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AI vs Statistics
Compete or Collaborate?
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Regularization
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Nonparametric Modeling on Functional Data
Gaussian Process (GP): flexible prior on the space of candidate functions

Figure: Top: Gaussian Process Regression; Bottom: GP Priors.

S. Lan | Q-Exponential Processes



4

Modeling Derivatives
Is Gaussian process (GP) optimal?

Figure: Contrasting Q-EP (q = 1.0, middle) with GP (q = 2.0, bottom) against the
truth (top) for modeling function values and derivatives in the Rastrigin example.
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Regularization
with different degrees

q = Inf q = 4 q = 2

q = 1 q = 0.5 q = 0.1
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Bayesian Learning via Q-Exponential Process1

q = Inf q = 4 q = 2

q = 1 q = 0.5 q = 0.1

1Shuyi Li, Michael OConnor and Shiwei Lan*, NIPS2023
S. Lan | Q-Exponential Processes

https://proceedings.neurips.cc/paper_files/paper/2023/hash/e6bfdd58f1326ff821a1b92743963bdf-Abstract-Conference.html
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Regularization on Function Spaces

▶ Regularization is one of the most fundamental topics in optimization,
statistics and machine learning.

▶ To get sparsity in estimating a parameter u ∈ Rd , an ℓq penalty term,
∥u∥q , is usually added to the objective function.

▶ What is the probabilistic distribution corresponding to
such ℓq penalty?

▶ What is the correct stochastic process corresponding to
∥u∥q when we model functions u ∈ Lq?

▶ This is important for statistically modeling high-dimensional objects
such as images, with penalty to preserve certain properties, e.g. edges
in the image.
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Regularization on Function Spaces
literature review

▶ Gaussian process (GP) can be viewed as L2 regularization on function
spaces, sometimes oversmooth [39, 18].

▶ L1 penalty based priors include Laplace random field [36, 28, 20] and
Besov process (BP) [21, 10, 19, 11].

▶ Student-t process [42] and elliptical process [1] with heavy tail are
proposed as alternatives to GP.

▶ We propose the q-exponential process (Q-EP) based on q-exponential
distribution p(u) ∝ exp (− 1

2 |u|
q) for random coefficients of BP.

1. We propose a novel stochastic process Q-EP that includes GP as a
special case (q = 2).

2. Q-EP can be regarded as a probabilistic definition of BP with direct
configuration of correlation and explicit prediction.

3. We provide a white-noise representation for Q-EP prior for efficient
inference.
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Regularization in Image Reconstruction

Figure: Image of satellite. Top: true image, blurred observation, and reconstructions
by GP, Besov and Q-EP models with relative errors 75.19%, 21.94% and 20.35%
respectively. Bottom: MAP estimates by Q-EP with varying q parameters.
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Besov Process and Q-exponential Distribution

▶ Besov process [21, 10] is proposed to impose Lq regularization as an
“edge-preserving" prior (q = 1) for images:

u(x) =
∞∑
ℓ=1

γℓuℓϕℓ(x), uℓ
iid∼ πq(·) ∝ exp (− 1

2
| · |q) (1)

▶ This q-exponential distribution πq(·) is a special case of the
exponential power (EP) distribution EP(µ, σ, q) with µ = 0, σ = 1:

p(u|µ, σ, q) = q

21+1/qσΓ(1/q)
exp

{
− 1

2

∣∣∣∣u− µ

σ

∣∣∣∣q} (2)

▶ When q = 2, this is Gaussian distribution.

▶ When q = 1, this becomes Laplace distribution.

S. Lan | Q-Exponential Processes
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Generalization of Q-exponential Distribution

▶ How can we generalize πq(·) (EP(µ, σ, q)) to a multivariate distribution
and further to a stochastic process?

▶ By the Kolmogorov’ extension theorem [32], one should require
1. exchangeability of the joint distribution, i.e. p(ξ1:J) = p(ξτ(1:J)) for any

finite permutation τ ;
2. consistency of marginalization, i.e. p(ξ1) =

∫
p(ξ1, ξ2)dξ2.

