
Kasteleyn’s theorem for 
classical groups

Richard Kenyon (Yale)
<latexit sha1_base64="Ovih89FbpHEvdF6W++g9u9ki9H0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuilpFR8bKbgR3FSxD2lDmUxv26GTSZiZCCEU/BU3LhRx63e4829M0iBqPXDhcM693HuP43OmtGV9Grm5+YXFpfxyYWV1bX3D3NxqKi+QFBrU455sO0QBZwIammkObV8CcR0OLWd8kfite5CKeeJWhz7YLhkKNmCU6FjqmTs3jI6I7OMrEKEncOmOcDjomUWrbKXAs6SSkSLKUO+ZH92+RwMXhKacKNWpWL62IyI1oxwmhW6gwCd0TIbQiakgLig7Ss+f4P1Y6eOBJ+MSGqfqz4mIuEqFrhN3ukSP1F8vEf/zOoEenNoRE36gQdDpokHAsfZwkgXuMwlU8zAmhEoW34qTMAjVcWKFNISzBMffL8+SZrVcOSwfXVeLtfMsjjzaRXuohCroBNXQJaqjBqIoQo/oGb0YD8aT8Wq8TVtzRjazjX7BeP8CAQSU/A==</latexit>

based on joint work with

<latexit sha1_base64="ZWvJEwmPntfYho7B5yt1bpaLAvA=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqswUQd1IwY3LCvYBbSmZTNrGZpIhyVjK0A9w46+4caGIWz/AnX9jpp2Fth4IHM595NzjR5xp47rfTm5ldW19I79Z2Nre2d0r7h80tIwVoXUiuVQtH2vKmaB1wwynrUhRHPqcNv3RdVpvPlClmRR3ZhLRbogHgvUZwcZKvWKpIyQTARUGpWsCJAW6t4pBY6lGaMzMENkut+zOgJaJl5ESZKj1il+dQJI4tFsJx1q3PTcy3QQrwwin00In1jTCZIQHtG2pwCHV3WR2zBSdxKmNvlT2WRsz9fdEgkOtJ6FvO0Nshnqxlor/1dqx6V90Eyai2FBB5h/1Y46MRGkyKGCKEsMnlmCimPWKyBArTIzNr2BD8BZPXiaNStk7K1/eVkrVqyyOPBzBMZyCB+dQhRuoQR0IPMIzvMKb8+S8OO/Ox7w152Qzh/AHzucPJQ6bCQ==</latexit>

Daniel Douglas, Nicholas Ovenhouse, Haolin Shi, David Wilson, Haihan Wu

<latexit sha1_base64="Fn3d8l20dAVDmOcwEwRNV53heFY="></latexit>



Dimer covers

<latexit sha1_base64="FdMso0ml9TG+nc7L07Mh0pXorM0="></latexit>



Let K be the Kasteleyn matrix:

<latexit sha1_base64="ACLS+I4tcIZH8x4utGa881ZELUY=">AAACCXicbVDJSgNBEO2JW4xb1KOXxkTwFGaC4IKHgBchHiKYBZIQejqVpElPz9BdI4aQqxd/xYsHRbz6B978GzvLQRMfFDzeq6Kqnh9JYdB1v53E0vLK6lpyPbWxubW9k97dq5gw1hzKPJShrvnMgBQKyihQQi3SwAJfQtXvX4396j1oI0J1h4MImgHrKtERnKGVWml6A0izxSz1gWIPaJEZBAkDRQOGWjxctNIZN+dOQBeJNyMZMkOplf5qtEMeB6CQS2ZM3XMjbA6ZRsEljFKN2EDEeJ91oW6pYgGY5nDyyYgeWaVNO6G2pZBO1N8TQxYYMwh822nv65l5byz+59Vj7Jw1h0JFMYLi00WdWFIM6TgW2hYaOMqBJYxrYW+lvMc042jDS9kQvPmXF0kln/NOcue3+UzhchZHkhyQQ3JMPHJKCuSalEiZcPJInskreXOenBfn3fmYtiac2cw++QPn8wc9IJjO</latexit>

Dimers and Kasteleyn theory

<latexit sha1_base64="QNZZEXx86XDzHprjnkwVTBg4Rac=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgqswUQQUXBV0IbirYB7SlZDK3bWgmGZKMMAz9Ajf+ihsXirh17c6/MX0stPVA4HDuuTf3niDmTBvP+3ZyK6tr6xv5zcLW9s7unrt/0NAyURTqVHKpWgHRwJmAumGGQytWQKKAQzMYXU3qzQdQmklxb9IYuhEZCNZnlBgr9dxSR0gmQhAGX7PIGjERIb4l2gCHVGAzBKnSnlv0yt4UeJn4c1JEc9R67lcnlDSJ7FzKidZt34tNNyPKMMphXOgkGmJCR2QAbUsFiUB3s+k5Y1yySoj7Utln95qqvzsyEmmdRoF1RsQM9WJtIv5Xayemf97NmIgTA4LOPuonHBuJJ9ngkCmghqeWEKqY3RXTIVGEGhtMwYbgL568TBqVsn9avrirFKuX8zjy6AgdoxPkozNURTeohuqIokf0jF7Rm/PkvDjvzsfMmnPmPYfoD5zPH0H8nD4=</latexit>

<latexit sha1_base64="rmTphN1tPH3SrOIok4uM85PWoEY=">AAACA3icbVA9SwNBEN2LXzF+ndpps5gIVuEuRbSwCFhoYRHBfEASwtxmkizZ2zt294QQAjb+FRsLRWz9E3b+GzcfhSY+GHi8N8PMvCAWXBvP+3ZSK6tr6xvpzczW9s7unrt/UNVRohhWWCQiVQ9Ao+ASK4YbgfVYIYSBwFowuJr4tQdUmkfy3gxjbIXQk7zLGRgrtd2jWzQ0d52jAVKgsQAJivYUxP182816eW8Kukz8OcmSOcpt96vZiVgSojRMgNYN34tNawTKcCZwnGkmGmNgA+hhw1IJIerWaPrDmJ5apUO7kbIlDZ2qvydGEGo9DAPbGYLp60VvIv7nNRLTvWiNuIwTg5LNFnUTQU1EJ4HQDlfIjBhaAkxxeytlfVDAjI0tY0PwF19eJtVC3i/mi3eFbOlyHkeaHJMTckZ8ck5K5IaUSYUw8kieySt5c56cF+fd+Zi1ppz5zCH5A+fzBx/Olew=</latexit>

Let G be a planar graph.

