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Sketching for (vector) least squares problem

min ||b — Ax||3
AcR™N" m>n beR™ xR

@ sketching (skecth-and-solve) <— standard practice to speed up the
numerical solution of

min ||S(b — Ax)H%

for SeR™*M s <« m

@ S is often chosen as an (e, d, k)-subspace embedding < given a
k-dimensional subspace V C R™ (e.g., Range([A, b])) we want

L=o)lvI® <lIsv* <@ +e)vl*, Vvey

with failure probability 1 — §
[Sarlos (2006)], [Rokhlin, Tygert (2008)], [Avron, Maymounkov, Toledo (2010)]
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Sketching for (vector) least squares problem

min ||S(b — Ax)||3
AceR™" m>n beR™ xeR", §ecR>*™
e Common examples of S are Gaussians (s = O(c 2 log klog 1/4)) and
SRTTs (s = O(e2(k + log m/§) log k/5))
o If

x, = argmin ||b — Ax||3, xs = argmin ||S(b — Ax)||3

then
1+¢

b Axsl3 <

16— Ax.|13

[Martinsson, Tropp (2020)]
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and when it comes to a matrix least squares problem?

Nearest Orthogonal Matrix
min|[A— Q[ st QTQ=1, x=2F
@ Applications
o Noisy rotation matrix correction: restore orthogonality in noisy data
that is supposed to be orthogonal
e Image recognition: make the recognition process more robust to

variations like illumination and small sample sizes
o ...

@ Exact solution provided by the orthogonal factor of the polar
decomposition of A

A=PH, PTP=I,H>0
o If A= UXVT, then
P=uv' H=vzVv'

Higham (1994
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and when it comes to a matrix least squares problem?

Can we still accelerate the solution of
min[A—Q[. st QTQ=1, x=2F

by sketching?

e min||S(A— Q)| (easy part)

@ How do we include the orthogonality constraint?
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Sketched norms

@ S induces a semidefinite inner product (always)
@ This is positive definite on the embedded space w/ h.p.

Definition (sketched norms)

Given a matrix P € R™*" and a sketching matrix S € R**™ if S is an
(¢, 6, rank(P))-subspace embedding for Range(P) then we can define the
following matrix norms

||PH%,_— .= trace(PT ST SP)
and

|P||2 5 := max x"PTSTSPx
’ [Ixll2=1
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Nearest sketched orthogonal matrix

min||[A— Q|s. st QTSTSQ=1 x=2F
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Nearest sketched orthogonal matrix

min|A—Q|ls. st. Q'STSQ=1,x=2F

How do we solve it?
the singular vectors of A are not S’ S-orthogonal!

Davide Palitta (UniBO) sTs-svD 04/02/2022 7/25



The STS-SVD

REMARK: the SVD can be defined by using any inner product!

Given A € R™" m > n, and an (g, 6, rank(A))-subspace embedding S €
R**™ of Range(A), s > rank(A), there exist, with high probability, an
ST S-orthogonal matrix W € R™*", an orthogonal matrix V € R"™", r =
min{s, n}, such that A can be written with high probability as

01
A=wev’, o= ER™, 0,>...>60,>0
0
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The STS-SVD

REMARK: the SVD can be defined by using any inner product!

Given A € R™" m > n, and an (g, 6, rank(A))-subspace embedding S €
R**™ of Range(A), s > rank(A), there exist, with high probability, an
ST S-orthogonal matrix W € R™*", an orthogonal matrix V € R"™", r =
min{s, n}, such that A can be written with high probability as

01
A=wev’', o= eER™, 01> ...
0

v
>
v
o

IT'S AN EQUALITY
(w/ high probability)
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|
How to compute the ST S-SVD?

Variant I: Compute the randomized QR of A
A= QR, Q'STSQ = I, R upper triang.
and (deterministic, standard) SVD of R
R=uveV’
then, the ST S-SVD of A is given by

A=(Qu)evT’
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|
How to compute the ST S-SVD?

