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Setting the stage: linear inverse problems

[Hansen. Discrete inverse problems. SIAM, 2010]

Solving

where

beR™
Xtrue € R"
A c Rmxn
e e R™

Axtruo +e=b

available observations or measurements

unknown quantity of interest

available large-scale ill-conditioned matrix models forward process
unknown additive noise (assume white Gaussian)
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Setting the stage: linear inverse problems

[Hansen. Discrete inverse problems. SIAM, 2010]

Solving
Axy e +€=Db
where
beR™ available observations or measurements
Xtrue € R" unknown quantity of interest
A c RTx" available large-scale ill-conditioned matrix models forward process
ecR” unknown additive noise (assume white Gaussian)

Example: image deblurring and denoising
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Setting the stage: linear inverse problems

[Hansen. Discrete inverse problems. SIAM, 2010]

Solving
Axirue +€=Db
where
beR"™ available observations or measurements
Xtrue € R” unknown quantity of interest
A c R™x" available large-scale ill-conditioned matrix models forward process
ecR™ unknown additive noise (assume white Gaussian)

Example: computed tomography
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Setting the stage: linear inverse problems

[Hansen. Discrete inverse problems. SIAM, 2010]

Solving

where

bcR™
Xtrue € R"
A E Rmxn
ecR™

aunipi.it

Axtrue +e=b

available observations or measurements

unknown quantity of interest

available large-scale ill-conditioned matrix models forward process
unknown additive noise (assume white Gaussian)

Computing x=A'b :
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Overview: deterministic regularization methods

[Chung and Gazzola. Computational Methods for Large-Scale Inverse Pbs. SIAM Review, 2024]

m lterative regularization mxin [[Ax — b||2R—1

v/ matrix-vector
multiplications
need good stopping
criteria

o
o

T 0.1

rel error norm
o o
n =
\
o
=Y
&
rel residual norm
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Overview: deterministic regularization methods

[Chung and Gazzola. Computational Methods for Large-Scale Inverse Pbs. SIAM Review, 2024]

m lterative regularization min [Ax — b|2_; + AR(x)
v/ matrix-vector
multiplications
need good stopping
criteria

Common Regularizers

= R(x) = [|Lx|[3 = R(x) = [Ix[[p,p >0
m Variational regularization = R(x) =x'Q x,Q SPD m R(x) = TV(x)

v include different priors
need regularization Choosing A > 0 (regularization parameter)

parameter m Discrepancy principle (dp)

m Generalized cross validation (gcv)
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Overview: deterministic regularization methods

[Chung and Gazzola. Computational Methods for Large-Scale Inverse Pbs. SIAM Review, 2024]

. .. The best of both worlds!
m lterative regularization . o wor
v matrix-vector m Hybrid projection methods

multiplications ¢/ matrix-vector multiplications
need good stopping ¢/ automatic regularization parameter
criteria ¢/ automatic stopping iteration

m Variational regularization

v include different priors
need regularization
parameter
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Overview: deterministic regularization methods

[Chung and Gazzola. Computational Methods for Large-Scale Inverse Pbs. SIAM Review, 2024]

m lterative regularization
v/ matrix-vector
multiplications
need good stopping
criteria

m Variational regularization

v include different priors
need regularization
parameter

silvia.gazzolaQunipi.it

The best of both worlds!

m Hybrid projection methods
¢/ matrix-vector multiplications
¢/ automatic regularization parameter
¢/ automatic stopping iteration

m Arnoldi

approximation and constraint subspaces generated by

m Golub-Kahan bidiagonalization (with reorthogonalization)

Standard Krylov methods:
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Overview: deterministic regularization methods

[Chung and Gazzola. Computational Methods for Large-Scale Inverse Pbs. SIAM Review, 2024]

The best of both worlds!

m Hybrid projection methods
¢/ matrix-vector multiplications
¢/ automatic regularization parameter
¢/ automatic stopping iteration

m lterative regularization

v/ matrix-vector
multiplications
need good stopping
criteria

Standard Krylov methods

m Variational regularization

v include different priors
need regularization
parameter

¢/ can include different priors

Non-Standard Krylov methods:
Efficient iteratively reweighted norms via

m Flexible Krylov methods (e.g., FGMRES, FLSQR)

m Generalized Krylov sunspace methods
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Overview: deterministic regularization methods