<latexit sha1_base64="cT8VFM7qhgztXUoX9R+5kwa60Mw=">AAACDnicbVC7SgNBFJ2NrxhfUUtBBoNgFXYtVEQwYCPYaDAPyK4yO5mYwXmsM7NKWFLa29nqT4iNiJ2/4DeYj3A2SaGJBy73cM693MsJI0a1cd0vJzMxOTU9k53Nzc0vLC7ll1eqWsYKkwqWTKp6iDRhVJCKoYaReqQI4iEjtfD6KPVrt0RpKsW56UQk4OhK0BbFyFgpONn3yxdV38i0XeYLbtHtA44Tb0gKhx/f9+uvZ73Ty3zPb0occyIMZkjrhudGJkiQMhQz0s35sSYRwtfoijQsFYgTHST9p7tw0ypN2JLKljCwr/7eSBDXusNDO8mRaetRLxX/8xqxae0FCRVRbIjAg0OtmEEjYZoAbFJFsGEdSxBW1P4KcRsphI3NKecLcocl50g0E7/cTfz0QBjCctfG442GMU6q20Vvp7hz5hZKB2CALFgDG2ALeGAXlMAxOAUVgMENeARP4Nl5cF6cN+d9MJpxhjur4A+czx9OiKED</latexit>

K : RV → RV

<latexit sha1_base64="jKqOrn2pCWCvTPU0i+uySxVhQgA="></latexit>

Kuv =






1 u → v

↑1 v → u

0 else.

<latexit sha1_base64="soGvM7Nvo0pPulvhwM9jGFyMEOM="></latexit>

Choose a “clockwise odd” orientation: each face has an odd number of arrows
oriented in the clw direction.

<latexit sha1_base64="wllxUHd0TDBj/RC4RJOXXOz/8vc="></latexit>

Thm [Kasteleyn, 1965]: |Pf(K)| = #{dimer covers}



where the sum is over pairings

{�(1),�(2)}, . . . , {�(2n� 1),�(2n)},

with �(2i� 1) < �(2i).

<latexit sha1_base64="S5Z6ECwteyOhsxstMFbVPXWHEZA="></latexit>

PfK =
X

�

(�1)�K�(1)�(2) . . .K�(2n�1)�(2n)

<latexit sha1_base64="6+bzmeyS4fkuc3omss3/eowbEkU="></latexit>

Pf

0

BB@

0 a12 a13 a14
�a12 0 a23 a24
�a13 �a23 0 a34
�a14 �a24 �a34 0

1

CCA = a12a34 � a13a24 + a14a23.

<latexit sha1_base64="Irg7jNvbgW2k8poH7cWo5XDziFI="></latexit>

<latexit sha1_base64="L+KXQ7/iAg1YTXwsPfzRLdHMLFQ="></latexit>

Recall that for an antisymmetric matrix K,



Kasteleyn, Temperley/Fisher (1963) proved

<latexit sha1_base64="pqpzi/Ze1yIWEX4/HvgWDecJ11Q=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAILUidqaIWXBQEEdxU6A3aoWTS0zY0kxmSTGEofQY3voobF4q4deXOtzG9LLT6Q+DjP+dwcn4v5Exp2/6yEkvLK6tryfXUxubW9k56d6+mgkhSqNKAB7LhEQWcCahqpjk0QgnE9zjUvcH1pF4fglQsEBUdh+D6pCdYl1GijdVO5+6I0sAhFse4An4I0vDJDVN9kDjrFM9PcziUwRA67XTGzttT4b/gzCGD5iq305+tTkAjH4SmnCjVdOxQuyMiNaMcxqlWpCAkdEB60DQoiA/KHU1PGuMj43RwN5DmCY2n7s+JEfGVin3PdPpE99VibWL+V2tGunvpjpgIIw2CzhZ1I451gCf54A6TQDWPDRAqmfkrpn0iCdUmxZQJwVk8+S/UCnnnLF+8L2RKV/M4kugAHaIsctAFKqFbVEZVRNEDekIv6NV6tJ6tN+t91pqw5jP76Jesj28rLpyA</latexit>

Let K be the Kasteleyn matrix:

<latexit sha1_base64="ACLS+I4tcIZH8x4utGa881ZELUY=">AAACCXicbVDJSgNBEO2JW4xb1KOXxkTwFGaC4IKHgBchHiKYBZIQejqVpElPz9BdI4aQqxd/xYsHRbz6B978GzvLQRMfFDzeq6Kqnh9JYdB1v53E0vLK6lpyPbWxubW9k97dq5gw1hzKPJShrvnMgBQKyihQQi3SwAJfQtXvX4396j1oI0J1h4MImgHrKtERnKGVWml6A0izxSz1gWIPaJEZBAkDRQOGWjxctNIZN+dOQBeJNyMZMkOplf5qtEMeB6CQS2ZM3XMjbA6ZRsEljFKN2EDEeJ91oW6pYgGY5nDyyYgeWaVNO6G2pZBO1N8TQxYYMwh822nv65l5byz+59Vj7Jw1h0JFMYLi00WdWFIM6TgW2hYaOMqBJYxrYW+lvMc042jDS9kQvPmXF0kln/NOcue3+UzhchZHkhyQQ3JMPHJKCuSalEiZcPJInskreXOenBfn3fmYtiac2cw++QPn8wc9IJjO</latexit>

Kwb =

(
±1 w ⇠ b

0 else.