▶ Gomez [14] provided one possibility of a multivariate EP distribution,
denoted as EPd(µ,C, q), with the following density:

p(u|µ,C, q) =
qΓ( d2 )

2Γ( dq )
2−

d
q π− d

2 |C|− 1
2 exp

{
− 1

2

[
(u− µ)TC−1(u− µ)

] q
2

}
(3)

S. Lan | Q-Exponential Processes
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Generalization of Q-exponential Distribution
marginalization consistency

Figure: Inconsistent (Gomez’s) EP distribution EPd(µ, C, q) (left) vs. consistent Q-exponential distribution

q−EDd(µ, C) (right). Both can be sampled using u
d
= µ + RLS with Rq ∼ Γ(α = d

q , β = 1
2 ) and

Rq ∼ Γ
(
α = d

2 , β = 1
2

)
respectively. Note there is significant discrepancy between the marginalization of

EP3(µ, C, q) and EP2(µ, C, q). However, the marginalization of q−ED3(µ, C) coincides with
q−ED2(µ, C). Empirical densities are estimated based on 10000 samples (shown as dots).
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Q-Exponential Process
consistent generalization

Definition
A multivariate q-exponential distribution, denoted as q−EDd(µ,C), has the
following density

p(u|µ,C, q) = q

2
(2π)−

d
2 |C|− 1

2 r(
q
2−1) d2 exp

{
− r

q
2

2

}
,

r(u) = (u− µ)TC−1(u− µ)

(4)

▶ If u ∼ q−EDd(0,C), then we denote u∗ = d
1
2−

1
q u ∼ q−ED∗

d(0,C)
following a scaled q-exponential distribution.

Definition (Q-EP)

A (centered) q-exponential process u(x) with kernel C, q−EP(0, C), is a
collection of random variables such that any finite set,
u = (u(x1), · · · u(xN)), follows a scaled multivariate q-exponential
distribution, i.e. u ∼ q−ED∗

N(0,C).

S. Lan | Q-Exponential Processes
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Stochastic Representation
how to sample?

▶ As an elliptic contour distribution, the q-exponential has a stochastic
representation due to Schoenberg [41].

Theorem

u ∼ q−EDd(µ,C) if and only if

u
d
= µ+ RLS (5)

where S ∼ Unif(Sd+1) uniformly distributed on the unit-sphere Sd+1, L is

the Cholesky factor of C such that C = LLT, R ⊥ S and Rq
d
= r(u)

q
2 ∼ χ2

d .

▶ A more direct sampling is easier to work with:

u = T (z) = Lz∥z∥
2
q−1, z = T−1(u) = L−1u∥L−1u∥

q
2−1, z ∼ ν0 (6)

S. Lan | Q-Exponential Processes
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Series Representation
equivalent to Besov process but has direct control on the correlation structure through C

▶ Q-EP and Besov share equivalent series representations.

Theorem (Karhunen-Loéve)
If u(x) ∼ q−EP(0, C) with C having eigen-pairs {λℓ, ϕℓ(x)}∞ℓ=1 such that
Cϕℓ(x) = ϕℓ(x)λℓ, ∥ϕℓ∥2 = 1 for all ℓ ∈ N and

∑∞
ℓ=1 λℓ <∞, then we

have the following series representation for u(x):

u(x) =
∞∑
ℓ=1

uℓϕℓ(x), uℓ :=

∫
D
u(x)ϕℓ(x)

ind∼ q−ED∗(0, λℓ) (7)

where E[uℓ] = 0 and Cov(uℓ, uℓ′) = λℓδℓℓ′ with Dirac function δℓℓ′ = 1 if
ℓ = ℓ′ and 0 otherwise.

▶ If we factor
√
λℓ out of uℓ, we have the following expansion for Q-EP

more comparable to (19) for Besov:

u(x) =
∞∑
ℓ=1

√
λℓuℓϕℓ(x), uℓ

iid∼ q−ED(0, 1) ∝ πq(·) (8)

S. Lan | Q-Exponential Processes
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Bayesian Modeling
conjugate and non-conjugate inference

▶ Let L(·; 0, Σ) be the likelihood model, and µ0 be the prior.

y = u(x) + ε, ε ∼ L(·; 0, Σ)

u ∼ µ0(du)
(9)

▶ Conjugate case: µ0 = q−EP(0, C) and L(·; 0, Σ) = q−ED(0, Σ)

Theorem (Posterior Prediction)
Given covariates x = {xi}Ni=1 and observations y = {yi}Ni=1 following q−ED in the
model (9) with q−EP prior for the same q > 0, we have the following posterior
predictive distribution for u(x∗) at (a) new point(s) x∗:

u(x∗)|y, x, x∗ ∼ q−ED(µ∗,C∗), µ∗ = CT
∗(C+Σ)−1y, C∗ = C∗∗ − CT

∗(C+Σ)−1C∗
(10)

where C = C(x, x), C∗ = C(x, x∗), and C∗∗ = C(x∗, x∗).