[Chung and Gazzola. Computational Methods for Large-Scale Inverse Pbs. SIAM Review, 2024]

The best of both worlds!

m Hybrid projection methods
¢/ matrix-vector multiplications
¢/ automatic regularization parameter
¢/ automatic stopping iteration

m lterative regularization

v/ matrix-vector
multiplications
need good stopping
criteria

Standard Krylov methods

m Variational regularization

v include different priors
need regularization
parameter

¢/ can include different priors

Non-Standard Krylov methods
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Overview: (hybrid) projection methods for Bayesian inverse problems

[Chung and Gazzola. Computational Methods for Large-Scale Inverse Pbs. SIAM Review, 2024]
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Overview: (hybrid) projection methods for Bayesian inverse problems
[Chung and Gazzola. Computational Methods for Large-Scale Inverse Pbs. SIAM Review, 2024]
b ~ N(Axuue, 0°R)  and x~ N(u,0?Q), QeR™" ReR™™ SPD
—_— —_—
determines likelihood determines prior

Posterior density function from Bayes' theorem

Wlike(b ‘ X)Trprior(x) 1 2 1 2
7T(b) X exp _ﬁnb_AxHR_l - ?.éZHX_HHQ—l

Tpost (X | b) =

Randomized Krylov methods for inverse problems March 2, 2026
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Overview: (hybrid) projection methods for Bayesian inverse problems
[Chung and Gazzola. Computational Methods for Large-Scale Inverse Pbs. SIAM Review, 2024]
b ~ N(Axuue, 0°R)  and x~ N(u,0?Q), QeR™" ReR™™ SPD
—_— —_—
determines likelihood determines prior

Posterior density function from Bayes' theorem

Wlike(b ‘ X)Trprior(x) 1 2 1 2
7Tpost(x | b) = 7T(b) X exp _ﬁnb - AXHR—1 - ?.éz”x - II’HQ—l

Krylov and hybrid projection methods for exploring the posterior:

Randomized Krylov methods for inverse problems March 2, 2026
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Overview: (hybrid) projection methods for Bayesian inverse problems
[Chung and Gazzola. Computational Methods for Large-Scale Inverse Pbs. SIAM Review, 2024]
b ~ N(Axuue, 0°R)  and x~ N(u,0?Q), QeR™" ReR™™ SPD
—_— —_—
determines likelihood determines prior

Posterior density function from Bayes' theorem

ﬂlike(b ‘ X)Trprior(x) 1 2 1 2
ﬂpost(x | b) = ’R’(b) X exp _ﬁnb - AXHR—1 - TQZHX - H’HQ—l

Krylov and hybrid projection methods for exploring the posterior:

m MAP estimate
Xaiap = argmax Toox(x | b) = (ATR'A+2Q 1) " (ATRTb+2Q M), A=
X
m handling unknown hyperparameters (automatic regularization parameter selection)
[Arridge, Betcke, Harhanen(2014), Chung and Saibaba (217)]

m as sub-solvers for hierarchical Bayesian models (within alternating optimization)
[Calvetti, Pitolli, Somersalo, Vantaggi (2018), Calvetti, Pragliola, Somersalo, Strang (2020)]

Randomized Krylov methods for inverse problems March 2, 2026
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Overview: (hybrid) projection methods for Bayesian inverse problems

[Chung and Gazzola. Computational Methods for Large-Scale Inverse Pbs. SIAM Review, 2024]

b~ N(Axume,0’R) and x~ N(p,0’Q), QeR™", ReR™™ SPD
—_— [ —

determines likelihood determines prior

Posterior density function from Bayes' theorem
Tike(b | X) Tprior(X) < 1 2 1 2 )
———||b— Ax|[g-1 — =—||x — _
) e (b~ AR — e mla
Krylov and hybrid projection methods for exploring the posterior:
m MAP estimate s

Xaiap = argmax Toox(x | b) = (ATR'A+2Q 1) " (ATRTb+2Q M), A=

Tpost (X | b) =

m Gaussian posterior variance-covariance estimation and sampling (via low-rank approx)
[Cho, Chung, Miller, Saibaba (2022), Chow and Y. Saad (2014), Schneider and Willsky (2003)]

