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I. Background and motivation



The (analytic) index and deformations (1/2)

Consider the eigenvalue problem for i∂x on the circle:

For λ ∈ C let Dλ, acting on functions S1 → C, be:

Dλ = i∂x − λ.

What is dim kerDλ?
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The (analytic) index and deformations (2/2)

Regard f : S1 → C as f : R → C with period 2π and calculate:

f ∈ kerDλ ⇐⇒ ∂x f = −iλf

⇐⇒ f (x) = Ce−iλx

Periodicity only possible if λ ∈ Z or C = 0. So dim kerDλ is:

However:

Ind(Dλ) = dim kerDλ − dim cokerDλ

constant. General result for Fredholm operators.
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The topological index (1/2)

First jet bundle of a vector bundle E :

0 → T ∗ ⊗ E → J1(E ) → E → 0

Linear first order differential operator is morphism:

D : J1(E ) → F

The principal symbol is the restriction:

σD : T ∗ ⊗ E → F

or equivalently:

σD : T ∗ → Hom(E ,F )

Ellipticity means σD(ξ) is an equivalence Ex ≃ Fx whenever ξ ̸= 0.
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The topological index (2/2)

Pull back to T ∗, get element of the relative K -theory:

[σD ] ∈ K (T ∗,T ∗ \ 0)

If base is compact, get element of compactly-supported K -theory:

[σD ] ∈ Kc(T
∗)

Associated to the map:

T ∗ → pt

there is a wrong-way map:

Kc(T
∗) → Kc(pt) ≃ Z

This is the topological index. (Similar definition for higher order.)
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The Atiyah-Singer Index Theorem

For an elliptic differential operator D on a smooth, closed oriented
manifold, the analytic index equals the topological index:

IndA(D) = IndT (D).

(Also many, many generalisations.)
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Examples and applications (1/4)

Given a compact oriented smooth manifold M, choose a
Riemannian metric and define the de Rham operator:

D = d + d∗ : Ωeven → Ωodd

Get:

χ = e(TM)[M]

(Gauss-Bonnet-Chern)

Using Chern-Weil theory: e(TM)[M] = 1
(2π)n/2

∫
Pf (K ).
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Examples and applications (2/4)

Signature operator for compact oriented 4k-dimensional smooth
manifold:

D = d + d∗ : Ω+ → Ω−

Get:

s = L(TM)[M]

(Hirzebruch signature theorem)

E.g., for complex surface this gives s = (c21 − 2c2)/3.

E.g., for K3 we easily get s = −16 from just χ = 24.
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Examples and applications (3/4)

Given compact complex manifold M and holomorphic vector
bundle V , choose Hermitian metrics on TM and V and define
Dolbeault operator:

D = ∂̄ + ∂̄∗ : Ω0,even(V ) → Ω0,odd(V )

Get: ∑
(−1)khk(V ) = Td(TM)ch(V )[M]

(Hirzebruch-Riemann-Roch, except no algebraic assumption)
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Examples and applications (4/4)

Many more, including:

• integrality of Â for smooth spin manifold

• Rokhlin’s theorem (cf Freedman’s E8 manifold!)

• Lichnerowicz theorem (Â obstructs positive scalar curvature)

• Dimension of self-dual instantons (non-linear equations!)

• ...
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• integrality of Â for smooth spin manifold

• Rokhlin’s theorem (cf Freedman’s E8 manifold!)

• Lichnerowicz theorem (Â obstructs positive scalar curvature)

• Dimension of self-dual instantons (non-linear equations!)

• ...