▶ Non-conjugate case: posterior sampling by dimension-independent
MCMC algorithms [8, 5, 2, 3, 4] with the pushforward µ0 = T#ν0:

u = T (z) = Lz∥z∥
2
q−1, z = T−1(u) = L−1u∥L−1u∥

q
2−1, z ∼ ν0

S. Lan | Q-Exponential Processes
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Computed Tomography Imaging
preserving the edges

y = Au+ ε, ε ∼ N (0, σ2
εI), y ∈ Rnθns , A ∈ Rnθns×n2 , u ∈ Rn2

Figure: CT of human head (upper) and torso (lower): true image, observation
(sinogram), and MAP estimates by GP, Besov and Q-EP models with relative errors
29.99%, 22.41% and 22.24% (for head) and 26.11%, 21.77% and 21.53% (for torso)
respectively.

S. Lan | Q-Exponential Processes
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Computed Tomography Imaging
preserving the edges

Table: Posterior estimates of Shepp–Logan phantom by GP, Besov and Q-EP prior
models: relative error, RLE := ∥û− u†∥/∥u†∥, of MAP (û = u∗) and posterior mean
(û = u) respectively, log-likelihood (LL), peak signal-to-noise ratio (PSNR) [13],
structured similarity index (SSIM) [48], Haar wavelet-based perceptual similarity index
(HaarPSI) [40]. Numbers in the bracket are standard deviations obtained repeating
the experiments for 10 times with different random seeds.

MAP Posterior Mean

GP Besov Q-EP GP Besov Q-EP

RLE 0.6810 0.7027 0.4087 0.4917(6.16e-7) 0.4894(3.53e-5) 0.4890(4.79e-5)
LL -1.55e+6 -1.54e+6 -1.57e+5 -5.21e+5(8.47) -4.80e+5(196.34) -4.56e+5(307.97)
PSNR 15.5531 15.2806 19.9887 18.3826(1.09e-5) 18.4226(6.27e-4) 18.4303(8.51e-4)
SSIM 0.4028 0.3703 0.5967 0.5561(3.92e-7) 0.5535(2.38e-4) 0.5403(5.26e-4)
HaarPSI 0.0961 0.0870 0.3105 0.3126(1.52e-8) 0.3126(3.36e-4) 0.3122(3.06e-4)
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Solving & Learning Differential Equations

with Variational Q-Exponential Processes2

q = Inf q = 4 q = 2

q = 1 q = 0.5 q = 0.1

2Guangting Yu and Shiwei Lan*, NIPS2025
S. Lan | Q-Exponential Processes

https://openreview.net/pdf?id=WjhS0EpJH7


20

Modeling Derivatives
Is Gaussian process (GP) optimal?

Figure: Contrasting Q-EP (q = 1.0, middle row) with GP (q = 2.0, bottom row)
against the truth (top row) for modeling function values and derivatives of
Rosenbrock (left) and Rastrigin (right).
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Physics-Informed Machine Learning

▶ Solving PDEs is of fundamental importance in science and technology.
There is increasing interest and effort to automate this process.

▶ There are two main thrusts: neural network (NN)-based algorithms and
Gaussian process (GP)-based probabilistic solvers.
▶ NN methods include PINN [37, 49], deep Ritz [12], deep Galerkin [43], FNO

[26], DeepONet [27], NIO [30], etc.
▶ They require large samples but lack convergence guarantee or

uncertainty quantification (UQ)

▶ GP is introduced to solve and learn ODEs [44, 38, 6, 16] and PDEs
[33, 34, 7, 29, 15] with theoretic guarantee [35] and UQ [17].

▶ GP tends to be over-smooth and lacks edge-preserving property [22, 10].

▶ We advocate the recently proposed q-exponential process (Q-EP) [24]
as a superior probabilistic method for solving and learning PDEs.

S. Lan | Q-Exponential Processes
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Modeling with Derivative Information

▶ Let u ∼ q−EP(0, C). Denote the function and its derivatives by

ũ = (u, ∂
∂xu, · · · ,

∂k

∂xk u) up to order k.

▶ ũ ∼ q−EP(0, C̃) is also a Q-EP if C, e.g. matern52, is differentiable.
▶ Heuristically, the superiority of Q-EP in modeling derivatives over GP

comes from its improved ability to handle inhomogeneity.