—(1 LATAYL o o 22031 T
F=(H1+ L5ATA) " = To= (A M, — ZiAZy)
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A look at randomization and efficiency considerations

m Randomization through ‘sketch and solve’
[Avron, Clarkson and Woodruff (2017), lyer and Drineas (2016), Gazagnadou, lbrahim and Gower (2022)]

n
m n
_ A b|.
min ||S X — s » - s
in| (M Hnu
—~ = - =~
=:A =:b S € Rsxm SA € Rsxn
A\ c Rﬁxn
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A look at randomization and efficiency considerations

m Randomization through ‘sketch and solve’
[Avron, Clarkson and Woodruff (2017), lyer and Drineas (2016), Gazagnadou, Ibrahim and Gower (2022)]

n
m n
A b
i S — 2 s . = s
min [S(| 11 x = [ DI
N~ ~~ ~ =
=A =b S € R™ SA € R¥*m
A\G Rﬁxn

m Avoiding inner products
[Brown, Chung, Nagy, and Sabaté Landman. Inner-product free Krylov methods for inverse problems, SISC, 2025]
m expensive if the vectors are very high-dimensional or the number of iterations is high
m communication bottleneck if vectors are distributed across multiple processors

silvia.gazzola@unipi.it Randomized Krylov methods for inverse problems March 2, 2026
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Overall goals

m Develop a randomized Golub-Kahan (rGK) algorithm, based on sketched inner products,
extending randomized Arnoldi
[Balabanov and Grigori. Randomized Gram—Schmidt process with application to GMRES, SISC (2022)]
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Overall goals

m Develop a randomized Golub-Kahan (rGK) algorithm, based on sketched inner products,
extending randomized Arnoldi
[Balabanov and Grigori. Randomized Gram—Schmidt process with application to GMRES, SISC (2022)]

m Introduce new randomized Krylov subspace methods, built on rGK,
extending randomized GMRES (rGMRES)

randomized LSQR (rLSQR), randomized CGLS (rCGLS), randomized LSMR (rLSMR)
m Derive hybrid rGMRES, rLSQR, rCGLS and rLSMR methods (projection + Tikhonov)
Xreg = arg min [|Ax — b]* + A*|x|?

with automatic regularization parameter estimation

Randomized Krylov methods for inverse problems March 2, 2026




Randomized inner products

Main idea
Estimate h-inner product in R" by

(-, = (@". @.(")

where (") ¢ Rxn ig 4 sketching matrix with ¢, < n
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Randomized inner products
Main idea
Estimate h-inner product in R" by
(-, = (@". @.(")

where (") ¢ Rxn ig 4 sketching matrix with ¢, < n
m O is an ¢ embedding for V if

[cy) — (@)%, 0y)| <ellxlllyll, for all x,y € V

implying

(1+e) HIOx|? < |Ix|* < (1 —&) H|0x|?
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Randomized inner products

Main idea

Estimate h-inner product in R"” by

(-, = (@". @.(")

where ©(") € R"*" s a sketching matrix with £, < n
m O is an ¢ embedding for V if

|(x,y) = (@)%, ©"y)| < c|x|lly]l, forall x,y €V
implying

(1+e) HIOx|? < |Ix|* < (1 —&) H|0x|?

m (£,0, K 4 1)-oblivious embeddings:
with probability at least 1 — d for any fixed (K + 1)-dimensional subspace of R”

Randomized Krylov methods for inverse problems March 2, 2026
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Randomized Arnoldi

Exploits randomized Gram-Schmidt to compute a basis {qi,...,qx+1} of

Kis1(A,b) = span{b, Ab, ..., A*b}

After k 4 1 iterations, we have

B Qi1 =[d1,...,dks1] € R™(k+1) with columns q/,
orthonormal with respect to the sketched inner product (9(”)-, @(”)->
m upper Hessenberg matrix Hy € R(k+1)xk

such that
AQx = Qx+1Hk
Randomized Krylov methods for inverse problems March 2, 2026
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Randomized GMRES (rGMRES) and hybrid rtGMRES, k < K iterates
rGMRES
Computes

xx = Quzx where zy = arg min |Hez — Bei]| and B =|0"|

hybrid rGMRES (with Tikhonov regularization)
Computes

xi = Quzix  where z, = argmin IHkz — Ber||> + \?||z||?
Equivalently,

min O (Ax - b)[]2 + X2[©x|2,
xE€Kk(A,b)

m ‘regularize-then-project’ # ‘project-then-regularize’

m Kx(A,b) independent of )\, allowing automatic selection of A (e.g., dp, gcv, wgcev, ...)