<latexit sha1_base64="tiOuxpxoenTFEwg63b3821xTGBs="></latexit>

K : CB ! CW

<latexit sha1_base64="yrx8ivkqprz5b2Wtbxc4dkGSPQc=">AAACCHicbVDLSgMxFM34rPU16lLQYBFclRkRfCBY7EZw04J9QGcsmTRtQzOZIckIZeiyG3/FjQtFXeonuPMb9CPMtF3U1gOBk3Pu5d57vJBRqSzry5iZnZtfWEwtpZdXVtfWzY3NsgwigUkJBywQVQ9JwignJUUVI9VQEOR7jFS8Tj7xK3dESBrwG9UNieujFqdNipHSUt3cvT6LHR+ptufBfO/20lHB+L9SNzNW1hoAThN7RDIX79/9ndfiT6FufjqNAEc+4QozJGXNtkLlxkgoihnppZ1IkhDhDmqRmqYc+US68eCQHtzXSgM2A6EfV3CgjnfEyJey63u6MtlRTnqJ+J9Xi1TzxI0pDyNFOB4OakYMqgAmqcAGFQQr1tUEYUH1rhC3kUBY6ezSOgR78uRpUj7M2kfZ06KVyZ2DIVJgG+yBA2CDY5ADV6AASgCDPngAT+DZuDcejRfjbVg6Y4x6tsAfGB+/AKCdyQ==</latexit>

-1

-1

-1

-1

-1

-1

<latexit sha1_base64="jZAFlxwmWQGBydCWFaFEYExn8xQ=">AAACGnicbVBNS8NAEN34bf2qevSyWAVPJRFRERTBi+BFwbZCU8pmM2mX7iZhdyKWmN/hxb/ixYMi3sSL/8Zt7cGvBwOP92Z2Z16QSmHQdT+csfGJyanpmdnS3PzC4lJ5eaVukkxzqPFEJvoqYAakiKGGAiVcpRqYCiQ0gt7JwG9cgzYiiS+xn0JLsU4sIsEZWqld9nI/iOhlVx0UdOPWDwHp2S09pH7Fz32EG8xDoUBTngxeKfxio12uuFV3CPqXeCNSISOct8tvfpjwTEGMXDJjmp6bYitnGgWXUJT8zEDKeI91oGlpzBSYVj48raCbVglplGhbMdKh+n0iZ8qYvgpsp2LYNb+9gfif18ww2m/lIk4zhJh/fRRlkmJCBznRUGjgKPuWMK6F3ZXyLtOMo82hZEPwfp/8l9S3q95udediu3J8NIpjhqyRdbJFPLJHjskpOSc1wskdeSBP5Nm5dx6dF+f1q3XMGc2skh9w3j8Bzj6gIw==</latexit>

Thm: | detK| = #{dimer covers}

<latexit sha1_base64="0Y11RziQdYF8ic0sDGv+8RRuvWU=">AAACDnicbVC7SgNBFJ31GeMramkzGAULCbtB1EoCFlpYRDAPiCHcndwkg7Ozw8ysEJZ8gY2/YmOhiK21nX/jJNnC14GBwzn3MfeESnBjff/Tm5mdm19YzC3ll1dW19YLG5t1EyeaYY3FItbNEAwKLrFmuRXYVBohCgU2wtuzsd+4Q214LK/tUGE7gr7kPc7AOqlT2LtES3fPd2mIFKgSIEEf0JAr0G4a0r4GNSh1CkW/5E9A/5IgI0WSodopfNx0Y5ZEKC0TYEwr8JVtp+OhTOAof5MYVMBuoY8tRyVEaNrp5JwR3XNKl/Zi7Z60dKJ+70ghMmYYha4yAjswv72x+J/XSmzvpJ1yqRKLkk0X9RJBbUzH2dAu18isGDoCTHP3V8oGoIFZl2DehRD8PvkvqZdLwVHp8KpcrJxmceTINtkh+yQgx6RCLkiV1Agj9+SRPJMX78F78l69t2npjJf1bJEf8N6/AFC1mmo=</latexit>

Let G be a planar, bipartite graph.
<latexit sha1_base64="FVf0sbT67ENtA9E99OzTRi6hqzI="></latexit>

“Adjacency matrix with
Kasteleyn connection”

<latexit sha1_base64="7pNjZ1DOxisBt9TpiS8R1zoihTk="></latexit>

where a face of length l has monodromy (�1)l/2+1.

<latexit sha1_base64="GYZXBW3GVywxFoD3a4dVR+9zHZY=">AAACG3icbVC7SgNBFJ2NrxhfqzaCzWAQrMJuimhhEbSxjGJUyIYwO3tjhsxjmZlVwhL/xM5Wf8JObC38Bz/C2ZjC14WBwzn3nnvnxClnxgbBu1eamZ2bXygvVpaWV1bX/PWNC6MyTaFNFVf6KiYGOJPQtsxyuEo1EBFzuIyHx4V+eQPaMCXP7SiFriDXkvUZJdZRPX8rkorJBKTFRywl2lkAps6w51eDWjAp/BeEU1BF02r1/I8oUTQTzopyYkwnDFLbzQtLymFciTIDKaFDcg0dByURYLr55AdjvOuYBPeVds+dMmG/T+REGDMSsesUxA7Mb60g/9M6me0fdHMm08yCpF+L+hnHVuEiDpwwDdTykQOEauZuxXRANKHWhVaJJNxSJQSRSR6djfOoWBDH+Gzs4gl/h/EXXNRrYaPWOK1Xm4fToMpoG+2gPRSifdREJ6iF2oiiO/SAHtGTd+89ey/e61dryZvObKIf5b19AseVodQ=</latexit>

Bipartite case



Take two dimer covers of a rectangle, one of which misses the four corners. What
is the probability that, in the union, the corner connection goes top-to-bottom?