Table: The structure of kernel C̃ with derivatives.

Cov(·, ·) u(x′) ∂
∂x′ u(x

′) ∂2

∂(x′)2 u(x
′)

u(x) C(x, x′) ∂
∂x′ C(x, x

′) ∂2

∂(x′)2 C(x, x
′)

∂
∂xu(x)

∂
∂xC(x, x

′) ∂2

∂x∂x′ C(x, x
′) ∂3

∂x∂(x′)2 C(x, x
′)

∂2

∂x2 u(x)
∂2

∂x2 C(x, x
′) ∂3

∂x2∂x′ C(x, x
′) ∂4

∂x2∂(x′)2 C(x, x
′)

S. Lan | Q-Exponential Processes
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Function Space for Solving PDE
with variational Q-EP

▶ To prepare for solving PDEs, we define ∥ · ∥s,q for u [21, 10]:

∥u(·)∥s,q =

( ∞∑
ℓ=1

ℓτq(s)q|uℓ|q
) 1

q

, τq(s) =
s

d
+

1

2
− 1

q
. (11)

▶ Consider the Banach space Bs,q(Ω) := {u : Ω → R | ∥u(·)∥s,q <∞}.

Assumption

Suppose λ = {λℓ}∞ℓ=1 are eigenvalues of HS operator TC̃ for the kernel C̃.
We assume

λ ∈ ℓ
q
2 , i.e. ∥λ∥

q
2
q
2
=

∞∑
ℓ=1

λ
q
2
ℓ <∞.

Proposition

If ũ(·) ∼ q−EP(0, C̃) satisfying Assumption 1, then
ũ(·) ∈ LqP(R∞, Lq(Ω)) := {ũ : Ω× R∞ → R|E(∥ũ∥qq) <∞}.

S. Lan | Q-Exponential Processes



24

Solving PDE
basic setup

▶ Consider the general PDE defined on a bounded domain Ω ⊂ Rd :

D(u)(x) = f (x), x ∈ Ω,

B(u)(x) = g(x), x ∈ ∂Ω.
(12)

where D : Bs,q(Ω) → Lq(Ω), B : Bs,q(∂Ω) → Lq(∂Ω), f ∈ Lq(Ω), and
g ∈ Lq(∂Ω). Note that ũ(x) ∈ RD with D = 1+ kd .

▶ Let Ω = Ω ∪ ∂Ω, P = (D,B) : Bs,q(Ω) → Lq(Ω), h = (f , g) ∈ Lq(Ω).

Assumption

There exists a differentiable function P : RD → R such that
P(u)(x) = P(ũ(x)). And there is a constant C > 0 such that ∥∇P∥ ≤ C.

▶ Let X = {xn}Nn=1 be a set of collocation points. Then P(u)(X) becomes
a nonlinear function of Ũ := ũ(X), i.e. P(Ũ) = P(u)(X). Let h = h(X).

▶ The numeric solver seeks to obtain Ũ based on P(Ũ) = h.

S. Lan | Q-Exponential Processes
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Bayesian Model of PDE Solutions
with variational Q-EP

▶ Model ũ(X) ∼ q−ED(ũ, S) with some variational distribution. To
define likelihood, we propagate this distribution by linearizing P .

P(ũ(X)) ≈ P(ũ0) +∇P(ũ0)(ũ(X)− ũ0) ∼ q−ED(m,Γ),

m = P(ũ0) +∇P(ũ0)(ũ− ũ0), Γ = ∇P(ũ0)S∇P(ũ0)
T + δIN .

(13)

where the reference point ũ0 can be chosen as ũn−1 from the previous
training epoch or simply ũ.

▶ Let Y = P(ũ(X)) and h = h(X). We have the solution to (12)
probabilistically as the posterior p(ũ(X)|Y) of the Bayesian model

Y|ũ(X), h ∼ q−EDN(h,Γ),

ũ ∼ q−EP(0, C̃).
(14)

S. Lan | Q-Exponential Processes
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Convergence
Why is Q-EP (q = 1) better than GP (q = 2)?

▶ We approximate the posterior to (14) using sparse variational Bayes
which introduces M inducing points to bring the complexity from
O(N3) to O(NM 2) [46, 31].

