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Outline

I. Introduction

1 Biological motivation

2 MRA models

II. Dilation MRA

1 Functional formulation with other group actions

2 Recovery from third moments

III. Inversion Guarantees

1 Functional formulation of simplest model

2 Recovery from second moments
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Motivation: Cryo-Electron Microscopy

Fan & Zhao 2019
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Cryo-EM Imaging Challenges

1 Measurement noise =) very low signal-to-noise ratio (SNR)

2 Random rigid motions

3 Random deformations of the molecule

Left: Singer 2018. Right: Palamini, Canciani, & Forneris 2016
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Basic set-up of interest:

Given: large number of noisy observations of a target image/signal

Goal: recover a high resolution approximation of the target

\Noise" can mean additive noise or random group action (translation,
rotation, rescaling); helpful to utilize group invariant features.
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Discrete Multi-reference Alignment (MRA)

Set-up: multiple noisy measurements of hidden signalvector f 2 RL.

yn[i ] = f [i � xn] + � n[i ]; 1 � i � L; 1 � n � N

Where:

L  � length of hidden signal (dimension)

N  � number of observed signals (sample size)

�  � Gaussian noise vector (� � Normal(0; � 2IL))

�  � shift distribution of thexn

Note:

Translation is cyclic.

Alternate formulation: f is bandlimited function
(�nite dimensional vector in Fourier domain)
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snr :=
kf k2

2

� 2 governs di�culty of recovery
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Approaches for Solving Discrete MRA

Synchronization
First align the signals then average. Fails in lowSNR regime.

Method of Moments
Recoverf from moments ofy (E[y], E[y 
 y], E[y 
 y 
 y]).

Method of Invariants
Recoverf from translation-invariant features, i.e.Fourier invariants.

Expectation Maximization Algorithms
Good results but expensive.
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Fourier Invariants

Observation: if y(t ) = f (t � x), then y ft (! ) = ei ! x f ft (! )

Idea: construct Fourier features which \cancel" out the phase factors

For example:

(Py)( ! ) = power spectrum = jy ft (! )j2

(By)( ! 1; ! 2) = bispectrum = y ft (! 1)y ft (� ! 2)y ft (! 2 � ! 1)

=) Py = Pf ; By = Bf

Note: the bispectrum is invertible under general conditions (unlikePy).

Bendory, Boumal, Ma, Zhao, Singer (2017); Perry, Weed, Bandeira, Rigollet, Singer (2017)
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Fourier Invariants � Method of Moments

E
h
y ft (! 1)y ft (! 2)

i
= f ft (! 1)f ft (� ! 2)� ft (! 1 � ! 2)

! Plug in ! 2 = ! 1

= Power Spectrum

= jf ft (! 1)j2
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Fourier Invariants � Method of Moments

E
h
y ft (! 1) y ft (! 2) y ft (! 3)

i
= f ft (! 1) f ft (� ! 2) f ft (! 3) � ft (! 1 � ! 2 + ! 3)

! Plug in ! 3 = ! 2 � ! 1

= Bispectrum

= f ft (! 1)f ft (� ! 2)f ft (! 2 � ! 1)
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Sample Complexity

Case 1: translation distribution isaperiodic

Su�cient to estimate �rst and second moments (E[y], E[y 
 y])

N & snr� 2 samples needed

Case 2: translation distribution isperiodic (for example uniform)

Requires estimation of third moment tensor (E[y 
 y 
 y])

N & snr� 3 samples needed

Note: above sample complexity is minimax optimal unless additional
structure imposed (e.g. sparsity).
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