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Outline

@ Overview of the Method

@ Deep Dive into Algorithms

® Deep Dive into Theory
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Solving PDEs / Learning PDEs / Operator Learning

Generic nonlinear PDE

P(u)=f
(PDE solvers) Given P;f find b such that P(b) f
=hofay
(Learning PDEs) Given training data fum; fmgM_; find P such that P(u) f
P.uaf

(Operator learning) Given training data fum; fmgM_; find b uch that

his)
I—"jl:f't! u

!Brunton, Proctor, and Kutz, \Discovering governing equations from data by sparse identi cation
of nonlinear dynamical systems".

2Kovachki, Lanthaler, and Stuart, \Operator learning: Algorithms and analysis"".
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Solving PDEs [ Learning PDEs [ Operator Learning

E.g. Burgers’ PDE

Sparse observation meshes

Xm = Xm0 Xmng Q P(u) = ur + uuy U = 0

While P is simple, the solution map
P L:u(x;0) A u(x;t) is complex.

Given sparse and noisy observations
fUm(Xm)‘F m;ﬁngmz1

learn P P and |§:|1 P 1

First learn P assuming it is local. Then
"invert” P to obtain .
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Problem Setup

P(u)(x) =f(x) X2Q
Pu)(x)=p (x;Du(x);Dzu(x);:::;)
=p o(u;x)

(known) Mapping @ : U Q ¥ RQ, linear in u and nonlinear in x

(unknown) Nonlinear function p : R? ¥ R

E.g. Nonlinear, Variable Coe cient, Elliptic PDE

P(u) = @ (a(x)@xu) + ud=f
d(u;x) = (X; u(x); ux(x); uxx (X))
P(S1;92;83;S4) = ax(s1)ss  a(s1)sa+ S5
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Kernel Equation Learning (KEqL): Formulation

Assumption P =p  &(u;x) = f(x)
Training data (Um(Xm); fm)M_;

Banach spaces (U;k ky) and
(P;k kp)

Optimal recovery problem

b ¢
(bm; ) = argmin kgkp + kvmkuy
vm2U;q2P m=1

s.t. Vm(Xm) = Um(Xm) (Observation/data)
q ®(vm;X) =fm(X); 8x2Q (PDE constraint)
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Reproducing Kernel Hilbert Spaces (RKHS)

Set Q
Positive definite and symmetric (PDS) kernel
K:Q QIR

K(x;x%) = K(x%x); 8x;x°2Q Complete Ky to get

For any set of points X = fXy;:::;Xxng  Q the RKHS K

matrix K (X;X) = (K(4;%)) is PDS. K is uniquely defined by
Pre-Hilbert space K

E<; e 2 Reproducing property:

Ko:: _f:Q! Rf = f;jK(;Xf;j):K(;Xf) f 8f 2K

f(x)=nhf; K(;x)ik
Define inner product

hfigik, == § K(Xf:Xg) g
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KEqL: Formulation

Assumption P =p  ®(u;x) =f(x)
Training data (Um(Xm); fm)M_;
RKHS space U with kernel U

RKHS space P with kernel P

Collocation mesh X [mXm

D ¢
(Bn; b) = argmin kgk3 + kvimkd
vm2U;q2P m=1

s.t. Vm(Xm) = Um(Xm) (Observation/data)
q P(Vm;X)=fn(X) (Discrete PDE constraint)
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KEqL: All-at-once Inversion

D ¢
(Bn; b) = arg min kgk3 + kvimkd
vm2U;q2P m=1

s.t. Vm(Xm) = Um(Xm) (Observation/data)
q P(vm;X) =Tfn(X) (Discrete PDE constraint)

3Chen, Liu, and Sun, \Physics-informed learning of governing equations from scarce data".
Sun, Liu, and Sun, \Physics-informed Spline Learning for Nonlinear Dynamics Discovery"'.
®Haber and Oldenburg, \Joint inversion: a structural approach™.

®Kaltenbacher, \Regularization based on all-at-once formulations for inverse problems".
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KEgL: Algorithm Summary

Relax equality constraints
b ¢
(tm; p) = argmin kagk3 + kvimk?
vm2U;q2P m=1
+ "kum(X™)  vin(X™K3 + "kq ®(vm;X)

Apply kernel trick (representer theorem) or use feature maps

Solve using a Levenberg—Marquardt-type algorithm

fn (X )K3
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Operator Learning via KEqL

Given KEqL solution p approximate PDE solution map P ! with pseudo inverse of

b::b o:

bY(f);:argerinkvk5+ "kp d(viX) f(X)kE:
\'

"Chen et al., \Solving and learning nonlinear PDEs with Gaussian processes".

8Long et al., \A kernel framework for learning di erential equations and their solution operators™.
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