Randomized Krylov methods for inverse problems March 2, 2026
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rGMRES: algorithmic ‘sketch’

Require: A € R™" b e R", O € RU*n (1, < n)
1: Initialize §; = b, sketch 5, = ©("g;
2: Compute the sketched norm 8 = ||s4||

3: Scale vectors sy =s1/8, 41 = q1/
4: for k =1,2 ... K, or a stopping criterion is satisfied do

5:  Randomized Arnoldi (Randomized Gram-Schmidt)

6:  Get new vector qx1 = Aqy, sketch = O(”)ﬁkﬂ

7: Compute [R](l:k,k+1) = T

8:  Compute projection: Qi1 = Qrr1 — Qk[R](1:k,k41)

9:  Compute the sketched projection = — S[R] 1k k41)

10:  Compute the sketched norm riy1 k41 = || |

11:  Scale vectors: = /M1 k+1r Dkl = Qi 1/ Fhd k1

12:  Solve the projected problem & compute the approximate solution
z, = argmin, |[Hz — Bes|, where Hy = [R](1:441,2:6)

13: end for

14: x, = Quzk
Randomized Krylov methods for inverse problems March 2, 2026
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Numerical Results: deblurring

Blurred

m Ac R262’144X262’144

m b € R?02144 \ith 1% noise
m Q) g Rénxn

Subsampled Randomized 5 : ; s
2 |
Hadamard Transform (SRHT), go16 - - rGMRES opt |
F=1 —rGMRES gcv
f,, = 13, 106 (5% of n) S GMRES
. . Z 014 GMRES opt |
m Relative reconstruction error, & GMRES gov
(0]
g ——————— T T T =
Xk — Xtruel| 2012
el C e e
true 0 10 20 30 40 50

iteration
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Deblurring: hybrid rtGMRES with different sampling size

m K = 50 iterations S 02 rGMRES opt
b | 27
m Legend values correspond to /: qc’o 18! ; — 319
o ‘
0319 is default value © ‘ ‘ +;g;;
o min(n, ceil(2 * K « log(n)/ log(K))) £0.16 ———
©0.01%, 0.5%, 1%, 5% and 10% g 014 26215
(percentage of the dimension n) § ' [——
A S g
m Optimal regularization parameter $£0.12 ]
©
o 0.1 : : : ‘
0 10 20 30 40 50

iteration
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Deblurring: hybrid rtGMRES with different sampling size

m K = 50 iterations 9 r‘G‘MRES-g‘cv
o 27
m Legend values correspond to £,: 2 ; —319
9 \ R
o 319 is defa.xult value § ) J +;2;; |
o min(n, ceil(2 * K « log(n)/ log(K))) % - - 13108
00.01%,0.5%, 1%, 5% and 10% S 26215
(percentage of the dimension n) § “NH’__/;;ggg;;;;i;;;i3;7ii»”_"i“ji’:’:'f
m Regularization parameter go012¢
©
chosen by gcv 0.1 ‘ ‘ ‘ ‘
0 10 20 30 40 50
iteration
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Extension to rectangular matrices, A € R™*"
Building Kx(ATA,ATb) C R” and Kx(AAT,b) C R™

Let
m O ¢ R>n with ¢, < n, be an oblivious sketching matrix for vectors in R”

m O ¢ Rm*m \ith ¢,, < m, be an oblivious sketching matrix for vectors in R™

Main idea
m Estimate /»-inner product in R” by

March 2, 2026
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Randomized Golub-Kahan (rGK)

Conclusions
o]

