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We have come a long way and simulations of disperse multiphase
flows are now relatively routine
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While continuing refinement of the methods, making them more
accurate and more robust are important pursuits,
the progress made so far is opening up new possibilities.

Two important questions are:

® How do we use the abundance of information that is already
available most effectively to generate models for closure
terms in RANS and LES computations of industrial systems?

® How do we extend current capabllities to more complex multi-

phase, multi-physics and multi-scale systems in the most
effective way?
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Numerical Approach
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Introduce a numerical marker function
approximating H. The advection is
governed by:

i) Fu-VH =0
Ot

Integrating this equation in time, for a
discontinuous Initial data, i1s one of the hard
problems in computational fluid dynamics!

The marker function allows us to set the
material properties and solve the Navier-
Stokes equation

0pu
ot
- Dp  Dpu

For solid particles the surface
tension term is replaced by a
force that keeps the
deformation inside the solid
zero and a collision force

+V-puu=—-Vp+V-uVu+ V' u) + pg + okngso(n)

Singular
Interface term
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One set of equations for the whole flow field. Different
fluids/phases have different properties and are
identified by an index/marker function. Interfacial
effects added as delta functions

* One fluid formulation for multi fluid flows, where a single
set of equations are solved for the whole flow field

A single stationary grid is used for the whole domain to
discretize the governing equations

 Finite Volume Method for the Navier-Stokes Equations
» A method to advect the index function identifying the

different fluids or phases. This can be done in different
ways, such as by VOF, LS or Front Tracking.

This approach forms the basis of a large number of
methods and has been widely implemented and tested

Direct Numerical Simulations
of Gas-Liquid Multiphase Flows
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Fixed grid used for the solution of the Navier-
Stokes equations
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Tracked front to advect the fluid interface and find

surface tension
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The front is used to update the index function and

compute the surface tension

The Navier-Stokes equations are solved on a
regular structured staggered grid, using an

RV, O
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explicit second order projection method for the

time integration.

Information must be passed between the two
grids

The front provides accurate solution and the
flexibility to include interface physics in a
relatively straightforward way
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Hundreds of bubbles of
different sizes in turbulent
channel flow.

G. Tryggvason, M. Ma & J.
Lu. DNS—Assisted
Modeling of Bubbly Flows
in Vertical Channels,
Nuclear Science and
Engineering, 184:3 (2016),
312-320
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A Few Bubble Papers

Deformable bubbles rising in fully
periodic domains.

B. Bunner and G. Tryggvason.
“Effect of Bubble Deformation on
the Stability and Properties of
Bubbly Flows.” J. Fluid Mech. 495
(2003), 77-118.
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Gas-Liquid-Solid
Flows
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What is froth flotation?

A wet grinding process
turns the crushed rock

into a fine sand. .
‘o
. .
=4
——— 1_-' Mixed with water, chemicals
- : and air, the copper minerals
attach to bubbles that float
to the surface.
Bubbles with copper
are skimmed and filtered
to produce copper ET— )
concentrate. o5 288 oo
.0 00 5

Concentrate is then
sent to smelters for
further processing.

Smelters convert concentrate
into copper cathodes used in
the manufacturing of many
modern products.
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Mineral Processing

}ngly hydmphoblc
partlcle

hydrophobic
particle

Surfactan’*’j |

covered

eventually
ruptures

contact »y A 5
line A 7 kel
‘! of many shape e
#— -
v and sizes 3 |

Froth flotation to select hydrophobic
particles in mineral processing and plastic
recycling. A variety of chemicals is usually
added to make some particles hydrophobic
and others not

https://resolutioncopper.com/mining-method/
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Ssmall copper mine

Minera San Pedro S.A. Tilil,
Capacity: 300 tonnes of ore
Yield: up to 3%

Visited January 22, 2020

Mineral Processing
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Three Fluids Two Fluids and a Solid o
Bubble
0
Bubble
Obs
Solid
The horizontal and vertical forces are The tangent and normal forces are
fh = Obg + 01 CO8 O + 014 COS Oy f = 015 — Ops + 0 COs 0

— onppsinty, — o7781n 6 .
fo = owsinby — oy4sin by [ p—y:

At steady state the forces balance

At steady state
fh:f’t}:() O'ZS—O'bSZ—O'COSQo
So we can solve for the angles Thus
1l r0ba Oba  Old Ot ft = o(cos® — cosb,)
cos b, = —( )
2\0 g o O Old