<latexit sha1_base64="QLZ0HKwqRkRdVCn+f7hfjXkAAJ8="></latexit>

Connection probabilities in double-dimers

<latexit sha1_base64="zNX7KbwqEdauV/mzKZZgAijVhUc=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwY5mpggouCt24rGAf0A4lk8m0oXkMSUYopR/ixl9x40IRNy4E/8ZMOwttPRA4nHMfuSdMGNXG876dwsrq2vpGcbO0tb2zu+fuH7S0TBUmTSyZVJ0QacKoIE1DDSOdRBHEQ0ba4aie+e0HojSV4t6MExJwNBA0phgZK/Xd856QVEREGFiXQhCcyTBRMkQhZdRQoiEVMJKpnXgWUW5n9d2yV/FmgMvEz0kZ5Gj03c9eJHHK7RbMkNZd30tMMEHKUMzItNRLNUkQHqEB6VoqECc6mMyOm8ITq0Qwlso++8uZ+rtjgrjWYx7aSo7MUC96mfif101NfBVMqEhSQwSeL4pTBo2EWVIwosrGwcaWIKxsFBjiIVIIG5tByYbgL568TFrVin9Rub6rlms3eRxFcASOwSnwwSWogVvQAE2AwSN4Bq/gzXlyXpx352NeWnDynkPwB87XD74/omQ=</latexit>

d

<latexit sha1_base64="s2rAAYhg4/Zxjlivnv8MkGlCNzg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyYecUWOlZjgold2KuwBZJ15OypCjMSh99cOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6uEZBgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeaoY3fsZlkhqUbLlomApiYjL/moRcITNiagllittbCRtTRZmx2RRtCN7qy+ukXa14tcpts1qu1/I4CnAOF3AFHlxDHe6hAS1ggPAMr/DmPDovzrvzsWzdcPKZM/gD5/MHxvOM5A==</latexit>

c

<latexit sha1_base64="JGf4XyHv5xIivgExwk+aYlTJ3H0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSkw1KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJbrtTyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBxW+M4w==</latexit>

a

<latexit sha1_base64="IVRk40lbiGtFhmMuivs3GHU8X1c=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSkw5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJbrtTyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBwmeM4Q==</latexit>

b

<latexit sha1_base64="RnV/6skgt3B1eOAW+IqelLSIBBU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSMxiUym7FXYCsEy8nZcjRGJS++sOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbIo2BG/15XXSrla8WuW2WS3Xa3kcBTiHC7gCD66hDvfQgBYwQHiGV3hzHp0X5935WLZuOPnMGfyB8/kDw+uM4g==</latexit>

(2-multiwebs)

<latexit sha1_base64="dqsEJy/M4Tv687EsMOaIx1Q3Jm0=">AAAB/HicbVBNS8NAEN34WetXtEcvi0WoB0tSCuqt4MVjBfsBbSib7aZdupuE3YkSQv0rXjwo4tUf4s1/47bNQVsfDDzem2Fmnh8LrsFxvq219Y3Nre3CTnF3b//g0D46busoUZS1aCQi1fWJZoKHrAUcBOvGihHpC9bxJzczv/PAlOZReA9pzDxJRiEPOCVgpIFdqmR9P8C16YVMBPBH5uvzgV12qs4ceJW4OSmjHM2B/dUfRjSRLAQqiNY914nBy4gCTgWbFvuJZjGhEzJiPUNDIpn2svnxU3xmlCEOImUqBDxXf09kRGqdSt90SgJjvezNxP+8XgLBlZfxME6AhXSxKEgEhgjPksBDrhgFkRpCqOLmVkzHRBEKJq+iCcFdfnmVtGtVt169vquVG/U8jgI6Qaeoglx0iRroFjVRC1GUomf0it6sJ+vFerc+Fq1rVj5TQn9gff4Aw0+ULQ==</latexit>



 

 

Pr =

<latexit sha1_base64="tT2GLqjdjZnQMRTX3wLPyNVmVfY=">AAACCnicbZDLSgMxFIYz9V5vVZeCBIvgqsyIoIKi4MZlBccKnSKZ9LQNzWVIMpUydOlOcKuv4UpxJfgSPoMufATTy8LbD4GP/5zDOfnjhDNjff/Ny42NT0xOTc/kZ+fmFxYLS8vnRqWaQkgVV/oiJgY4kxBaZjlcJBqIiDlU4vZxv17pgDZMyTPbTaAmSFOyBqPEOissa3yALwtFv+QPhP9CMILi4cv79drj6Uf5svAZ1RVNBUhLOTGmGviJrWVEW0Y59PJRaiAhtE2aUHUoiQBTywbH9vCGc+q4obR70uKB+30iI8KYrohdpyC2ZX7X+uZ/tWpqG7u1jMkktSDpcFEj5dgq3P85rjMN1PKuA0I1c7di2iKaUOvyyUcSrqgSgsh6FkFielnUIdoB40r2XETB70D+wvlWKdgu7Z36xaN9NNQ0WkXraBMFaAcdoRNURiGiiKFbdIfuvRvvwXvynoetOW80s4J+yHv9Aifzn9w=</latexit>

 

a

<latexit sha1_base64="IVRk40lbiGtFhmMuivs3GHU8X1c=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSkw5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJbrtTyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBwmeM4Q==</latexit>

b

<latexit sha1_base64="RnV/6skgt3B1eOAW+IqelLSIBBU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSMxiUym7FXYCsEy8nZcjRGJS++sOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbIo2BG/15XXSrla8WuW2WS3Xa3kcBTiHC7gCD66hDvfQgBYwQHiGV3hzHp0X5935WLZuOPnMGfyB8/kDw+uM4g==</latexit>

c

<latexit sha1_base64="JGf4XyHv5xIivgExwk+aYlTJ3H0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSkw1KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJbrtTyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBxW+M4w==</latexit>

d

<latexit sha1_base64="s2rAAYhg4/Zxjlivnv8MkGlCNzg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyYecUWOlZjgold2KuwBZJ15OypCjMSh99cOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6uEZBgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeaoY3fsZlkhqUbLlomApiYjL/moRcITNiagllittbCRtTRZmx2RRtCN7qy+ukXa14tcpts1qu1/I4CnAOF3AFHlxDHe6hAS1ggPAMr/DmPDovzrvzsWzdcPKZM/gD5/MHxvOM5A==</latexit>

 

Pr =

<latexit sha1_base64="tT2GLqjdjZnQMRTX3wLPyNVmVfY=">AAACCnicbZDLSgMxFIYz9V5vVZeCBIvgqsyIoIKi4MZlBccKnSKZ9LQNzWVIMpUydOlOcKuv4UpxJfgSPoMufATTy8LbD4GP/5zDOfnjhDNjff/Ny42NT0xOTc/kZ+fmFxYLS8vnRqWaQkgVV/oiJgY4kxBaZjlcJBqIiDlU4vZxv17pgDZMyTPbTaAmSFOyBqPEOissa3yALwtFv+QPhP9CMILi4cv79drj6Uf5svAZ1RVNBUhLOTGmGviJrWVEW0Y59PJRaiAhtE2aUHUoiQBTywbH9vCGc+q4obR70uKB+30iI8KYrohdpyC2ZX7X+uZ/tWpqG7u1jMkktSDpcFEj5dgq3P85rjMN1PKuA0I1c7di2iKaUOvyyUcSrqgSgsh6FkFielnUIdoB40r2XETB70D+wvlWKdgu7Z36xaN9NNQ0WkXraBMFaAcdoRNURiGiiKFbdIfuvRvvwXvynoetOW80s4J+yHv9Aifzn9w=</latexit>

Thm[K-Wilson ’06] In the scaling limit for a domain with 2n marked bound-
ary points p1, . . . , p2n (and appropriate boundary conditions) each connection
probability is an explicit rational function of the �(pi)’s.

