0000000000

Overview of formalisation status

distributions prerequisites virtually merged now

400 lines merged; 1200 in progress

basic definitions (weak derivatives, MemSobolev, Sobolev space)
Sobolev norm; MemSobolev iff finite Sobolev norm
monotonicity in k and (if Q is bounded) in ‘p’

relation W%P and LP; relation Wk+1:P and Wkr

C* functions are Sobolev

next steps:

completeness, separability, uniform convexity
smooth functions are dense

deduce the Sobolev embedding theorem
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Sobolev spaces
0000000e000

Formalisation considerations: Sobolev norm

Sobolev norm: want MemSobolev iff finite Sobolev norm

can we make this true for interesting reasons?
[l wirre := [|f]lLe + || DFf|| yx.r does not work because of junk values

note that MemLp f is not equivalent to finite eLpNorm (fix in progress)
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Sobolev spaces
00000000800

Formalisation considerations: weak derivatives

weakDeriv: weak derivative of a function (as a distribution); junk value 0
if not locally integrable

HasWeakDeriv in analogy to hasFDeriv
structure with local integrability condition included

wderiv: weak derivative as a function; 0 if not exists; 0 if one possible value
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Sobolev spaces
00000000080

Formalisation considerations: definition of Sobolev spaces

setting so far: WHP(Q, F) for E, F finite-dimensional real normed spaces,
Q C E open, ke N

different definitions have different trade-offs, one example:
inductive definition for k = 0,1, > 2 — runs into universe issues

E —[r) F has maximal universe of E and F,

while 0-ary function has universe of F

previously, fderiv had the same issue,

composition of C” functions restricted to same universe as first step
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Sobolev spaces
0000000000 e

Summary

© The time has come for PDE theory in mathlib.
@ Elliptic PDEs and their regularity are a useful target

© Sobolev spaces are a natural domain for studying weak solutions of
PDEs, and can be formalised!
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Summary

© The time has come for PDE theory in mathlib.
@ Elliptic PDEs and their regularity are a useful target

© Sobolev spaces are a natural domain for studying weak solutions of
PDEs, and can be formalised!

Thanks for listening! Any questions?
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