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Bayesian inverse problems 

Y = A(X) + Z , X ∼ p0
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Goal: Reconstruct .  

In many examples,  is a linear operator.

X

A



Bayesian inverse problems 

Y = A(X) + Z , X ∼ p0

Probabilistic modelling:     

•  if   then  and the joint model is 

•   could be Poisson noise. 

Z ∼ 𝒩(0,Σy) g0(y |x) = N(y; A(x), Σy)

Z

p(X,Y)(x, y) = g0(y |x)p0(x)



Bayesian inverse problems

The reconstructions are encoded in the posterior distribution  

where  g0(y |x) = N(y; A(x), Σy) .
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πy
0
(x) ∝ g0(y |x) p0(x)

Sampling plausible reconstructions

⟺
Drawing samples from πy

0



Bayesian inverse problems 

Y = A(X) + Z , X ∼ p0

Given a realisation , sample the most plausible reconstructions Y = y X
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Observation  y X ∼ p0

 A(X) + σy Z  sample



Conditional generative models

• We can train a generative model   using a paired dataset 

 

• Given observation , reconstruct by sampling from 

πθ
0( ⋅ |y) ≈ πy

0

(Xi, Yi)
N
i=1

i.i.d.
∼ g0(dy |x)p0(dx)

Y = y πθ
0( ⋅ |y)
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minimize w.r.t. θ 𝔼 [𝖪𝖫(πY
0 ∥πθ

0( ⋅ |Y))]



1. Train from scratch if we change g0(dy |x)

Conditional generative models 

• We can train a generative model   using a paired dataset πθ
0( ⋅ |y) ≈ πy

0

(Xi, Yi)
N
i=1

i.i.d.
∼ g0(dy |x)p0(dx)

• Drawbacks: 
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1. Train from scratch if we change g0(dy |x)

2. Paired dataset may not be available; what if we are interested in sampling 

 

 

where   is instead a reward function (RLHF, style…) g0

Conditional generative models 

• We can train a generative model   using a paired dataset πθ
0( ⋅ |y) ≈ πy

0

(Xi, Yi)
N
i=1

i.i.d.
∼ g0(dy |x)p0(dx)

• Drawbacks: 
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π0(x) ∝ g0(x)p0(x)



Setting
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Given a pre-trained diffusion model , develop an   

algorithm for sampling from  with no further model training

pθ
0 ≈ p0

πy
0

πy
0
(x) ∝ g0(y |x) p0(x)



Posterior sampling with  

Denoising Diffusion models 
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Denoising Diffusion models
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p0:n(x0:n) = p0(x0)
n−1

∏
k=0

qk+1|k(xk+1 |xk)

= pn(xn)
n−1

∏
k=0

pk|k+1(xk |xk+1)

≈ 𝒩(0,I) intractable

= N(xk+1; (αk+1/αk)xk, (1 − α2
k+1/α2

k )I)

• [Ho, J., Jain, A. and Abbeel, P., 2020. Denoising diffusion probabilistic models.]


where α0 = 1, αn ≈ 0



Training objective
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𝖪𝖫(pdata ∥ pθ
0) ≤ 𝖪𝖫(p0:n ∥ pθ

0:n)

=
n−1

∑
k=0

𝔼pk+1[𝖪𝖫(pk|k+1( ⋅ |Xk+1) ∥ pθ
k|k+1( ⋅ |Xk+1))] + C1

Gaussian moment matching 

pθ
k|k+1(xk |xk+1) = N(xk; μθ

k|k+1(xk+1), Σθ
k|k+1(xk+1))

Optimal parameters: 
μθ*

k|k+1
(xk+1) = 𝔼[Xk |Xk+1 = xk+1]

Σθ*
k|k+1

(xk+1) = ℂov[Xk |Xk+1 = xk+1]
{



Parameterization

It follows that  
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pk|k+1(xk |xk+1) = ∫ qk|0,k+1(xk |x0, xk+1)p0|k+1(x0 |xk+1) dx0 , k ≥ 1

where     qk|0,k+1(xk |x0, xk+1) = N(xk; ηkx0 + γkxk+1, σ2
k|0,k+1Id)

 𝔼[Xk |Xk+1] = γkXk+1 + ηk Dk+1(Xk+1)