Theorem (Posterior Contraction)

Let u ∼ q−EP(0, C) in Lq(Ω) with C satisfying above assumptions. If the
true solution to (12) u† ∈ Bs

†,q†(Ω) with s† > s′ +
(

d
q† − d

q

)
+
, s′ = d

q −
d
2 ,

and q†, q ∈ [1, 2], then the posterior of (14) contracts to u† at the optimal

rate ε†n = n
− 1

2+ d
s†−s′ whenever q ≤ q†.

▶ When q† ≥ 1, setting q = 1 guarantees the fastest convergence.

▶ The numerical experiments support the optimal choice of q = 1.

S. Lan | Q-Exponential Processes
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Eikonal Equation

▶ Let f ≡ 1 and ε = 0.1 in Eikonal equation:

|∇u(x)|2 − ε∆u(x) = f (x)2, x ∈ Ω,

u(x) = 0, x ∈ ∂Ω.
(15)

▶ Let D(u, d1u, d2u, d21 u, d
2
2u) = (d1u)2 + (d2u)2 − ε(d21 u+ d22u). Then

Y = P(ũ(X)) =

[
D(u(Xd),

∂
∂x1
u(Xd),

∂
∂x2
u(Xd),

∂2

∂x21
u(Xd),

∂2

∂x22
u(Xd))

u(Xb)

]
.

S. Lan | Q-Exponential Processes
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Eikonal Equation

Table: Comparing accuracy of Q-EP (q = 1) against GP (q = 2) solvers with various
kernels for Eikonal equation (15) in terms of mean absolute error (MAE), mean
squared error (MSE), and relative errors in L1 norm (RLE-1), L2 norm (RLE-2), and L∞
norm (RLE-∞) respectively. Result in each cell are averaged over 10 experiments
with different random seeds; values after ± are standard deviations of these
repeated experiments.

Model (q) kernel MAE MSE RLE-1 RLE-2 RL-∞

1.0 Matern 1.68e-3 ± 5.41e-4 4.42e-6 ± 2.26e-6 0.0106 ± 0.0034 0.0110 ± 0.0030 0.0321 ± 0.0071
2.0 (Gaussian) Matern 9.64e-3 ± 1.33e-3 1.30e-4 ± 3.61e-5 0.0610 ± 0.0084 0.0612 ± 0.0087 0.1009 ± 0.0124
1.0 rbf 4.39e-3 ± 1.05e-3 3.91e-5 ± 2.52e-5 0.0278 ± 0.0066 0.0327 ± 0.0107 0.0648 ± 0.0324
2.0 (Gaussian) rbf 1.55e-2 ± 4.97e-4 3.07e-4 ± 2.87e-5 0.0982 ± 0.0031 0.0949 ± 0.0044 0.1236 ± 0.0048
1.0 rq 1.86e-3 ± 5.40e-4 5.51e-6 ± 3.44e-6 0.0118 ± 0.0034 0.0122 ± 0.0038 0.0168 ± 0.0064
2.0 (Gaussian) rq 3.07-3 ± 1.70e-3 1.89e-5 ± 2.83e-5 0.0194 ± 0.0107 0.0200 ± 0.0134 0.0325 ± 0.0242

S. Lan | Q-Exponential Processes
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Burgers’ Equation

∂

∂t
u+ u

∂

∂x
u− ν

∂2

∂x2
u = 0, (x, t) ∈ (−1, 1)× (0, 1],

u(x, 0) = − sin(πx), x ∈ (−1, 1),

u(−1, t) = u(1, t) = 0, t ∈ (0, 1].

(16)

S. Lan | Q-Exponential Processes
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Burgers’ Equation

Table: Comparing accuracy of various solvers for Burgers’ equation (16) in terms of
mean absolute error (MAE), mean squared error (MSE), and relative errors in L1 norm
(RLE-1), L2 norm (RLE-2), and L∞ norm (RLE-∞) respectively. Result in each cell are
averaged over 10 experiments with different random seeds; values after ± are
standard deviations of these repeated experiments.