After k < K iterations, we have the partial matrix factorizations,

AV, =U, 1M, and A"U,1=ViiTip

where
BV =[vi,...,Vks1] € RM<(k+1) has O(”)—orthogonal columns
B U =Jug,... uq] € RM*(k+1) hag @(m)—orthogonal columns

m M, e RKHD*K js ypper Hessenberg
m Ty 1 € REEDX(HD) s ypper triangular

Randomized Krylov methods for inverse problems March 2, 2026
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Randomized Golub-Kahan (rGK)

After k < K iterations, we have the partial matrix factorizations,

AV, =U, 1M, and A"U,1=ViiTip

where
BV =[vi,...,Vks1] € RM<(k+1) has O(”)—orthogonal columns
B U =Jug,... uq] € RM*(k+1) hag @(m)—orthogonal columns

m M, e RKHD*K js ypper Hessenberg
m Ty 1 € REEDX(HD) s ypper triangular
No further simplifications as

VZH((G(”))T@(”))(ATA)V;( = Tx1My  not symmetric

Randomized Krylov methods for inverse problems March 2, 2026
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rGK: algorithmic ‘sketch’

Require: A € R™" b e R™, O e RU*7 (1, < n), O™ e RIn*m (£, < m)

1: Initialize & sketch: u; = b, 5, = @)uy; scale: s, =51/, u1 =uy1/f, where g = ||s{]]
2: Compute & sketch: vy = ATuy, p1 = G(”)Vl

3: Scale: piy = pi1/ti1, vi = Vi/t1,1, where t1 1 = ||p4]|

aunipi.it Randomized Krylov methods for inverse problems March 2, 2026
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rGK: algorithmic ‘sketch’

Require: A € R™" b e R™, O e RU*7 (1, < n), O™ e RIn*m (£, < m)

1: Initialize & sketch: Uy = b, 5, = @™qy; scale: s; = s1/6, up = uy /B, where 5 = ||s||
2: Compute & sketch: v; = ATuy, p1 = 0"y,

3: Scale: =pi/t11, V1 = V1/t1 1, where t; 1 = ||p1]|

4: for k=1,2,... K, or a stopping criterion is satisfied do

Randomized Gram-Schmidt for constructing U

Get new vector & sketch: Uy 1 = Avg, 5,01 = O("’)ﬁkﬂ

Compute [M](1.4 k) = Sk " Sir1

Compute the projections: Uky1 = Uxi1 — Uk[M]1:k,k) Skt = Skt — Sk[M] 1k,
Scale vectors: s, 1 = Sk \ 1/mk+1,k, U1 = ﬁk+1/mk+1,k, where Myy1 k= ||§;< 1”

© ® N a

Randomized Krylov methods for inverse problems March 2, 2026
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rGK: algorithmic ‘sketch’

Require: A € R™" b e R™, O e RU*7 (1, < n), O™ e RIn*m (£, < m)

1: Initialize & sketch: Uy = b, 5, = @™qy; scale: s; = s1/6, up = uy /B, where 5 = ||s||
2: Compute & sketch: v; = ATuy, p1 = 0"y,

3: Scale: =pi/t11, V1 = V1/t1 1, where t; 1 = ||p1]|

4: for k=1,2,... K, or a stopping criterion is satisfied do

5.  Randomized Gram-Schmidt for constructing U

6:  Get new vector & sketch: ug 1 = Avy, S, 1 = @("’)ﬁkﬂ

7. Compute [M]q:x ) = Sk 'Ski1

8:  Compute the projections: Uy 1 = Uky1 — Uk[M](1k 100, S0 = Skt — Sk[M] a0
9: Scale vectors: s, | = s \ 1/mk+1,k, U1 = ﬁk+1/mk+1,k, where Myy1 k= ||§;< 1”
10:  Randomized Gram-Schmidt for constructing V

11:  Get new vector & sketch: Vi 1 = ATuyg, = 0"V, 4

12:  Compute [T](1:k,k+1) =
13:  Compute the projections: Vi1 = Viy1 — Vi [T] (1 k+1)s = -
14: Scale vectors: = /tk+1,k+1, Vi1 = Vk+1/tk+1,k+1y where tet1 k1 = || ||
15: end for
Randomized Krylov methods for inverse problems March 2, 2026



rGK-based iterative solvers
xk = Vizx € Ko (ATA,ATb)

m randomized LSQR (rLSQR)
z, = arg min ||[Mgz — Beif|, with [= ||@(m)b”
zERkK

m randomized CGLS (rCGLS)