<latexit sha1_base64="CILnUouqb6Y4idJrSQRNTH9l/Bw="></latexit>

(z3 � z2)(z4 � z3)(z6 � z1)(z6 � z5)

(z3 � z1)(z5 � z3)(z6 � z2)(z6 � z4)

<latexit sha1_base64="nEqLqHi7vXnpYTMN3F/CP8Xrmx0="></latexit>

'

<latexit sha1_base64="mB8xDN+3KfgWSU6/KeeDZZ6+Qic=">AAACDHicbZC7SgNBFIZnvcZ4iwo2NotBsAq7IqhgEbCxjGAukA1hdnKSDJkbM7MJYckrCLZa+BJ2Yus7+AD2PoKTS6GJPwx8/Occzpk/VowaGwSf3tLyyuraemYju7m1vbOb29uvGJloAmUimdS1GBtgVEDZUsugpjRgHjOoxr2bcb3aB22oFPd2qKDBcUfQNiXYOqsa9bFWXdrM5YNCMJG/COEM8sXDykANv15Kzdx31JIk4SAsYdiYehgo20ixtpQwGGWjxIDCpIc7UHcoMAfTSCfnjvwT57T8ttTuCetP3N8TKebGDHnsOjm2XTNfG5v/1eqJbV82UipUYkGQ6aJ2wnwr/fHf/RbVQCwbOsBEU3erT7pYY2JdQtlIwIBIzrFopREoM0rH6TigTIqRiyicD2QRKmeF8LxwdeeyukZTZdAROkanKEQXqIhuUQmVEUE99Iie0LP34L16b977tHXJm80coD/yPn4AxBKgpA==</latexit>

'

<latexit sha1_base64="mB8xDN+3KfgWSU6/KeeDZZ6+Qic=">AAACDHicbZC7SgNBFIZnvcZ4iwo2NotBsAq7IqhgEbCxjGAukA1hdnKSDJkbM7MJYckrCLZa+BJ2Yus7+AD2PoKTS6GJPwx8/Occzpk/VowaGwSf3tLyyuraemYju7m1vbOb29uvGJloAmUimdS1GBtgVEDZUsugpjRgHjOoxr2bcb3aB22oFPd2qKDBcUfQNiXYOqsa9bFWXdrM5YNCMJG/COEM8sXDykANv15Kzdx31JIk4SAsYdiYehgo20ixtpQwGGWjxIDCpIc7UHcoMAfTSCfnjvwT57T8ttTuCetP3N8TKebGDHnsOjm2XTNfG5v/1eqJbV82UipUYkGQ6aJ2wnwr/fHf/RbVQCwbOsBEU3erT7pYY2JdQtlIwIBIzrFopREoM0rH6TigTIqRiyicD2QRKmeF8LxwdeeyukZTZdAROkanKEQXqIhuUQmVEUE99Iie0LP34L16b977tHXJm80coD/yPn4AxBKgpA==</latexit>

zi = '(pi)

<latexit sha1_base64="DxwMFfgrf3eScNg2D97lNhoneL8=">AAACF3icbZA7SwNBFIVnfRtfq5ZaLIoQm7ArggoKgo2lgtFANiyzk5tkcF7MzEbikt9gLdjq3xAsxNbSf2Fj7+RRqPHAwMc59zKXkypGjQ3DD29sfGJyanpmtjA3v7C45C+vXBqZaQJlIpnUlRQbYFRA2VLLoKI0YJ4yuEqvT3r5VRu0oVJc2I6CGsdNQRuUYOusxPdvE3oUt7FWLVpUCd1O/M2wFPYVjEI0hM3j9bu4+PVyd5b4n3FdkoyDsIRhY6pRqGwtx9pSwqBbiDMDCpNr3ISqQ4E5mFrev7wbbDmnHjSkdk/YoO/+3MgxN6bDUzfJsW2Zv1nP/C+rZraxX8upUJkFQQYfNTIWWBn0agjqVAOxrOMAE03drQFpYY2JdWUVYgE3RHKORT2PQZlu3qvIAWVSdF1F0d9CRuFypxTtlg7OXVeHaKAZtIY2UBFFaA8do1N0hsqIoDZ6QI/oybv3nr1X720wOuYNd1bRL3nv391WpFw=</latexit>

('(b)� '(a))('(d)� '(c)))

('(c)� '(a))('(d)� '(b))

<latexit sha1_base64="sP5kjBfenoa6gn7e7YZG+axlSSQ="></latexit>



<latexit sha1_base64="SzgEKW/JkzJEIhiDbM0G58QttAo=">AAAB/HicbVDLSgNBEJyNrxhf0Ry9DAbBU9gNop404MVjBPOAJITZSW8yZHZ2mekVwhJ/xYsHRbz6Id78GyfJHjSxoKGo6qa7y4+lMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaA4NHslIt31mQAoFDRQooR1rYKEvoeWPb2d+6xG0EZF6wEkMvZANlQgEZ2ilfrEkFIJWTFKDOuGYaLjpF8tuxZ2DrhIvI2WSod4vfnUHEU9CUMglM6bjuTH2UqZRcAnTQjcxEDM+ZkPoWKpYCKaXzo+f0lOrDGgQaVsK6Vz9PZGy0JhJ6NvOkOHILHsz8T+vk2Bw1UuFihMExReLgkRSjOgsCToQGjjKiSWMa2FvpXzENOM2EFOwIXjLL6+SZrXiXVTO76vl2nUWR54ckxNyRjxySWrkjtRJg3AyIc/klbw5T86L8+58LFpzTjZTIn/gfP4AK/6VGQ==</latexit>

internal structure?