Model (q) MAE MSE RLE-1 RLE-2 RL-∞

PINN 5.81e-2 ± 1.03e-4 7.12e-3 ± 3.96e-4 0.1508 ± 0.0017 0.1896 ± 0.0052 0.2842 ± 0.0071
B-PINN 2.94e-2 ± 1.57e-2 1.67e-3 ± 1.58e-3 0.0785 ± 0.0420 0.0833 ± 0.0409 0.1327 ± 0.0446
0.5 7.77e-2 ± 7.09e-2 3.50e-2 ± 7.15e-2 0.2018 ± 0.3751 0.2056 ± 0.3764 0.2177 ± 0.3838
0.8 1.56e-2 ± 4.96e-3 1.59e-3 ± 5.25e-3 0.0405 ± 0.0780 0.0434 ± 0.0804 0.0529 ± 0.0924
1.0 9.33e-3 ± 1.76e-4 1.77e-4 ± 2.16e-4 0.0242 ± 0.0128 0.0266 ± 0.0140 0.0324 ± 0.0145
1.2 1.87e-2 ± 3.23e-4 5.92e-4 ± 4.06e-4 0.0485 ± 0.0151 0.0522 ± 0.0168 0.0560 ± 0.0181
1.5 2.64e-2 ± 8.58e-4 1.31e-3 ± 1.23e-3 0.0684 ± 0.0262 0.0754 ± 0.0316 0.0854 ± 0.0430
2.0(Gaussian) 7.13e-2 ± 8.68e-3 1.08e-2 ± 1.28e-2 0.1848 ± 0.0908 0.2068 ± 0.1118 0.2376 ± 0.1456
2.5 2.26e-1 ± 3.20e-1 2.49e-1 ± 6.04e-1 0.5879 ± 0.8296 0.6669 ± 0.9576 0.7558 ± 1.0521

S. Lan | Q-Exponential Processes
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Bayesian Inverse Problems
same variational framework

▶ Let the PDE (12) contain a quantity of interest, a(x). The task of the
inverse problem is to find a true solution, a†, with proper UQ based on
observations O(u)(X) = u(Xo), obtained with observation operator O.

▶ Denote ã = (a, ∂
∂xa, · · · ,

∂k
′

∂xk′
a) to the order k′ ≤ k. Assume a

nonlinear function P such that P(ũ(X), ã(X)) = P(u, a)(X). Let
Ỹ = [P(ũ(X), ã(X)),O(u)(X)], and h̃ = [h, u(Xo)].

▶ Model ã(X) using variational distribution q(ã(X)) ∼ q−ED(ã, Sa). The
final Bayesian model for the inverse problem becomes

Ỹ|ũ(X), ã(X), h̃ ∼ q−EDÑ(h̃, Γ̃), Γ̃ = ∇P̃(ũ0, ã0)

[
Su 0
0 Sa

]
∇P̃(ũ0, ã0)

T
+ δIÑ ,

ũ ∼ q−EP(0, C̃u), ã ∼ q−EP(0, C̃a).
(17)

▶ We obtain the variational solution of ũ(X)|Ỹ as a byproduct.

S. Lan | Q-Exponential Processes
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Inverse Darcy Flow

−div(exp(a)∇u)(x) = f (x), x ∈ Ω := [0, 1]2,

u(x) = 0, x ∈ ∂Ω.
(18)

where the true coefficient such that
exp(a†(x)) = exp(sin(2πx1) + sin(2πx2)) + exp(− sin(2πx1)− sin(2πx2)) [7].

Figure: Solving inverse Darcy flow (18) using PINN (second column), Q-EP (right three
in upper row: q = 1.0), and GP (right three in lower row: q = 2.0) respectively.
Upper left: true inverse solution a†; lower left: fine-resolution finite element
solution u† to (18) with a†. Blue crosses are learned inducing points, and red dots
indicate locations of observations.
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Spatiotemporal Besov Priors

for Bayesian Inverse Problems3

q = Inf q = 4 q = 2

q = 1 q = 0.5 q = 0.1

3Shiwei Lan*, Mirjeta Pasha, Shuyi Li, Weining Shen (2025), JASA
S. Lan | Q-Exponential Processes
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Spatiotemporal Generalization of Besov Process

▶ We generalize BP to the spatiotemporal domain by replacing the
random coefficients with random functions following q−EP :

u(x) =
∞∑
ℓ=1

γℓξℓϕℓ(x), ξℓ
i.i.d.∼ πq(·) ∝ exp (− 1

2
| · |q), ∀ℓ ∈ N. (19)

↓ ↓ ↓

u(z) =
∞∑
ℓ=1

γℓξℓ(t)ϕℓ(x), ξℓ(·)
i.i.d.∼ q−EP(0, C), ∀ℓ ∈ N. (20)

where γℓ = κℓ−τq(s) and τq(s) =
s
d + 1

2 −
1
q .