Variant Il: Compute (deterministic, standard) SVD of SA
SA=UevT
then, the ST S-SVD of A is given by

A= (AvehevT

@ Variant |: possibly more robust but definitely more expensive

@ Variant Il: exploit the sparsity of A but small 8;'s may be troublesome
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|
On the STS-SVD (once again)

Theorem [Gilbert, Park, Wakin (2013)]

Let S be an (e, d, rank(A))-subspace embedding for Range(A), and let A =
WOVT be the STS-SVD of A€ R™" m>n,and A= UXY' ¥ =
diag(o1,...,0p), its standard SVD. Then with high probability,

Vi—c -0, <0 <V1+4ec-ok forallk=1,....n

REMARK: Gilbert et al defined the sketched SVD of A as the SVD of
SA, namely

SA=Uev’

No relation between U and A (no notion of ST S-orthogonality)
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Let's see it with an example

@ Ac R™™ m =5000, Cauchy matrix

1
Xj + yj

x; € [2,100], y; € [~1000, —500]
o S R™MSRTT
s=/ZDcF
S

o E € R™™ diagonal w/ Radamacher entries
e C € R™ ™ discrete cosine transform
o D € R**™ random selection of s entries
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Let's see it with an example
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@ svd: 3.3 secs

e svds: 1.82 (s = 30), 3.6 (s = 60) secs

40

¢
1000

107°

100}

* o8 (svd)
00;s-5=060|]
o ;s (svds)

o STS-SVD: 0.14 (s = 30), 0.15 (s = 60) secs
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Let's see it with an example
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svds: 1.82 (s = 30), 3.6 (s = 60) secs

STS-SVD: 0.14 (s = 30), 0.15 (s = 60) secs

RSVD: 0.43 (k =30, p=5), 0.46 (k =60, p = 5) secs
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N
Randomized SVD

ULV ~ A

@ If g;'s are the true singular values of A and ;'s those given by
RSVD, then
gj

1+2]19:9]3

<o;j<oj, forallj=1,... k,

-

where V= Uj+1/0j Qq = WITQ, Qs = W2TQ, W = [Wl, W2] true
right singular vectors of A. Main assumptions [Saibaba (2019)]

o rank(;) = k

o Yk = 0'k+1/0'k <1
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N
Randomized SVD

Uzv’ ~ A
@ If g;'s are the true singular values of A and ;'s those given by
RSVD, then
9 <G;<oj, forallj=1,... k

1+ 220} (3

where V= Uj+1/0j Qq = WITQ, Q5 = W2TQ, W = [Wl, W2] true
right singular vectors of A. Main assumptions [Saibaba (2019)]

o rank(;) = k

o Yk = 0'k+1/0'k <1
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N
Randomized SVD

ULV ~ A

@ If g;'s are the true singular values of A and ;'s those given by
RSVD, then
9j

1+ 97 (12215

Sa\jﬁdj, foralljzl,...,k,

where V= Uj+1/0j Qq = WITQ, Qs = W2TQ, W = [Wl, W2] true
right singular vectors of A. Main assumptions [Saibaba (2019)]

o rank(;) = k

o Yk = 0'k+1/0'k <1
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Can we further improve the singular values bound?

e RSVD
9j

<o
1++2]19:9]3

i <oy, forallj=1,... k,

e STS-SVD
Vi—ec- 0, <0, <V1+e-0k forallk=1,....n

Can we get something like

VI_cop <Oy <oy forallk=1,....n7
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Sketched norms

Definition (sketched norms)

Given a matrix P € R™*" and a sketching matrix S € R**™ if S is an
(¢, 0, rank(P))-subspace embedding for Range(P) and P = WOV is its
STS5-SVD, then

IP|% F := trace(PTSTSP) = 07
i=1

and
IP||32 = maxlePTSTSPx =0,
—

lIx]

v

We can define the sketched version of any norm based on singular values:
Schatten-p norm

n 1/p n
1P, = (Z o?) . IPlsp= (Z 9?)
i=1 i=1
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Sketched norms