<latexit sha1_base64="8Y2XkRcjoNwF7HVVhL37CDnjKS8="></latexit>

Q. What happens when we superpose multiple dimer covers?



<latexit sha1_base64="03XNJM0zXXTGjJ+9IA1bW/tp0Ws=">AAACQXicbZDLSgMxFIYzXmu969JNsAiuhpkuqispdOOyFtuqnVIymdM2NMkMSUYpwzyFW30an8JHcCdu3ZheQK0eCPz83zmckz9MONPG816dpeWV1bX1wkZxc2t7Z3dv/6Cl41RRaNKYx+omJBo4k9A0zHC4SRQQEXJoh6PahLfvQWkWy2szTqAryECyPqPEWOtWQZRScF23t1fyXG9a+K/w56KE5lXv7TvHQRTTVIA0lBOtO76XmG5GlGGUQ14MUg0JoSMygI6VkgjQ3Wx6cY5PrBPhfqzskwZP3Z8TGRFaj0VoOwUxQ73IJuZ/rJOa/nk3YzJJDUg6W9RPOTYxnnwfR0wBNXxsBaGK2VsxHRJFqLEhFQMJDzQWgsgoCxp5FkwWhCFu5L/R3Te6W0C1b1TLbar+YoZ/Ravs+hW3clUuVS/m+RbQETpGp8hHZ6iKLlEdNRFFAj2iJ/TsvDhvzrvzMWtdcuYzh+hXOZ9fGEiv5Q==</latexit>

reduce...



z1 z2 z3 z4 z5 z6

Pr =
2(z2 � z1)(z3 � z2)(z4 � z3)(z5 � z4)(z6 � z5)(z6 � z1)

(z3 � z1)(z4 � z2)(z5 � z3)(z6 � z4)(z5 � z1)(z6 � z2)

<latexit sha1_base64="+D0Rl49U7sVwucorHq563fxKoB0="></latexit>

<latexit sha1_base64="F9YWOaSqTroBbcgiiF5YANkZb5U=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBQsJuELWSgI12EcwDkiXMzs4mQ+axzMwKYUlj46/YWChi6z/Y+TdOki008cDA4Zx779x7woRRbTzv2yksLa+srhXXSxubW9s77u5eU8tUYdLAkknVDpEmjArSMNQw0k4UQTxkpBUOryd+64EoTaW4N6OEBBz1BY0pRsZKPfewKyQVEREG3gqoMbKD+pBRTs0p7Lllr+JNAReJn5MyyFHvuV/dSOKU23GYIa07vpeYIEPKUMzIuNRNNUkQHqI+6VgqECc6yKZXjOGxVSIYS2WfXWeq/u7IENd6xENbyZEZ6HlvIv7ndVITXwYZFUlqiMCzj+KUQSPhJBIYUUWwYSNLEFbU7grxACmEjQ2uZEPw509eJM1qxT+vnN1Vy7WrPI4iOABH4AT44ALUwA2ogwbA4BE8g1fw5jw5L8678zErLTh5zz74A+fzB3axl+Q=</latexit>

In scaling limit,



Assign to a vertex v a vector space Yv
⇠= Rn.

<latexit sha1_base64="ZzzuU5HcKP2oeXP7yD+L39TkC6o="></latexit>

A connection is a collection of linear maps � = {�uv}uv2E with �vu = ��1
uv .

<latexit sha1_base64="F+sTbz6nVqn+0PEuCkOseSdGOJI="></latexit>

Two connections �,�0 are gauge equivalent if

�0
uv = gv�uvg

�1
u

for some maps gv : Yv ! Yv.

<latexit sha1_base64="biYA8tYGZjITdkJklyFFc2/g85o="></latexit>

For a matrix group H, � is an H-connection if � is gauge equivalent to a
connection with values in H.

<latexit sha1_base64="hIqJgqkNptR35lZxZh8gt5cBh74="></latexit>

Let G = (V,E) be a planar graph.

<latexit sha1_base64="D744uK7QKMnKPzGQ6lUIaswNn3s="></latexit>

<latexit sha1_base64="jYbhrX5+22YDbCC2ltK5KZaYIxs="></latexit>

Graph connections

<latexit sha1_base64="Nrya/UH0tX54+KOKOtWY6PH+LS0="></latexit>

Ex. H = SLn H = SO(n), H = Sp(2n)

Yu Yvϕuv



<latexit sha1_base64="Fsf+/eegMysAUF5FU9SMRJnO29A="></latexit>

SLn Y → Y → ↑ R : u→ v→ ↑ v→(u)

<latexit sha1_base64="uYjoWdpK/m/USHxOgkLmSD3BBso="></latexit>

SOn Y → Y ↑ R : u→ v ↑ u · v
<latexit sha1_base64="T9A7V42KJvGwnhTWWGMqxzwYVAg="></latexit>

Sp2n Y → Y ↑ R : u→ v ↑ ω(u, v)

<latexit sha1_base64="eQmAYBkImMWfcQkPmonLJvVyD4U="></latexit>

These three families of groups have invariant bilinear pairings



⌦n is the set of n-multiwebs.