Ti 1Mz = Btiger, with Trpq = [, 0] Thyy € R gy = [To )iy

m randomized LSMR (rLSMR)

z = arnginR"k [ Tikr1Myz — Bty 1en|

Randomized Krylov methods for inverse problems March 2, 2026



rGK-based iterative solvers - optimality properties

xk = Vizx € Ko (ATA,ATb)

m randomized LSQR (rLSQR)

= i O™ (Ax —b
X argxenk(gg’”b)ll (Ax — b

m randomized CGLS (rCGLS)
N/A
m randomized LSMR (rLSMR)

= i 0"AT(Ax—b
Xk =arg o min | (Ax — b)

Randomized Krylov methods for inverse problems March 2, 2026
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rGK-based iterative solvers - characterizations

xk = Vizx € K (ATA,ATb)

m randomized LSQR (rLSQR)
xx € Ki(ATA,ATb) and re L AKK(ATA,ATD)

m randomized CGLS (rCGLS)
xx € Ki(ATA,ATb) and ATre L) Ki(ATA,ATb)

m randomized LSMR (rLSMR)

xx € Ki(ATA,ATD) and ATrg L) ATAK(ATA,ATb)

Randomized Krylov methods for inverse problems March 2, 2026
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rGK-based iterative solvers - other characterizations
xk = Vizx € K (ATA,ATb)

m randomized LSQR (rLSQR)
Associated normal equations:
AT(OTEMAx = AT(OM)TE(Mp
Conditions:
xc € Ki(ATA,ATb) and AT(@™)TEOMAr, L K(ATA ATb)

m randomized CGLS (rCGLS)

Associated normal equations:
O©MMTeMATAx = (0")TE(MATH
Conditions:
xi € K (ATA,ATb) and (@)T@ATAr, L K (ATA,ATb)

Randomized Krylov methods for inverse problems March 2, 2026
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Hybrid rGK-based methods

Xk = Vizi € K (ATA,ATb)
m hybrid rLSQR

2. = arg min | Mz - e + A2z with 5= |©(")b]|

m hybrid rCGLS
(-T-k+1Mk + )\2|)Zk = ﬂtl’lel, with -T-k+1 = [lk, O]Tk+1 S ka(k—H)

m hybrid r(LSMR

zZ = argzngli[gk [ Ths1Myz — Bty ser||? + 2|

Randomized Krylov methods for inverse problems March 2, 2026
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Hybrid rGK-based methods - characterizations

xi = Vizi € K (ATA ATb)

m hybrid rLSQR
= i e(m) Ax — b)lI2 + )2 @(n) 2
0o arg | min 007 (Ax )| +X2]0|
m hybrid rCGLS
— [AT AT

xc € Kk(ATA,ATb) and  Ajryy Lowm Kk(ATAATD), k= [(b— Ax) T, Ax] ]

m hybrid rLSMR

— . en)AT 2 )\2 e( 2
wmas | min o [O0AT(Ax— )7 + [0
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Hybrid rGK-based methods

xk = Vizx € Ko (ATA,ATb)
m hybrid rLSQR

X, = arg min
x€K,(ATA,ATb)

" e ([A]-18])

m rLSQR applied to the Tikhonov-regularized problem

X = arg

min
xEKL((ATA+X21),ATb)
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Hybrid rGK-based methods
xk = Vizx € K (ATA,ATb)

oo () 15))

m rLSQR applied to the Tikhonov-regularized problem

o ([3]-15)

m hybrid rLSQR

X, = arg min
x€K(ATA,ATD)

X, = arg min
x€K(((ATA+X21),ATb)

o closer to ‘sketch-and-solve’ approaches
o no natural way to select A adaptively
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Numerical Results: seismic tomography

m Ac R131,072X65,536

m b € R13L072 with 4% noise

m O ¢ Réxn @(m) ¢ Rémxn
Subsampled Randomized
Hadamard Transform (SRHT)
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Numerical Results: seismic tomography

Ac R131,072X65,536

b € R13L972 with 4% noise
e(n) e RZ,,Xn' e(m) e Rtmxn
Subsampled Randomized
Hadamard Transform (SRHT)
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Numerical Results: seismic tomography