To move the contact point we
need to allow slip
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We allow for variable surface
tension and compute the force s
on a small surface element by 05

((‘J‘t)l
i, = jécrs X nds

We can handle the contact point (line) in two different ways: We can explicitly track it,
or we can extend one of the interfaces into the other fluid but set the surface tension

equal to zero. For the three fluid case nothing else needs to be done, simplifying
implementation considerably

SO0 =04
t @ 2 ..' 9 = 0O
f.P = opated + oratia + ot _ * g — N
3
Triple point tracked - Virtual interface, triple point

separately not tracked separately
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The transient evolution for two-dimensional flow. The triple point
Is explicitly tracked in the top row, but not in the bottom row.
Times are 0.0, 0.2, 0.6, 2.0.

Both approaches give the same results but the untracked
one using a virtual interface is much easier to implement,
particularly for three-dimensional flow

POOoe0O

The transient evolution of a fully three-dimensional flow,
computed using the untracked approach. Times are 0.0,
0.2,0.6, 2.0

0.7r
[ —
0.6F —32 x 32
—64 x 64
128 x 128
— Tracked

> 0.5¢f --=-Untracked

0.4 /

WHITING SCHOOL Three FIUId FIOWS

e T T T o *_"'_;' The mOtlon Of the

centroid of the
bubble and drop
s versus time for
three different
resolutions.
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The steady state for two resolutions and two
different contact angles.

Left 8] = 68°: Right 8] = 130.5°
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For a moving contact line the unbalanced force along the interface results in slip velocity.

We assume that the slip velocity is proportional to the unbalanced force, assuming
Generalized Navier Boundary Conditions (GNBC).

/6uslip — Tyisc — TY 6 — M/)\

The slip length thus becomes a
parameter determining how fast the solid
particle is “engulfed” into the bubble.

GNBC:

T. Qian, X.-P. Wang and P. Shen. Generalized
Navier Boundary Condition for the Moving

Contact Line. Comm. Math. Sci. Vol. 1, No. 2, pp.

333—341.

For a general review: Weiging Ren, Dan Hu, and
Weinan E. Continuum models for the contact line
problem. Physics of Fluids 22, 102103 (2010);

Uslip

Auslip —

Slipft
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Numerical implementation using a .
“virtual interface” inside the solid Bubble SO = oyp

In principle, the force applied
to the solid to keep it rigid
should balance the “pull” from
the interface. However,
ensuring momentum O = Olp,

f; = o(cos@ — cosf,)t

conservation turned out to be L’ Solid o =10

Challenging SO we have Virtual Interface N\

extended the interface inside solid

through the solid, which gives The end point of the virtual interface (at the solid surface) is
better conservation moved with the slip velocity, the first point is set at the

correct angle and the location of other points inside the solid

IS set by minimizing
Following ideas originally

2
presented by: B / 0°x st

M. Fujita, O. Koike, and Y.
Yamaguchi. Computation of

using iteration

capillary interactions among Xy = (Xg_l_l +— X] + Xg_l) / 3
many particles at free surface. ~ . N -
Applied Physics Express, X] = (Xj4+1 TX + Xi—l)/?’

6:036501, 2013.
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0.7

0.6

0.7

0.6

Transient for a solid particle and a bubble computed using 0.5
both the tracked and the untracked approach, at times O, 0.4
0.5, 1.0 and 2.0. The domain is resolved by 64 x 64 grid. ¥ 4

0.2

Transient for a solid particle and a bubble for fully three-
dimensional flow, computed using the tracked approach. Times
are 0, 0.5, 1.0 and 2.0. The domain is resolved by 64 x 64 grid.

— Tracked
— Untracked

— X 32
— —— 64 x 64
— 128 x 128

Convergence for solid
particle. The domain is
resolved by 32 x 32 grid in
the left column and by 64 x
64 grid in the right column.
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Froth Flotation—Solid Particles

1 bubble (yellow) and 500 hydrophobic

©

¢
@

particles (grey) with Eo =1, Ar=31104,y=4

and Bs = 100° attime 1= [0, 7.5, 15]. The
enstrophy is shown in a plane at the back of
the domain.