 ℂov[Xk |Xk+1] = σ2
k|0,k+1Id +η2

k ℂov[X0 |Xk+1]
{

• [Ho, J., Jain, A. and Abbeel, P., 2020. Denoising diffusion probabilistic models]

• [Song, Jiaming, Chenlin Meng, and Stefano Ermon, 2020. Denoising diffusion implicit models.]

where Dk+1(Xk+1) = 𝔼[X0 |Xk+1]



Parameterization

It follows that  
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pk|k+1(xk |xk+1) = ∫ qk|0,k+1(xk |x0, xk+1)p0|k+1(x0 |xk+1) dx0 , k ≥ 1

where     qk|0,k+1(xk |x0, xk+1) = N(xk; ηkx0 + γkxk+1, σ2
k|0,k+1Id)

 𝔼[Xk |Xk+1] = γkXk+1 + ηk 𝔼[X0 |Xk+1]

 ℂov[Xk |Xk+1] = σ2
k|0,k+1Id +η2

k ℂov[X0 |Xk+1]
{

• [Ho, J., Jain, A. and Abbeel, P., 2020. Denoising diffusion probabilistic models]

• [Song, Jiaming, Chenlin Meng, and Stefano Ermon, 2020. Denoising diffusion implicit models.]

Basically,         pθ
k|k+1(xk |xk+1) = qk|0,k+1(xk |Dθ

k+1(xk+1), xk+1)

Σθ
k|k+1(xk+1) = σ2

k|0,k+1Id

μθ
k|k+1(xk+1) = γkxk+1 + ηk Dθ

k+1(xk+1){The usual parameterization is 



Denoising objective
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𝖪𝖫(p0:n ∥ pθ
0:n) =

n−1

∑
k=0

𝔼pk+1[𝖪𝖫(pk|k+1( ⋅ |Xk+1) ∥ pθ
k|k+1( ⋅ |Xk+1))] + C1

=
n

∑
k=1

wk 𝔼[∥𝔼[X0 |Xk] − Dθ
k (Xk)∥

2] + C2

=
n

∑
k=1

wk 𝔼[∥X0 − Dθ
k (Xk)∥

2]+C3

Training a Denoising Diffusion model

⟺
Training denoisers (Dθ

k )n
k=1

use previous  

parameterization



Denoising objective
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Training a Denoising Diffusion model

⟺
Training denoisers  approximating (sθ

k )n
k=1 (∇log pk)

n
k=1

∇log pk(xk) =
−xk + αk Dk(xk)

1 − α2
k



Backward transitions
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≈ qk|0,k+1(xk |Dθ
k+1(xk+1), xk+1)

where         Dθ
k+1(xk+1) ≈ 𝔼[X0 |Xk+1 = xk+1]

pk|k+1(xk |xk+1) = ∫ qk|0,k+1(xk |x0, xk+1)p0|k+1(x0 |xk+1) dx0

linear combination + noise

Implicitely assumes that p0|k+1( ⋅ |xk+1) ≈ δDθ
k+1(xk+1)



Posterior Diffusion model? 

• We now assume that we have a pre-trained DDM for .  

• To have a DDM for , we need to approximate the posterior denoiser

p0

πy
0
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Dy
k
(xk) = ∫ x0 πy

0|k
(x0 |xk) dx0

where     πy
0|k

(x0 |xk) ∝ πy
0
(x0)qk|0(xk |x0)

y XkDy
k
(Xk)

Posterior denoiser



Posterior Diffusion model? 

• We now assume that we have a pre-trained DDM for .  

• To have a DDM for , we need to approximate

p0

πy
0
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∇log πy
k
(xk) where πy

k
(xk) = ∫ qk|0(xk |x0)π

y(x0) dx0



Define  . πy
k
(xk) = ∫ qk|0(xk |x0) πy

0
(x0)dx0

= Dk(xk) + α−1
k (1 − α2

k )∇log gk(y |xk)

≈ Dθ
k (xk)

Posterior denoiser
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πy
k
(xk) ∝ ∫ g0(y |x0)qk|0(xk |x0)p0(x0) dx0

∝[∫ g0(y |x0)p0|k(x0 |xk) dx0] pk(xk)

:= gk(y |xk)

Dy
k
(xk) =

xk + (1 − α2
k )∇log πy

k(xk)

αk ??