Definition (sketched norms)

Given a matrix P € R™*" and a sketching matrix S € R**™ if S is an
(¢, 0, rank(P))-subspace embedding for Range(P) and P = WOV is its
STS5-SVD, then

IP|% F := trace(PTSTSP) = 07
i=1

and

IP|I3,2 = m?élePTSTSPx =0,

lIx]

We can define the sketched version of any norm based on singular values:

Nuclear norm
n n
IPle=> a1, |IPlls.=>_0;
i=1 i=1
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Back to the (sketched) nearest orthogonal matrix

min|A—Q|ls. st. Q'STSQ=1, x=2F

Let the STS—SVD of A be given by
A=wev’' (WTsTsw =)

then
P=wvT

is s.t.
P=argmin||A—Qs. st QTSTSQ=1, x=2F (w/hp.)

REMARK: P is the ST S-orthogonal factor of the randomized polar
decomposition of A (A= PH, H=VeVT)
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Back to the (sketched) nearest orthogonal matrix

min [A=Qll., _min [A-Qls. *=2F
QTQ=I QTSTSQ=I
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Back to the (sketched) nearest orthogonal matrix

min [A=Qll., _min [A-Qls. *=2F
QTQ=I QTSTSQ=I

Theorem [P., Simoncini (2025)]

Let
P:= argmin ||A—Q|s2
QTSTSQ=I
and let
T :=argmin |[|[A — Q|2
QTQ=I
then, with high probability it holds

€ 1+4+¢
A—Tlo— —— < ||JA=Pl» <
A= Tl - = < A= Pl < 3

9
A-Tlo+ ——
L
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A numerical example

e Ac R™" m=37932, n =331 (abtaha2 in the SuiteSparse Matrix
Collection Repo.)
@ S € RS*™M Gaussian

P:= argmin ||[A—Q|s2 T :=argmin|A— Q|2
QTSTSQ=I QT Q=I
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A numerical example

e Ac R™" m=37932, n =331 (abtaha2 in the SuiteSparse Matrix

Collection Repo.)
@ S € R%*™ Gaussian

P:= argmin ||A— Qls2

T :=argmin||A— Q|2

QRTSTSQ=I QT Q=I
ST S-orth Distance

s ||[A=P|2 |[P—Tl2 Time (secs)
2n 24.99 3.69 0.46
4n 24.80 2.57 0.46
6n 24.77 2.36 0.47
8n 24.76 2.27 0.48
10n 24.75 2.21 0.48
12n 24.74 2.18 0.49

|A— Tl =24.77, 1.09 secs to compute T (we are 2+X faster)
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The STS-SVD helps a lot!

Theorem [P., Simoncini (2025)]

Let P € R™" have S'S-orthonormal columns with S being an

(¢, 6, rank(P))-subspace embedding for Range(P). Then, with high proba-
bility,

1_¢ 1—¢
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The STS-SVD helps a lot!

Theorem [P., Simoncini (2025)]

Let P € R™" have S'S-orthonormal columns with S being an
(¢, 6, rank(P))-subspace embedding for Range(P). Then, with high proba-
bility,

HPTP_IHFSL\/E and ||PTP—IH2§
1—¢ 1-¢

Theorem [P., Simoncini (2025)]

Let T € R™*" have orthonormal columns. Let S be an (e,d,rank(T))-
subspace embedding for Range(T). Then, with high probability,

|TTSTST —I||r <evn and ||[TTSTST —I|2<e¢
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Conclusions

What | showed you
o Formalization of the ST S-SVD
@ Characterization of the nearest sketched orthogonal matrix
@ Relation between sketched and original problem
The S7S-SVD may provide
o Efficient detection of singular value decays

o Fast computation of low-rank approximations w/ (ST S-)orthogonal
factors

e Full characterization of skecthing for (vector) least squares problems

Reference: S'S-SVD via Sketching and the Nearest
ST S-Orthogonal Matrix
D. Palitta and V. Simoncini
BIT, Vol. 66, no. 7, (2026)
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