Details of figure 2 at 1 = 7.5. (a) Side view
with velocity vector and enstrophy in the

back plane. (b) Bottom view.
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(a) The rise velocity of bubble and solid particles

forEo=1,Ar=3110.4,y=4 and 6s = 100°, and
(b) Number of particles attached to the bubble
(Na) versus time for the different initial
distribution of particles.

801 601
——Data
Fitting curce 50 F

- Data
‘Fitting curce

40F

= 30}
20F . =
10}
0 : : ;

0 5 10 15
T

T

The fitting model for (a) the relative
velocity of bubble and solid phases and
(b) the number of particles attached to
the bubble (Na) for Eo = 1.

Use the simple model to fit the data

NglT) =

4 LY.
RE(T) — —S—kAT (N[} = *r) H,

1 1 '
-+ (NO — —)Exp
/& !

2C,
k

20,

Exp

k

D

Dy,
Dy

Froth Flotation—Single Bubble

3 _
Db) arv Ar(t — 7p)

3 _
) arv Ar(T — 19)

Where N, is the number of attached particles at time 7,

Define

= 3
20, [ D
C’T‘ —= 7 (D—z) ar AT(T = TD)

T

- ApgVs

- ApVs

4 1 1

Fit

log(Re) = C1 + Cy

Solve for C, and k

log (

N, — -

1

r

)ZC’T-}-ON
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Froth Flotation—Many Bubbles

s

el

Domain Size (L, X L, X L) 3 X3 X8
Resolution (N, x N, x N,) 192 x 192 x 512
Gravity (g) —0.1
Number of bubble(/Vy) 12
Viscosity (/) 0.0025/0.00025
Density (pi/pb/ps) 1.0/0.1/2
Diameter (Dy/D,) 0.6/0.15
Static contact angle () 100°
Contact point slip velocity (usip) 0.1,0.2]
Eotvos number (Eo) 1,3
volume fraction («) 2.7%,5.4%)]
o | 0.0648 0.0324 0.0162 70.0081
Lo 0.5 1.0 2.0 4.0
M | 129x107° 1.03x 107" 827x107" 6.62x 107 °
Fo «1 (Hydrophobic) «ao(Hydrophilic)
Case 1 | 1 2.7% 0%
Case 2 | 3 2.77% 0%
Case 3 | 3 5.4% 0%
Case 4 | 3 2.7% 2.7%
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Froth flotation is a complex process with complex chemistry and
hydrodynamics, where bubbles and particles of different sizes and
shapes interact and mix in turbulent flow with surfactants and frothers.

However: Exactly how differences in wettability translate into
selectivity is still essentially unknown.

Accurate modeling of selection by flotation require capturing many
processes taking place on a large range of length and time scales,
requiring multiscale approaches that capture different physical
processes In different ways

Froth flotation is a problem of enormous and growing economic
significance. First of all, in mineral processing its significance
will grow as it becomes necessary to mine deposits of lower
quality and environmental concerns demand more efficiency,
thus requiring better insight and predictability. Secondly, the use
of flotation Iin recycling of plastic is likely to grow significantly in
the near future, demanding understanding and predictive
capabilities in a different operational range from mineral
processing.
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Interface
Retaining
Coarsening
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For multiphase flows where sharp moving phase boundaries separate different
fluids or phases, the dynamics of the interface often determines the behavior of

the flow.

In a coarse, or reduced order model, it may therefore be important to retain a
sharp interface for the resolved scales. Somewhat like modeling of disperse

flows often retain bubbles or drops as point particles.

Here we seek one way to coarsen DNS results in a formal way

A formal coarsening process allows :

- Validation by comparison with filtered fully resolved solutions
- May help with determine the structure of the coarse equations

An example where the
iInterface retaining
assumption may

be “iffy,” or require an
additional interface—the
cloud cavitation examples
show by other presenters are
other examples.