= p0|k(x0 |xk)pk(xk)



Posterior denoiser approximation
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implicitely assumes that  p0|k( ⋅ |xk) ≈ δDk(xk)

gk(y |xk) = ∫ g0(y |x0)p0|k(x0 |xk) dx0 ≈ g0(y |Dk(xk))

• [Ho, J., Salimans, T., Gritsenko, A., Chan, W., Norouzi, M. and Fleet, D.J., 2022. Video diffusion models.]

• [Chung, H., Kim, J., Mccann, M.T., Klasky, M.L. and Ye, J.C., 2022. Diffusion posterior sampling for general noisy inverse problems.]


Dy
k
(xk) ≈ Dk(xk) + α−1

k (1 − α2
k )∇xk

log g0(y |Dk(xk))

• Samples diverge after a few iterations 

• Instead, [Chung et al. ] plugs 2023
Ck

∥y − A(Dk(xk))∥
∇xk

log g0(y |Dk(xk))

DPS approximation 



Posterior denoiser approximation
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implicitely assumes that  p0|k( ⋅ |xk) ≈ δDk(xk)

gk(y |xk) = ∫ g0(y |x0)p0|k(x0 |xk) dx0 ≈ g0(y |Dk(xk))

• [Ho, J., Salimans, T., Gritsenko, A., Chan, W., Norouzi, M. and Fleet, D.J., 2022. Video diffusion models.]

• [Chung, H., Kim, J., Mccann, M.T., Klasky, M.L. and Ye, J.C., 2022. Diffusion posterior sampling for general noisy inverse problems.]


DPS approximation 

•  This Approximation is relatively good for   close to  

•  How can we use this insight?

k 0



Likelihood approximation
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gk(y |xk) = ∫ gℓ(y |xℓ)pℓ|k(xℓ |xk) dxℓ .

For all ℓ ≤ k

Letting  :̂gℓ(y | ⋅ ) = g0(y |Dℓ( ⋅ ))

̂gℓ
k(y |xk) = ∫ ̂gℓ(y |xℓ)pℓ|k(xℓ |xk) dxℓ , ℓ ∈ [1 : k − 1]

We get    different approximationsk − 1

with intractable scores!



Distribution path
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X0 ∼ p0 Xk ∼ pk Xn ∼ pn⋯ ⋯

pk(xk) = ∫ p0(x0)qk|0(xk |x0) dx0

Diffusion model for    follow path  whereπy
0

⟺ (πk)
0
k=n

πy
k
(xk) = ∫ πy

0
(x0)qk|0(xk |x0) dx0

∝ gk(y |xk)pk(xk)



Alternative distribution path
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Recall that   ̂gℓ
k(y |xk) = ∫ ̂gℓ(y |xℓ)pℓ|k(xℓ |xk) dxℓ

̂πℓ
k(xk) ∝ ̂gℓ

k(xk)pk(xk) , ℓ ∈ [1,k − 1]

  Sequentially sample each marginal  :  → ( ̂πy
k
)1
k=n (X̂k)

1
k=n

̂πy
k
(xk) =

k−1

∑
ℓ=1

wℓ
k ̂πℓ

k(xk) , where
k−1

∑
ℓ=1

wℓ
k = 1 k ≥ 2

We consider the following mixture approximation

̂πy
1
(x1) ∝ ̂g1

1(x1)p1(x1)



Data augmentation
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̂πy
k
(xk) =

k−1

∑
ℓ=1

wℓ
k ̂πℓ

k(xk)

̂πℓ
k(xk) ∝ ̂gℓ

k(xk)pk(xk)

∝ ∫ ̂gℓ(xℓ)pℓ|k(xℓ |xk)pk(xk) dxℓ

∝ ∫ p0|ℓ(x0 |xℓ) ̂gℓ(xℓ)pℓ|k(xℓ |xk)pk(xk) dx0dxℓ

:= ̂πy
0,ℓ,k

(x0, xℓ, xk)

 Sample    then keep   → (X̂0, X̂ℓ, X̂k) ∼ ̂πy
0,ℓ,k

X̂k

First draw index  then sampleℓk ∼ Categorical({wi
k}

k−1
i=1 )