▶ Let ∥u∥s,q =
(∑∞

ℓ=1 ℓ
τq(s)q∥uℓ(·)∥qq

) 1
q and Z = X × T . Consider

Banach space Bs,q(Z) = {u : Z → R | ∥u∥s,q <∞}.
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Spatiotemporal Besov Process (STBP)

▶ STBP ST BP(C, Bs,q(Z)) generalizes BP to capture the spatial
inhomogeneity while modeling temporal correlations via a kernel C.

▶ We also have the Karhunen-Loéve theorem for an STBP u(·)
represented in the spatial ({ϕℓ}∞ℓ=1) and temporal ({ψℓ′}∞ℓ′=1) bases.

Theorem (Karhunen-Loéve)
If u ∼ ST BP(C, Bs,q(Z)) as in (20) with a trace-class HS operator TC
having eigen-pairs {λℓ, ψℓ(·)}∞ℓ=1, then we have

u(z) =
∞∑
ℓ=1

∞∑
ℓ′=1

uℓℓ′ϕℓ(x)ψℓ′(t), uℓℓ′ :=

∫
T
uℓ(t)ψℓ′(t)dt ∼ q−ED(0, γ2ℓλℓ′) .

Moreover, the spatiotemporal covariance of STBP bears a separable
structure, i.e.

Cov(u(z), u(z′)) =
∞∑
ℓ=1

γ2ℓϕℓ(x)ϕℓ(x
′)C(t, t′) .
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Dynamic Tomography Reconstruction
linear inverse problem

Truth Observations STBP STGP time-uncorrelated

Figure: MAP reconstruction of dynamic STEMPO tomography in the whitened space.
Columns from left to right: true images, sinograms, MAP estimates by STBP, STGP
and time-uncorrelated models respectively. Rows from top to bottom: time step
j = 0, 6, 13, 19.
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Navier-Stokes Inverse Problem
nonlinear inverse problem

▶ Consider the following 2-d Navier-Stokes equation (NSE) for a viscous,
incompressible fluid in vorticity form on T2 = (0, 1)2:

∂tw(x, t) + u(x, t) · ∇w(x, t) = ν∆w(x, t) + f (x), x ∈ (0, 1)2, t ∈ (0, T ],

∇ · u(x, t) = 0, x ∈ (0, 1)2, t ∈ [0, T ],

w(x, 0) = w0(x), x ∈ (0, 1)2.

where u ∈ C([0, T ];Hr(T2;R2)) is the velocity field, w = ∇× u is the
vorticity, w0 ∈ L2(T2;R) is the initial vorticity, ν ∈ R+ is the viscosity
coefficient, and f ∈ L2(T2;R) is the forcing function.

▶ We build an emulator based on the Fourier operator neural network
(FNO) [25] that maps the vorticity up to time T0 = 10 to the vorticity up
to some later time T > 10:

G : C([0, T0];H
r(T2;R2)) → C((T0, T ];H

r(T2;R2)),

w|(0,1)2×[0,10] 7→ w|(0,1)2×(10,T ].
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Navier-Stokes Inverse Problem
nonlinear inverse problem

▶ We choose the viscosity ν = 1e− 3 and set T − T0 = 30.

▶ We initialize the vorticity w0 with a (star-convex) polygon.

▶ We then observe data of vorticity w|(0,1)2×(10,40](X, tj) with tj ∈ (T0, T ]
for j = 0, · · · , 29 based on the true initial inputs w†|(0,1)2×[0,10], with
Gaussian noise contamination, i.e.,

yj = G(w†|(0,1)2×[0,10](X, tj)) + ηj , ηj ∼ N(0, Γnoise),

where Γnoise is empirically estimated.

▶ Instead of the solution of the initial condition w0 alone, we are
interested in the inverse solution of vorticity for an initial period, i.e.,
w|(0,1)2×[0,10].
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Navier-Stokes Inverse Problem
nonlinear inverse problem

Truth Observations STBP STGP time-uncorrelated

Figure: MAP inverse solutions of Navier-Stokes equation in the whitened space.
Columns from left to right: true vorticity, observations, MAP estimates by STBP,
STGP and time-uncorrelated models respectively. Rows from top to bottom: time
step j = 0, 3, 6, 9.
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Deep Q-Exponential Processes4

q = Inf q = 4 q = 2

q = 1 q = 0.5 q = 0.1

4Zhi Chang, Chukwudi Obite, Shuang Zhou, Shiwei Lan*, AABI2025
S. Lan | Q-Exponential Processes
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Shallow Q-EP Model