Xue, X., & Katz, J. (2019).
Formation of compound
droplets during fragmentation
of turbulent buoyant oll jet

In water. Journal of Fluid
Mechanics, 878, 98-112.
doi:10.1017/jfm.2019.645
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Filtering and diffusion are closely linked. The solution of the time dependent constant
coefficient diffusion equation in 2D unbounded domain

f|2

0g(t, x) 2 ! / 3 Ndo!
"~ — s i = T go(X')da’
o5 DV~*g(t,x) isgiven by 9(x,7) anD7 J4 e~ DT go(X')da

f we take 4D7 = A?/6. filtering and diffusion are interchangeable. Same in 3D

We prefer to work with the diffusion Identify the different phases by and index
equations, since we can generalize the function

coarsening by modifying it and making 0 in fluid 0

the diffusion coefficient variable, such X(x) = { 1 in fluid 1.

as by preventing diffusion or making it

directionally dependent, and work Evolve the index field in pseudo time by

close to boundaries ox 5
. ot
D(x,7) = D modified by setting D(zs) = 0; Interface velocity is determined from
0o/ u
ZV'DVX; %zaxl : — d.’L'[:
OT D — 3, T U Vx =0. and o Uj
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Can we derive the overall form the equations,
even only for very simple situations?

Consider a flow in a vertical channel

= o L T S
ot oz oz Oy £

We are interested in flow with an interface, but we start

with a single phase flow and as simple model as possible Comparing the smoothed
% 0% o velocity and the evolved
>~ — a2 T B Diffusing the operator coarse velocity, using the
, - = exact shear stresses
Smooth the velocity oL _ DagL
) ot Oz
0u _ 0% . |
or 0x? b )
on _ 9 0y o 0G
Write the governing ot am”(am) TET Ba
equation as Y 5263 :
o 3’& 827.5 3G - E - 6$2 05F D=0.5"m; Nd=200;
Ot  Ox2 B oxr 0 "
where Wil -  EEE

G(z) = 17(0)0(z) + 7(H)d(x — H) G(tr=0)=G(t) =7(t,0)0(z) + 7(t, H)é(x — H)
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0 The very simple model suggests that:
- - We can derive equations for the coarse
0.2 flow that give the same results as the
. smoothed exact solution
0 » Shear stresses (momentum fluxes) at
0. walls and interfaces need be replaced
by sources and must be found

-0.2
separately

-0.3

ok » Interfacial and wall stresses (or their

: 02 - 34 08 ‘ derivatives) must be diffused in
| pseudo-time at each time step. Thus,
The same approach works for two fluid layers the “non-localization” of information is

3% 1/ 8 /80 ) a formal part of the model
5 o a#(£)+(9—9w)9—5+5

__, - » We may need to diffuse the diffusion
05 _ p9’s Q. il coefficient to bring it smoothly to zero
oT 0x? ox

at the interface to get a “monotonic”
G(r =0) = G(t) = 7(t,0)8(z) + 7(¢t, z1)d(z — z;) + 7(t, H)6(x — H)  profile
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Evolution in pseudo-time

Coarsening the Interface

The index function is diffused
In pseudo time and the total
time determines the filter
“size.”

The interface is simplified by
“straitening” and by parts that
“collapse.”

—"large scale" interface length at t=0.25
8 - - ="collapsed" interface length at t=0.25
—"large scale" interface length at t=0.175
- - -"collapsed" interface length at t=0.175 | |

on

interface length
=N

0 0.002 0.004 0.006 0.008 0.01 0.012
pseudo diffusion time 7
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Closure for a simple

system by
Machine Learning

M. Ma, J. Lu, and G. Tryggvason. “Using
Statistical Learning to Close Two-Fluid
Multiphase Flow Equations for a Simple Bubbly
System.” Physics of Fluids, 27 (2015) 092101.

M. Ma, J. Lu, and G. Tryggvason. “Using statistical
learning to close two-fluid multiphase flow equations for
bubbly flows in vertical channels.” International Journal of
Multiphase Flows, 85 (2016) 336-347
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A simple description of the average flow in a vertical channel can

be derived by integrating the vertical momentum equation and
assuming that the density and viscosity of the gas is zero

1 1
o = A, /X@ada <V >= AL, fX’Uda

Horizontal flux of bubbles

9% L 9 @0 Fim—— [ xiuida
ot ' O ‘ o Azy
Averaged vertical momentum of the liquid:
8a<v>+aa<u><v>— L dpo a—f—l/a(a
Ot O o dy Iy 'O
Find the closure terms (red circles) using neural networks
oox d<v> oa d<v>
F=fla—, : <u'v'>=g|la,—, ;
: f( ox  ox ) g( o0x  Ox )

Assuming spherical bubbles. For deformable bubbles we
have an additional closure term

Closure Terms by Machine Learning

Plus a surface tension
term for non-spherical
bubbles

6<v>)_ga
ox 0x |

M. Ma, J. Lu, and G. Tryggvason. “Using
Statistical Learning to Close Two-Fluid
Multiphase Flow Equations for a Simple
Bubbly System.” Physics of Fluids, 27
(2015) 092101.