II. Proof via heat equation



The Dirac operator

Using data:

• Oriented even-dimensional Riemannian manifold M

• Hermitian vector bundles S± carrying fiberwise representation
of Clifford algebra of TM

• Connections on S±

Subject to compatibility conditions on this data, define:

D± : C∞(S±) → C∞(T ∗ ⊗ S±) → C∞(T ⊗ S±) → C∞(S∓)

Sufficient to prove the index theorem for Dirac operators.
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Heat equation proof (1/4)
To calculate:

IndA = dimkerD+ − dim kerD−

introduce the Laplacians:

∆± = D±D∓ : C∞(S±) → C∞(S±)

and note:

kerD± = ker∆±

Brilliant idea: don’t just study ∆±u = 0, study the heat equation:

∆±ut = −∂tut

Thus, using functional calculus, consider the operators:

e−t∆± : C∞(S±) → C∞(S±)
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Heat equation proof (2/4)

Observe McKean-Singer trace formula:

IndA = Tr(e−t∆+)− Tr(e−t∆−)

Note that LHS is independent of t.

Choose kernels kt± ∈ C∞(M ×M,End(S±)) so that:

(e−t∆±u)(x) =

∫
kt±(x , y)u(y)vol(y)

And so obtain:

IndA =

∫ [
tr(kt+(x , x))− tr(kt−(x , x))

]
vol(x)
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Heat equation proof (3/4)

Using the Euclidean heat kernel (Fourier, c.1822):

ht(x , y) =
1

(4πt)n/2
exp(−d(x , y)2/4t)

construct asymptotic expansions:

kt± ∼ ht(Θ
±
0 + tΘ±

1 + t2Θ±
2 + · · · )

Easy to calculate:

Θ±
0 (x , x) = ±1

Θ±
1 (x , x) = curvature terms

but hard / impossible to calculate higher Θ±
i in general.
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Heat equation proof (4/4)

By independence of t:

IndA =
1

(4π)n/2

∫ (
tr Θ+

n/2 − tr Θ−
n/2

)
vol

For n = 2 and formula for Θ±
1 we easily get Gauss-Bonnet (and

presumably classical Riemann-Roch).

In higher dimensions, calculate integrand using a delicate, mostly
algebraic, Getzler calculus argument.

Along the way we need a fundamental solution for the one-dim
(quantum) Harmonic oscillator

∂2
xu − a2x2u = ∂tu

(on non-compact space R).
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III. Analysis wish list



What can the analysts do for us?

• Fredholm operators

• Sobolev spaces

• Elliptic operators

• Spectral theorem, functional calculus, unbounded operators,
existence of kernels

• Theory of trace-class operators

• Asymptotic expansions

• One-dimensional quantum harmonic oscillator
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Fredholm operators

• Currently missing from Mathlib but ripe for addition

• Anatole Dedecker has a plan! https://github.com/
leanprover-community/mathlib4/issues/38460

• Test-case API: prove index is locally constant

• Thanks to Bhavik Mehta we already have the Fredholm
alternative (even over the p-adics)

https://github.com/leanprover-community/mathlib4/issues/38460
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alternative (even over the p-adics)
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Sobolev spaces

• Basic definitions recently added to Mathlib

• Moritz Doll has a plan!

• TODO: allow functions on manifolds, sections of bundles

• Choices need to be made for manifold case. Not immediately
obvious (to me) what is best here (e.g., local trivialisations +
POU or existence metrics + connection).

• Sobolev embedding: continuous map Lpk ↪→ Lql (for
appropriate p, q, k , l)

• Rellich’s theorem L2k ↪→ L2l is compact linear map (for l ≤ k)

• What form will Meyers-Serrin theorem take? What about
p = ∞?
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Elliptic operators
• Definition of linear partial differential operator missing.

• Local and global definitions.

• Want both jet bundles (fixed order) and full algebra of linear
partial differential operators with filtration by order:
PDO0(E ,F ) ⊆ PDO1(E ,F ) ⊆ PDO2(E ,F ) ⊆ · · · .

• Definitions of ellipticity, hypoellipticity, analytical
hypoellipticity.

• Gårding’s inequality:

∥v∥k+1 ≤ Ck (∥Dv∥k + ∥v∥k)

(∥ · ∥s is a L2s Sobolev norm).