▶ Let X = [x1, · · · , xQ]N×Q , Y = [y1, · · · , yD]N×D , f := (f1, · · · , fD), and
F = f (X)N×D , . With m.i.u. Q-EP priors imposed on f := (f1, · · · , fD),
we consider the multivariate regression problem:

likelihood : vec(Y)|F ∼ q−EDND(vec(F), ID ⊗Σ),

prior on latent function : f ∼ q−EP(0, C, ID).
(21)

▶ Marginalizing f yields the following Bayesian shallow Q-EP model:

marginal likelihood : vec(Y)|X ∼ q−ED(0, ID ⊗ KX),

prior on input/latent variable : vec(X) ∼ q−ED(0, INQ).
(22)

▶ If X is latent variable, this is a latent variable model (LVM) [23, 47].

▶ It can be regarded as a non-Gaussian, nonlinear, probabilistic PCA [45].
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Shallow Q-EP Model
Bayesian Regularization on Latent Representation a

aChukwudi Obite, Zhi Chang, Keyan Wu, Shiwei Lan*, ICLR2025

Figure: Latent representation of Swiss roll dataset. Upper left: 3d cloud of 1000
points; lower left: PCA in 2d principal space; right 4 columns: 2d latent
representations (upper row) by VAE and QEP-LVMs with q = 1.0, 1.5 and 2.0 (GP-LVM)
showing a regularization effect via the parameter q, and the corresponding
variances of latent distribution (VAE) and inverse length-scales γ ordered on the
x-axes (lower row). Colors are used to aid visualization but not for training.
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Shallow Q-EP Model
Q-EP latent variable model (LVM)

Figure: Latent representations of MNIST database by VAE (left), GP-LVM (middle),
QEP-LVM with q = 1.5 (right). For the convenience of visualization, 10-dimensional
latent spaces learned by these algorithms are projected to 2-d subspace by t-SNE
respectively.
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Deep Q-EP Model

▶ Similarly as building deep GP with GP-LVMs [9], we consider a
hierarchy of L shallow Q-EP layers (22) as follows:

ynd = f 0d (x
1
n) + ε0nd , d = 1, · · · ,D0, x1n ∈ RD1 ,

x 1nd = f 1d(x
2
n) + ε1nd , d = 1, · · · ,D1, x2n ∈ RD2 ,

...
...

...
...

xL−1
nd = f L−1

d (zn) + εL−1
nd , d = 1, · · · ,DL−1, zn ∈ RDL ,

where εℓ ∼ q−ED(0, Γℓ), f ℓ ∼ q−EP(0, kℓ, IDℓ
) for ℓ = 0, · · · , L− 1.

▶ The evidence lower bound (ELBO) is complicated but tractable formula
can be obtained with the help of Jensen’s inequality.

▶ The deep Q-EP indeed has enhanced expressiveness and flexibility of
regularization.
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Deep Q-EP Model
Regression

(a) Shallow GP regression. (b) Shallow Q-EP regression.

(c) Deep GP regression. (d) Deep Q-EP regression.

(e) DKL-GP regression. (f) DSPP regression.
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Deep Q-EP Model
Classification

Figure: Comparing shallow (1-layer), deep (2-layer) and deeper (3-layer) Q-EPs with
GP, deep GP, DKL-GP and DSPP on a classification problem defined on annular
rhombus. Circles, upper and lower triangles label three classes in the training data.
Classification accuracy on testing data are 81.04% (GP), 82.2% (Deep GP), 76.4%
(DKL-GP), 78.88% (DSPP), 83.4% (Q-EP), 85.64% (Deep Q-EP) and 87.2% (Deeper
Q-EP) respectively.
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Conclusion

▶ We propose q-exponential process (Q-EP) as a prior on Lq functions
with a flexible parameter q > 0 to control the degree of regularization.

▶ Q-EP includes GP as a special case (q = 2) but can impose sharper
regularization for 0 < q < 2.

▶ Diff Q-EP is novel probabilistic PDE solver based on Q-EP with q = 1
preferable to GP with q = 2 for a good reason.

▶ Spatiotemporal Besov process (STBP) can effectively capture spatial
data inhomogeneity while modeling temporal correlations.

▶ Deep Q-EP enhances the expressiveness of (shallow) Q-EP for
modeling complex data.

▶ In future, we plan to study diffusion process with Q-EP noise.
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QPyTorch
https://github.com/lanzithinking/QePyTorch
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