M. Ma, J. Lu, and G. Tryggvason. “Using
statistical learning to close two-fluid
multiphase flow equations for bubbly flows
in vertical channels.” International Journal of
Multiphase Flows, 85 (2016) 336-347
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The transient motion of
bubbles in a vertical
channel flow. Averaged
DNS results (solid line)
and Model predictions
(dashed/red line) using the
ANN closure terms at
several different times.
Similar results are found
for other initial condition,
and downflow is also
accurately predicted
using closures “learned” in
upflow

Closure Terms by Machine Learning

Liquid Velocity

—

& =
O h - AP
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The important

L Liquid Velocity Void Fraction
qguestion Is: .0
e N A e
are the closure ™3 - —— 10
The figure .
closure relations ” ,
derived from the g '
applied to " = aiinesetning, 7

1=24.0s

Similar results
for different
initial
conditions.

L
N

0.5 Lothion 1.9 <0 0.5 Locl\tion 1.9
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On
Closures for Coarse
Models Retaining the

Interface
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The goal is to separate the flow into large scale flow which are evolved deterministically
and small scale flow which is modeled.

As the coarsening is reduced, we should recover the solution to the original continuum
equations.

Away from an interface we should be able to use standard models that ignore the
iInterface, both for the two (multi) phase mixture and the turbulent flow

Simplifying the interface is relatively straight forward but what about the mass and
momentum?

We have at least two options:
» We can mix the fluid “left behind” and evolve the mixtures using two-fluid models.
» We can “push” the phases with the interface, keeping them separate.

The first leads to Euler-Euler like models and the second to Euler-Lagrange like
models
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Equations for the evolution of coarse grained flows are usually derived from equations for
the fully resolved flow by adding closure terms to account for the effect of unresolved

scales, the coarse field is generated by explicit filtering, and the closure terms constructed
by comparing with the filtered fully resolved solution.

An alternate approach is to find the closure terms directly from the evolution of the coarse

field by asking how the traditional fluid equations need to be modified to ensure that the
coarse field evolves correctly.

Represent the flow by a Structure/Function Modeling | Trajectory Modeling
truncated series of modes

N T —— ti Review of closure models for ROM: S. E. Ahmed, S. Pawar, O. San, A. Rasheed,
(ana ytical basis Tunctions, T. lliescu, and B. R. Noack. On closures for reduced order models—a spectrum
POD, DMD, ......).

of first-principle to machine-learned avenues. Phys. Fluids, 33:091301, 2021.
Reduced Order Models

Most turbulence work. Chen et al (2D turbulence)
Focus on a priori tests

Simplify the field by
averaging or filtering
(RANS, LES, ....).

Ma et al, 2015, 2016 multiphase flow
Compute closure terms from Modify the governing equations
fully resolved solutions and so that the coarse field evolves

develop models to match those “correctly”
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We assume we have a coarse or filtered flow field (0.(x,1), p.(x,1))

To find equations for the evolution of the coarse field, we assume that the
flow is governed by the standard conservation equations augmented by a
closure terms that accounts for the effects of the unresolved scales.

ou,

ot

For single phase flow these can be
written as the divergence of fluxes,

. . but for more complex flow it can
Since we know the complete coarse field, we . .
also contain sources/sinks

can solve for the closure term

N T=V-F
ou . .
5 - Vau + Vp

For “mild” coarsening, it is likely that we can write

+ Vi, = —Vp. + T

T =

T or F=f( local state of the coarse flow )

For aggressive coarsening, however, it is likely that the closure
terms depend on the history of the flow so we need to evolve T or F

OF -, - VF = G Once we have found F, we can solve for GG, which
Ot then needs to be related to the local flow state
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Simple Example—2D Turbulence

Assume the flow is governed by

%‘t‘ -V - (i) = —%Vﬁ+uv2ﬁ+}"

Filter a DNS solution and find

Trajectory modeling/regression
for single phase flow

74

, Y/
% (

@)

> ﬂ(gd:
= )

- (1% (4] = o (=3

0

ime 10 for (a) Filtered DNS; (b) NN
nder-resolved “DNS”

ou o 1__ 9 ~
.F—E—FV'(UU)—I-;VP—VV u

Use Neural Networks to find

ou Ou Ov 0%u 0*u 0%*u O%v

Fa =M (%’ Oy’ 0z’ 0x2’ 8xdy’ Oy?’ Ox2

the same, but at longer time we
compare the statistical state

X. Chen, J. Lu and G. Tryggvason. Finding

Closure Terms Directly from Coarse Data for 2D

Turbulent Flow. Fluids 2022, 7, 154.

