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Introduction
MODEL, PROPERTIES, MOTIVATION
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Hierarchical Model
Bayesian inverse problems require a prior model.

 We consider the hierarchical model:

(1) Θ𝑗𝑗 ∼ Generalized Gamma 𝑟𝑟𝑗𝑗 ,𝛽𝛽𝑗𝑗 ,𝜗𝜗𝑗𝑗      →     (2) 𝑋𝑋𝑗𝑗|(Θ𝑗𝑗 = 𝜃𝜃) ∼ Normal 0,𝜃𝜃2

 This model promotes sparsity when 𝜂𝜂 = 𝑟𝑟 𝛽𝛽 − 3
2
≤ 0.

 This model has two shape parameters (𝒓𝒓,𝜼𝜼) and one scale parameter (𝝑𝝑)
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This model is a generalized-gamma scale mixture of normals.
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The shape parameters provide separate control over the bulk (𝜼𝜼) and tails (𝒓𝒓) of the prior.
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t-distributions, Laplace distributions (any ℓ𝒑𝒑 ), and Gaussian distributions are special cases.
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Given fixed scale, the shape parameters are identifiable.

For fixed scale, the prior varies most (in KL or KS) along directions which change its variance.   
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Variations in scale can approximately account for changes in the shape parameters.

Collectively, 𝒓𝒓,𝜼𝜼,𝝑𝝑 are approximately unidentifiable
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Despite a growing literature, there is limited empirical validation of the prior model.

Validation has often been limited to small sets of classical or synthetic examples. Examples using real-world data 
have validated a full Bayesian pipeline.

Direct validation of the prior in isolation of an inverse solver/likelihood Is missing. 
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Motivating Question
Does the mixture model fit real-world imaging datasets?

1. If so, under what representations?

2. And, for what range of parameter values?

To adopt the prior model in absence of a first-principles justification we should trust that:

1. It fits large, real-world imaging datasets that vary in source, subject, and representation

2. It provides substantially better fits than simpler standard models

3. It’s parameters can be identified accurately via empirical Bayes or the inferential process is 
robust to misspecification errors. 
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Data
SOURCES, REPRESENTATIONS, DATA TREATMENT
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Data Sets

19

1. Satellite Images
2. Natural Images
3. Brain MRI (synthetic)

Contrast to classical image 
dataset. 

Ongoing study of geospatial data (Antarctic bedmap, surface temperature, magnetic anomalies) and 
audio (speech). 
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Example geospatial and audio data.

Work on these datasets is ongoing. Preliminary results are consistent with the completed studies. 



Representations
Images:

1. Fourier
2. Gabor Wavelet
3. Haar Wavelet
4. AlexNet Filter Bank

Audio:
1. Fourier
2. Short-time Fourier
3. Continuous Wavelet
4. Erblet
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Data Treatment
1. Standardize (center, scale) and symmetrize (augment with reflections)

2. Transform by convolving with a filter bank (change representation)

3. Group the resulting coefficients and assign all coefficients within a group the same prior 
parameters.

Step (3.) treats all coefficients assigned to a group as if identically distributed. 
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Original:

Augmented:

Grouping coefficients is equivalent to augmenting the dataset, where all coefficients assigned to a group are randomly 
exchanged.

Some coefficients are approximately exchangeable (e.g. waves of similar wavelength, coefficients that can be exchanged 
by rotations or reflections), so modeling the augmented data introduces negligible misspecification errors. 
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Otherwise, augmentations introduce 
misspecification errors. 

We accept an augmentation if those errors could: 

1. Be corrected by a likelihood, 
2. Produce artifacts that could be corrected 

post-hoc, 
3. Produce artifacts that do not interfere with 

the user objectives. 

And, if grouping:

1. Combines coefficients that would plausibly be 
modeled as identical, and

2. Significantly reduces the number of separate 
coefficients to model.



Methods and Results
INDEPENDENCE, HYPOTHESIS TESTING (KS),  FIT EVALUATION
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Test Procedure
For each coefficient group we:

1. Sweep over outlier rejection thresholds and estimate empirical 
variance, then standardize the data to each empirical variance. 
This is equivalent to selecting a series of scale parameters.

2. Run a grid search over the shape parameters for each choice of 
scale parameter

3. Evaluate fit using the one-sample Kolmogorov-Smirnov (KS) 
distance (practical significance)

4. Test the statistical significance of observed discrepancies using 
a KS test

5. Return the regions of shape and scale parameters that pass (3) 
or pass (4)
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Test Procedure
We do not apply any multiple testing correction since we don’t believe any data actually comes 
from our model. 
 When the fit passes step (4) we interpret it as an example where the discrepancy between the model 

and the data is too small to falsify the model. 
 If the statistical standard is stringent, then discrepancies that are too small to falsify the model are 

likely too small to produce inferential errors.

We check all borderline cases by eye to classify model failures and to ensure our fit standards 
are conservative. 
  Statistical Pass = p-value greater than 0.05, more than 100 samples
  Practical Pass = KS statistic smaller than 0.01, corroborated by eye
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The hierarchical prior can achieve high fidelity fits for non-standard distributions.
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The KS statistic is often small (< 0.02), and in almost all cases an order of magnitude smaller than for standard models.

In most cases, discrepancies are statistically significant, but small.  
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Tend to see better fits for filters that are: 

1. wavelet like (edge detectors), 

2. smooth (Gabor > Haar),

3. higher frequency (though trends vary by dataset and filter).
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Example Fit Outcomes: 
• A: statistically pass
• B: practically pass
• C: borderline case (rejected)
• D: Interesting failure (rejected)

In many cases (e.g. C, D) we rejected fits that would 
be unlikely to produce inferential errors. 

Categorized borderline cases by hand to ensure 
thresholds for acceptance were defined 
conservatively.
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Headline Numbers: 
• Median KS = 0.005, 
• % Statistically Pass = 7.3% for median sample size 60 million 
• % Practically Pass = 83.5% at KS < 0.01 standard
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Not all examples fit. 
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Best fit shape parameters vary 
widely. 

Are not limited to small 𝜼𝜼 (e.g. 
ℓ𝑝𝑝 priors).

Shape parameters are poorly 
identified if scale can vary.



Discussion
LIMITATIONS, FUTURE/ONGOING WORK, PREPRINT
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Limitations and Future Work
1. The KS statistic is relatively insensitive to tail behavior, cannot precisely resolve 𝑟𝑟

◦ Run an intersection test using KS and Anderson-Darling

2. Expand to study other image data sets (geospatial) and signals (audio)

38SCALE MIXTURE MODELS FIT LARGE IMAGING DATASETS - ICERM, 2026

Preprint (repository and bibliography):

Do Generalized Gamma Scale Mixtures of Normals Fit Large Image 
Datasets?

Brandon Marks, Yash Dave, Zixun Wang, Hannah Chung, Riya 
Patwa, Simon Cha, Michael Murphy, and Alexander Strang. (2025).

https://arxiv.org/abs/2512.17038

Thank you for your attention and for the invitation to attend!

https://arxiv.org/abs/2512.17038
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