<latexit sha1_base64="xjIch8l/1odZQdODaOVC+JFSf9Q=">AAACHHicbVDLSgNBEJyN7/iKevQymAheDLsqqOBB8OJNBWMCSQizk95kyMzsMtOrhCUf4sVf8eJBES8eBP/GSYzgq6ChqOqmuytMpLDo++9ebmJyanpmdi4/v7C4tFxYWb2ycWo4VHgsY1MLmQUpNFRQoIRaYoCpUEI17J0M/eo1GCtifYn9BJqKdbSIBGfopFZht9Q4U9BhrawRRlQPSlRYil2gFpDGES196dsqlShuILTlVqHol/0R6F8SjEmRjHHeKrw22jFPFWjkkllbD/wEmxkzKLiEQb6RWkgY77EO1B3VTIFtZqPnBnTTKW0axcaVRjpSv09kTFnbV6HrVAy79rc3FP/z6ilGB81M6CRF0PxzUZRKijEdJkXbwgBH2XeEcSPcrZR3mWEcXZ55F0Lw++W/5GqnHOyVDy92isdH4zhmyTrZIFskIPvkmJySc1IhnNySe/JInrw778F79l4+W3PeeGaN/ID39gFSUaBK</latexit>

<latexit sha1_base64="5HbfpnVRUOtwI4mvy9YoZemvl2g=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKewGUU8S8OJFiGAekixhdtJJhszOLjO9SljyFV48KOLVz/Hm3zhJ9qCJBQ1FVTfdXUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRHOo80hGuhUwA1IoqKNACa1YAwsDCc1gdD31m4+gjYjUPY5j8EM2UKIvOEMrPdwmEsUTBKZbLLlldwa6TLyMlEiGWrf41elFPAlBIZfMmLbnxuinTKPgEiaFTmIgZnzEBtC2VLEQjJ/ODp7QE6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6lnwoVJwiKzxf1E0kxotPvaU9o4CjHljCuhb2V8iHTjKPNqGBD8BZfXiaNStk7L5/dVUrVqyyOPDkix+SUeOSCVMkNqZE64SQkz+SVvDnaeXHenY95a87JZg7JHzifPxDAkJM=</latexit>

Multiwebs

<latexit sha1_base64="2omUhYMAV+HG6FY1YGUDUPv1cKM="></latexit>

Ex: For n ⌘ 1, ⌦1 = {dimer covers}

An n-multiweb in G is a function m : E ! Z�0 summing to n at each vertex v:

<latexit sha1_base64="VyaEAUkCsnLJGwjj5xdtiNraGt4="></latexit>

 

<latexit sha1_base64="ET0ixIwAL2U+MceO0rhXfJG8jQo="></latexit>

Ex: Superposing n dimer covers gives an n-multiweb.

<latexit sha1_base64="d82Vvbkb+qRD4MIA+BcQ1Y7Uc0s="></latexit>

Prop: If G is bipartite, every n-multiweb is a superposition of n dimer covers.



We define a trace function Tr = Tr� : ⌦n ! R and a matrix K̃(�) (later) so
that

<latexit sha1_base64="nicpo3CokSllaK7qMDITG0g7jz0=">AAAConicbVBNaxsxENVuP/LRpnWSYy+idsG5mHUotCktBHop7aGOG8cByyxa7awtoo9F0qYxQj+05/6Rah1TmqQDgsd7b0Yzr6gFty7LfiXpo8dPnm5t7+w+e7734mVn/+DC6sYwmDAttLksqAXBFUwcdwIuawNUFgKmxdXnVp9eg7Fcq3O3qmEu6ULxijPqIpV3AlGaqxKUw1PAJVRxDqbYGcoAV41irQ33iIMb589N+PQX5Z 6Mljx8IN8lLGiuiNNk3MNUlbFfUmf4TdvHRQn4W7/1HvVwX1AH5ghbjd2SurzTzQbZuvBDMNyALtrUKN9P9kipWSPjwkxQa2fDrHZzT43jTEDYJY2FmrIruoBZhIpKsHO/zingN5EpcaVNfPHgNftvh6fS2pUsojMesLT3tZb8nzZrXPV+7rmqGweK3X5UNQK7eGYMHZfcAHNiFQFlhsddMVvSmHEMI05S8JNpKWN0nkBtgyfX1ETAhVbhrjwO3pN2gaLA4xBigMP7cT0EF8eD4dvBydlx9/TjJspt9Aq9Rn00RO/QKfqCRmiCGPqd7CQHyWHaS7+mZ+mPW2uabHoO0Z1KyR+s9c7X</latexit>

<latexit sha1_base64="Exs5MKxdz5Zt/zy9fPm24dBt/l0="></latexit>

Generalized Kasteleyn Theorem

Thm [Douglas-K-Shi, K-Ovenhouse-Wu]: For an H-connection � on a
postively ciliated planar graph,

PfK̃(�) = ±
X

m2⌦n

Tr(m).

<latexit sha1_base64="7z7i0Py2mbtYLZRrpi1D1MgFX84="></latexit>



Ex.

<latexit sha1_base64="PFZtWTmi6eFQtc88QB6+H2/WCo8=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgadktggoeCiJ4rGg/oF1KNs22odnskmTFsvQnePGgiFd/kTf/jWm7B219MPB4b4aZeUEiuDau+40KK6tr6xvFzdLW9s7uXnn/oKnjVFHWoLGIVTsgmgkuWcNwI1g7UYxEgWCtYHQ99VuPTGkeywczTpgfkYHkIafEWOn+5snplSuu486Al4mXkwrkqPfKX91+TNOISUMF0brjuYnxM6IMp4JNSt1Us4TQERmwjqWSREz72ezUCT6xSh+HsbIlDZ6pvycyEmk9jgLbGREz1IveVPzP66QmvPAzLpPUMEnni8JUYBPj6d+4zxWjRowtIVRxeyumQ6IINTadkg3BW3x5mTSrjnfmXN5VK7WrPI4iHMExnIIH51CDW6hDAygM4Ble4Q0J9ILe0ce8tYDymUP4A/T5A+DSjYc=</latexit>

K(�) =

✓
A �D
B C

◆

<latexit sha1_base64="xmHjWP+JToJ2HOV0C2BRik6hGIY="></latexit>

<latexit sha1_base64="XB0aOP8MPzaVbT1nk8U1FTNrvMo="></latexit>

“tensor � with the
Kasteleyn connection.”

K̃(�) =

0

BB@

a11 a21 �d11 �d21
a12 a22 �d12 �d22
b11 b21 c11 c21
b12 b22 c12 c22

1

CCA

<latexit sha1_base64="0qlwZKBTGlNREjaSRUyzPch1nnw="></latexit>

 

<latexit sha1_base64="7TdySkyFJYy0Y61w6VnSiB9EHbk="></latexit>

K(w, b) =

{
±ωbw b → w

0 else.