)

For short time the trajectory is nearly

(r)

Structure
Function

Energy
spectrum

) 1{][:

10 20 30 40
t (scaled by r)

Enstropy
versus time

Not surprisingly, doing the closure this

way works, at least for this simple case

o0
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- _ Xianyang
Mixing the phases: Chan, Jiscai Lu
and Gretar
As the interface moves, one phase is “left behind” in the Iryggvason.
. Interface
other phase and is treated as small scale flow that needs Retaining
to be modeled. Thus, generally we expect a two phase Coarsening of
mixture of small scales on both side of the coarse E’:;'wghsrfss
Interface Fluids 33,
073316 (2021)

Filtered density Pw:;zﬁh;sz;fstzo

Original index function ' \

Phase 0 ' Phase 0

Uniform
inflow plus
perturbations

Multiphase flow:
Phase 0 in phase 1
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After the smoothing the
different phases are identified
by the filtered, or diffused,
iIndex function
H(x) = { 0 in fluid 0
1 in fluid 1

Moving the interface results in
one phase that has been “left
behind.” Diffusing the index
function again, but preventing
diffusion across the interface,
mixes this phase with the other
phase. This gives the volume

fraction -

Often we prefer to work with
the perturbation volume
fraction, which is the deviation
from the filtered index function

P

o =a—%

The evolution of the volume fraction « in pseudo time

|
z

2

(
@

>
2

2

(

[

)
e
j

(

P
s

The evolution of the perturbation volume fraction ' in
pseudo time

Generating the Small Scale Index Function
by Mixing
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Coarsening the Momentum Field

Diffusing the momentum separately on either side —

of the interface generally does not preserve olpu) _ VD OV (o
= —-Vp+ V.- DV(pu)

iIncompressibility, so we evolve it in pseudo time oT

using a pressure like term to keep the divergence

of the volumetric velocity equal to zero.

The evolution of the |

streamfunction in a
stationary frame of

reference in pseudo N
. 0.6 b— ) \ | .- j 'III;II'. . ; - sl —- \ 1/,
time M@ AN
0.4 )" IRERA s I
0.2 -__ | | 9 i g 0.2 *_-.'- i g -
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| w0 6l 2 The evolution of
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The solution of the model
equations

As a start we are using a very
simple homogeneous mixture
model where we need models for
the interface velocity, dispersion of
the small scales and stresses due
to the small scales

der/dt =us—Aumn

oo’
ot

+u-Va' =V -D. Vo + Sr

St = [x|(uf —ur)-n = [x]Au; interface source

p= (" +X)p1+(1—a —X)po

d(pu) o~
ot

Evolving the Coarse Field

Original
Interface

density

+ V- (puu) = —-Vp+ pg+ V - 1. momentum

Te — ue(VU T VUT) effective stress

Filtered Evolving the
solution equations for
the coarse flow

NS 3

(
N

Here we have simply picked
“plausible” values for the interface
velocity and the mixture diffusivity

The simplest version requires
the jump in the interface
velocity; the effective viscosity
and the effective diffusivity
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Original ” = SN
/'/u ~ y

Filtered | —~_

L Ya
Evolved

\/\/\
Preliminary o(pu)
results using ot
a very simple
mixture
model. o'

ot

Te = pe(Vu + Vul).

d:l':[/dt = Uf — Aumn

u-Va =V-D, Vo' + Sr

Interface Retaining Coarsening of

Multiphase Flows

W ¥

V- (puu) =—-Vp+pg+V -1

P

o,

1

0.8

R
e 0.6
/ 10.4

. _ | HM
/\/ __/—\—’_’/1 iﬂs
' b..
= i
s A
' ‘ l-n.5
Sr = [x|(uf —uy) - n = [x]Auy
p=(a—a)p+(1—a—a)p,
Aur = f(k,0uys/0s,0%u;/0s%, ......... A)

Jump in normal velocity found with the aid

of machine learning—but fluid viscosity and
mass diffusivity taken as constant here
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Separating the Phases
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Instead of mixing momentum of one phase with the momentum
the other as the interface moves, we can “pull” the momentum
behind the interface.