Given , we aim to sample  :X̂k+1 X̂k



Gibbs sampling 

 has rather nice full conditionals: ̂πy
0,ℓ,k
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̂πy
ℓ|0,k

(xℓ |x0, xk) ∝ ̂gℓ(y |xℓ)qℓ|0,k(xℓ |x0, xℓ)

̂πy
0|ℓ,k

(x0 |xℓ, xk) = p0|ℓ(x0 |xℓ) denoising 

̂πy
k|0,ℓ

(xk |x0, xℓ) = qk|ℓ(xk |xℓ) noising 



Gibbs sampling 

Deterministic scan Gibbs sampler:  

Markov chain  with stationary distribution   and transition(Xr
0, Xr

ℓ, Xr
k)r∈ℕ ̂πy

0,ℓ,k
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X̂r+1
ℓ

∼ ̂πy
ℓ|0,k

( ⋅ | X̂r
0, X̂r

k)

X̂r+1
0 ∼ p0|ℓ( ⋅ | X̂r+1

ℓ
)

X̂r+1
k

∼ qk|ℓ( ⋅ | X̂r+1
ℓ

)

intractable step



Approximate Gibbs sampler
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1. Perform a few gradient steps on  

 

 

and then draw  . 

2. Draw  

3. Draw  

 

X̂r+1
ℓ

∼ 𝒩(μφ
ℓk

, Σφ
ℓk

)

X̂r+1
0 ∼ p0|ℓ( ⋅ | X̂r+1

ℓ
)

X̂r+1
k

∼ qk|ℓ( ⋅ | X̂r+1
ℓ

)

φ ↦ 𝖪𝖫(𝒩(μφ
ℓ

, Σφ
ℓ
)∥ ̂πy

ℓ|0,k+1
( ⋅ | X̂r

0, Xr
k)) wrt   (μφ

ℓ
, Σφ

ℓ
)

Given (Xr
0, Xr

ℓ, Xr
k) :

How do we perform step ?1



KL minimization

Denote  . In practice we set  where  

Minimizing   is equivalent to minimizing 

λφ
ℓ|k+1

= 𝒩(μφ
ℓ

, Σφ
ℓ
) Σφ

ℓ
= diag(evℓ) vℓ ∈ ℝd .

φ ↦ 𝖪𝖫(λφ
ℓ|0,k

∥ ̂πy
ℓ|0,k

( ⋅ |Xr
0, Xr

k))
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ℒk(φ) = − 𝔼λφ
ℓ|0,k

[log g0(y |Dℓ(X̂φ
ℓ
)] + 𝖪𝖫(λφ

ℓ|0,k
∥qℓ|0,k( ⋅ |Xr

0, Xr
k))

= − 𝔼[log g0(y |Dℓ(μφ
ℓ

+ (Σφ
ℓ
)1/2Z)] + 𝖪𝖫(λφ

ℓ|0,k
∥qℓ|0,k( ⋅ |Xr

0, Xr
k))

closed formMonte Carlo estimate



Some questions 
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Experiments
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Image inverse problems

• Much harder evaluation; we do not have samples from the posterior 

• We compare the features against the ground truth image
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Some samples
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Some samples
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Audio source separation

• Prior: diffusion model that generates 4 instruments: bass, drums, piano, guitar

40

πy
0
(x0) ∝ N(y;

4

∑
i=1

xi
0, σ2

y I)p0(x
1
0 , x2

0 , x3
0 , x4

0), x0 = [x1
0 , x2

0 , x3
0 , x4

0]

where y =
4

∑
i=1

xi
*
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Audio source separation

• Prior: diffusion model that generates 4 instruments: bass, drums, piano, guitar

40

πy
0
(x0) ∝ N(y;

4

∑
i=1

xi
0, σ2

y I)
4

∏
i=1

p0(x
i
0)Independent prior: 

πy
0
(x0) ∝ N(y;

4

∑
i=1

xi
0, σ2

y I)p0(x
1
0 , x2

0 , x3
0 , x4

0), x0 = [x1
0 , x2

0 , x3
0 , x4

0]

where y =
4

∑
i=1

xi
*



Parameters impact

41