• Construction of corresponding Fredholm operators on Sobolev
spaces.
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Spectral theorem, functional calculus, unbounded
operators, existence of kernels

• To define exp(−t∆) we needed to know Laplacian had
non-negative discrete spectrum.

• Mathlib actually has quite extensive development of the
continuous functional calculus thanks to work lead by Jireh
Loreaux. (Much stronger than we need.)

• Mathlib has basic theory of unbounded linear operators
(thanks to Moritz Doll).

• Need to know about existence of smooth kernels for f (∆) if f
Schwartz.

• Schwartz kernel theorem + existence of Friedrich’s mollifiers?
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Theory of trace-class operators

• We need a theory of trace-class operators to state the
McKean-Singer formula.

• Currently missing from Mathlib.

• The Hilbert-Schmidt norm for operators between separable
Hilbert spaces.

• Definition of Hilbert-Schmidt operators.

• Definition of trace-class operators.

• Prove: trace-class ⊆ Hilbert-Schmidt ⊆ compact ⊆ bounded.
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Asymptotic expansions

• Currently missing from Mathlib.

• Should support general asymptotic scale and filter but also
provide API to support common specialisations (e.g., t±n for
t → 0 or t → ∞).

• Note that (thanks to Yury Kudryashov, Eric Wieser) Mathlib
has Asymptotics.IsLittleOTVS and
Asymptotics.IsBigOTVS which obviate need to choose a
norm.

• Test ergonomics by proving some classic expansion, e.g., for Γ
function or Ei(t) =

∫∞
t

e−u

u du ∼ e−t
(
1
t −

1
t2

+ 2!
t3

− · · ·
)
.



Asymptotic expansions

• Currently missing from Mathlib.

• Should support general asymptotic scale and filter but also
provide API to support common specialisations (e.g., t±n for
t → 0 or t → ∞).

• Note that (thanks to Yury Kudryashov, Eric Wieser) Mathlib
has Asymptotics.IsLittleOTVS and
Asymptotics.IsBigOTVS which obviate need to choose a
norm.

• Test ergonomics by proving some classic expansion, e.g., for Γ
function or Ei(t) =

∫∞
t

e−u

u du ∼ e−t
(
1
t −

1
t2

+ 2!
t3

− · · ·
)
.



Asymptotic expansions

• Currently missing from Mathlib.

• Should support general asymptotic scale and filter but also
provide API to support common specialisations (e.g., t±n for
t → 0 or t → ∞).

• Note that (thanks to Yury Kudryashov, Eric Wieser) Mathlib
has Asymptotics.IsLittleOTVS and
Asymptotics.IsBigOTVS which obviate need to choose a
norm.

• Test ergonomics by proving some classic expansion, e.g., for Γ
function or Ei(t) =

∫∞
t

e−u

u du ∼ e−t
(
1
t −

1
t2

+ 2!
t3

− · · ·
)
.



Asymptotic expansions

• Currently missing from Mathlib.

• Should support general asymptotic scale and filter but also
provide API to support common specialisations (e.g., t±n for
t → 0 or t → ∞).

• Note that (thanks to Yury Kudryashov, Eric Wieser) Mathlib
has Asymptotics.IsLittleOTVS and
Asymptotics.IsBigOTVS which obviate need to choose a
norm.

• Test ergonomics by proving some classic expansion, e.g., for Γ
function or Ei(t) =

∫∞
t

e−u

u du ∼ e−t
(
1
t −

1
t2

+ 2!
t3

− · · ·
)
.



One-dimensional quantum harmonic oscillator

The form we need is:

∂2
xu − a2x2u = ∂tu

and with solution first obtained by Mehler in 1866 (actually this is
Mehler’s formula with y = 0):√

a

2π sinh(2at)
exp

(
−ax2 coth(2at)

2

)

First step would be to define creation and annihilation operators,
compute commutator relations.

Useful exercise in something more concrete.
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