For cases where one phase “collapses,” as in the point particle .|
approximation, the result is one phase filling the domain and the  osf_-
momentum of the other phase being carried by a point particle. ™

Consider flow in a vertical channel again. The momentum

equation is: The momentum of the outer
3 9 9 fluid. Red: Exact Solution; Blue:
pu _ 9 I Y _p_ 0g Coarse solution; Red dashed
ot ox' Ox

line: Filtered exact solution.

1

The boundary conditions as source terms are oo}

S(t) = 1 (£, 0)5(2) + 7 (t, 2,)0(z — 2) + Ti(t, 2)0(z — 2)) + T (8, H)O(z — H) oo

I
I
I
I
I
|
I
I
06 |
I
I

T S I I . . . S  mm amame.

The smoothed momentum equation is
8@ azﬁ ~ 0.4

— B ) o~ S 03F

8t I"I’O 8:[;2 ( + pﬂg X _I— !

Where ,

u=pu/p and P = PoX The velocity
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For the full flow field we solve

Opu
ot

ox
E—FU-VX—O

Then we smooth the solution in the liquid, assuming the
bubbles have “shrunk” to a point.

+V-puu=-Vp+pg+V-pu(Vu+Vu')+f, and V-u=0

GXf 9 om
v fo_ 2 - __ g
o7 Xf 5. = VO+V'my  pr=pXs  up= =
m(7 = 0) = pux;
The coarse solution Is then advanced In time
5 u’;c — uk
ﬁg::c V- pucu. + Vo, — pcg + 1 fVQuc F. Fe = ppg - At

—xp||?

1 ~
F.(x,y) = AZFE’G B Xp(Z,Y) = AZ € 7 pe = pf(l — Xp)
p

p
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Since the force from the particle on the fluid is _ —r - Trajectories
only approximate, we rerun the coarse point ) °
particle model, using the slip velocity and the
force from the particles and record the
conditions at the particle center to generate a
database to be used to find expressions for the
force and the slip velocity from conditions at
the particle location.

We have done a few preliminary tests using
machine learning but this work is not complete.
The correlation is generally reasonable but the
current data is too sparse.

+ =053

Cutput == 0.87*Target
2 8 8 8 & &

Acceleration
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The key aspects of the modeling are:

Coarsening: Small scales are filtered. Not decomposed into modes.
Interface retaining: The interface is simplified but stays sharp.
Trajectory modeling: The conservation equations are augmented to
ensure that the coarse flow evolves correctly. Not structure or function
modeling, so a priori tests are irrelevant.

Scale aware: The level of coarsening is explicitly accounted for going

from fully resolve results on one end and fully averaged steady results at
the other.
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Adaitional Thougnhts
on lrajectory
Modeling
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Trajectory modeling requires only the coarse flow. When the coarse flow comes
from filtered fully resolved simulations we must resolve all smaller scales, severely
limiting the scale range we can obtain.

In experiments, we just need to measure the flow at the coarse scale. Smaller
scales are taken care of by the physics. Thus, the range of scales below the
observed scale can be arbitrarily large.

In many applications we don’t fully know small scale physical processes, but as
long as they are repeatable we don’t need to, as long as we are in the appropriate
parameter range.

The amount of experimental data may still be limited, but progress In
reconstructing the flow (such as PINNs) should allow us to get both the full (but
coarse) velocity field and the closure terms, as correction to the standard NS
equations

Experimentally based, scale aware, trajectory, modeling for single phase flow
seems relatively straight forward, but the need for some knowledge of what the
model looks adds complications for multiphase flows
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Predictions based on models derived from observations/
measurements at the scale that we wish to predict are likely to play
a key role as we seek to build digital twins of everything. Predicting
based on observations is, of course, exactly what humans do!

Neural network of
B s adnm unknown complexi’[y
nput and depth

Artist Katsushika Hokusai presumably generated his masterpiece by
observing real waves, not starting with solutions of the Euler or
Navier-Stokes equations. (Pictures from Wikipedia and the web.)