Ac R131,072X65,536

b € R13L972 with 4% noise
O ¢ Rixn @(m) ¢ Rlnxn
Subsampled Randomized
Hadamard Transform (SRHT)

P

5 rLSQR-opt
Legend values: ¢,,/(, 5 1 o
S - 92/46
508 | | —512/482
£ | - - 5243/2622
208 } 5 - LSQR-opt
3 i
At N |
202 Nl
©
o 0
0 2 40 60 80 100

iteration
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Numerical Results: seismic tomography

m Ac R131,072X65,536

m b € R13L072 with 4% noise

m O ¢ Réxn @(m) ¢ Rémxn
Subsampled Randomized
Hadamard Transform (SRHT)
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Seismic tomography: hybrid rLSQR vs. rLSQR for Tikhonov

values of (fixed) A noted in the legend
rLSQR-\ rLSQR on Tikhonov

—+—5
- - 22.3951||
—30.6996

o
o
o
o

o
)

o
[¢;]
3R
E O
o

o
w

Relative reconstruction error
o o
w H

Relative reconstruction error
o
N
o
N

o
[

0 50 100 0 50 100
Iteration Iteration
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Seismic tomography: hybrid rLSQR with adaptively selected A

regularization parameter choice strategies noted in the legend

E 0.6 — & noreg — & noreg
(] -T T gov E -T T gev
c - dp G e dp
% 0.5 —&— wgev £ —— wgev
= optimal g optimal
5 0.4 1 "% 4 L x==s=v nlevel exact
c 1071 ]
8 =
@03 g
£ 5
© 0.2 o
©
o
0.1 . . : : )
0 20 40 60 80 100 0 20 40 60 80 100
Iteration Iteration
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Seismic tomography: different hybrid rGK solvers

S 0.6 —
) -—+-rLSQR
g 05 5 ——rCGLS
2 /| rLSMR
g 04 ~—--rLSQR-opt | |
v ---- rCGLS-opt
g — rLSMR-opt
o 0.3 1
o
g 02 PR o T e T T
£ B
()

0.1 :
T 50 100

lteration

o o o 9o 9
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o
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{
{
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Conclusions and outlook

Take-home message
m developed a range of randomized Krylov solvers, based on sketched inner products:
m valid alternative to std Krylov solvers, with proper sketching size

m to sketch efficiently, the residuals should be small;
if they are not, try to change the problem to make them small.

J. Chung and S. G. Randomized Krylov methods for inverse problems. arXiv:2508.20269
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Conclusions and outlook

Take-home message

m developed a range of randomized Krylov solvers, based on sketched inner products:
m valid alternative to std Krylov solvers, with proper sketching size
m to sketch efficiently, the residuals should be small;

if they are not, try to change the problem to make them small.

J. Chung and S. G. Randomized Krylov methods for inverse problems. arXiv:2508.20269

Future investigations
m different SVD approximations for different projection methods

m partial recurrences (decay of off diagonal entries): factorizations in expectation?
m memory-efficient implementations for low-rank regularization
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Conclusions and outlook

Take-home message
m developed a range of randomized Krylov solvers, based on sketched inner products:
m valid alternative to std Krylov solvers, with proper sketching size
m to sketch efficiently, the residuals should be small;
if they are not, try to change the problem to make them small.

J. Chung and S. G. Randomized Krylov methods for inverse problems. arXiv:2508.20269

Future investigations
m different SVD approximations for different projection methods
m partial recurrences (decay of off diagonal entries): factorizations in expectation?
m memory-efficient implementations for low-rank regularization

Thank you for your attention!
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Seismic example (smaller): SVD Approximations

(M) /0 (Tk+1Mk) Vo (Trt1My)
12 12
10 »] ap al 10
8 o) a allg 8
x 6 [es] Of x e o x 6
4 O] O a 4
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singular values of A

Wi
Hl.! dlla
nvll! 0| & am 1O

IR Y .

¢

30 40 50 60 70 80 90 100

singular values of A

Randomized Krylov methods for inverse problems March 2, 2026




	Introduction
	Randomized standard Krylov solvers
	Conclusions
	Appendix