<latexit sha1_base64="reV6uhkv7ZSAptAZIrtQhRkhZBM="></latexit>

SLn case

<latexit sha1_base64="DUJsVJRq1EQ38SKYTIGIFWine3I="></latexit>

Let G be a bipartite planar graph with SLn connection !. Define a Kasteleyn
matrix K = K(!):



Tr(m) =

*
O

w2W

vw
���
O

e=wb

�wb

���
O

b2B

vb

+

<latexit sha1_base64="FOGppRD6/AIwxGz0joTJnRAE48k="></latexit>

<latexit sha1_base64="LmK6xf848muQD/gt88DSD7DvOyA="></latexit>

invariant under
SLn-base change

the “codeterminant”

<latexit sha1_base64="iOE4bt9bWtZ5xoNSgYTudnbMPbQ=">AAACB3icbVDLSgMxFM34rPU16lKQ0CK4KjNFUMFFwY3LCvYB7dBmMrdtaCYZkoxQSndu/BU3LhRx6y+4829M21lo64HA4Zx7b+49YcKZNp737aysrq1vbOa28ts7u3v77sFhXctUUahRyaVqhkQDZwJqhhkOzUQBiUMOjXB4M/UbD6A0k+LejBIIYtIXrMcoMVbquCdtIZmIQBhsBoC7XSojMKBiJogwhY5b9EreDHiZ+BkpogzVjvvVjiRNYzuQcqJ1y/cSE4yJMoxymOTbqYaE0CHpQ8tSQWLQwXh2xwSfWiXCPansswvN1N8dYxJrPYpDWxkTM9CL3lT8z2ulpncZjJlIUgOCzj/qpRwbiaeh4IgpoIaPLCFUMbsrpgOiCLVJ6LwNwV88eZnUyyX/vHR1Vy5WrrM4cugYFdAZ8tEFqqBbVEU1RNEjekav6M15cl6cd+djXrriZD1H6A+czx8E7Jlm</latexit>

First assume me = 0 or 1 for all edges

<latexit sha1_base64="GfhKWnIS6VKaLPtbI+udC8cSboI=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gqsxUQQWFgiAuK9gHtKVkMnfa0EwyJBmhlH6IG3/FjQtF3LgQ/BvTx0JbzyaHc+7NvfcECWfaeN63k1laXlldy67nNja3tnfc3b2alqmiUKWSS9UIiAbOBFQNMxwaiQISBxzqQf967NcfQGkmxb0ZJNCOSVewiFFirNRxT1pCMhGCMPiGKW0w0TqNARfiDlx5BSwVLvgFHNmXcI4h7ILuuHmv6E2AF4k/I3k0Q6XjfrZCSe23wlBuBzR9LzHtIVGGUQ6jXCvVkBDaJ11oWipIDLo9nBw3wkdWCScLRNJuOVF/dwxJrPUgDmxlTExPz3tj8T+vmZrovD1kIkkNCDodFKUcG4nHSeGQKaCGDywhVDG7K6Y9ogg1Ns+cDcGfP3mR1EpF/7R4cVfKly9ncWTRATpEx8hHZ6iMblEFVRFFj+gZvaI358l5cd6dj2lpxpn17KM/cL5+AJV3n8Y=</latexit>

Then define

<latexit sha1_base64="W2AEFJDrhDub6vrWfg0PFxSF8MU=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzJTBBVcFNy4rNAXtEPJZO60oZlkSDJCqV34K25cKOLW33Dn35i2s9DWA4HDua+TE6acaeN5387K6tr6xmZhq7i9s7u37x4cNrXMFIUGlVyqdkg0cCagYZjh0E4VkCTk0AqHt9N66wGUZlLUzSiFICF9wWJGibFSzz3uCslEBMLg+gAEjiC2m3DPLXllbwa8TPyclFCOWs/96kaSZoldRDnRuuN7qQnGRBlGOUyK3UxDSuiQ9KFjqSAJ6GA88z/BZ1aJcCyVfdbITP09MSaJ1qMktJ0JMQO9WJuK/9U6mYmvgjETaWZA0PmhOOPYSDwNA0dMATV8ZAmhilmvmA6IItTYyIo2BH/xy8ukWSn7F+Xr+0qpepPHUUAn6BSdIx9doiq6QzXUQBQ9omf0it6cJ+fFeXc+5q0rTj5zhP7A+fwBTAeVoA==</latexit>

<latexit sha1_base64="Xf9Z4p0qQZdrgNahOQJ3KcvWgac=">AAACIHicbVDLSsNAFJ3UV62vqEs3g63gqiRFrCsp6MJlBfuAJoTJdNIOncyEmUmhhH6KG3/FjQtFdKdf47TNQlsvXDic+zj3njBhVGnH+bIKa+sbm1vF7dLO7t7+gX141FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJRzezemdMpKKCP+hJQvwYDTiNKEbaUIFd97igvE+4hrckMktgZRyEHuWwHbie0DQmyusLrXJsaF6B4SSwy07VmQdcBW4OyiCPZmB/mjU4jY0SZkipnusk2s+Q1BQzMi15qSIJwiM0ID0DOTJifjZ/cArPDNOHkZAmzaVz9vdEhmKlJnFoOmOkh2q5NiP/q/VSHV35GeVJqgnHC6EoZVALOHML9qkkWLOJAQhLam6FeIgkwtp4WjImuMsvr4J2repeVi/ua+XGdW5HEZyAU3AOXFAHDXAHmqAFMHgEz+AVvFlP1ov1bn0sWgtWPnMM/oT1/QM6zqMA</latexit>

Define vb 2 V1 ⌦ · · ·⌦ Vn by
<latexit sha1_base64="ySiRvm7HOjjpfqq2fFXWEI+YBmo="></latexit>

vb =
X

�2Sn

(�1)�e1�(1) ⌦ · · ·⌦ en�(n)

V1
V2

Vn ~…
<latexit sha1_base64="kpIAIXXwN7OIdxxLSjNc4JY9/DY=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkpSpZeNFty4bMG2QjuUTHqmjc1cSDJCKX0CNy4Uceur+AbufBszrYKK/hD4+P9zyDnHi6XQhpB3J7O0vLK6ll3PbWxube/kd/faOkoUhxaPZKSuPaZBihBaRhgJ17ECFngSOt74Is07t6C0iMIrM4nBDdgwFL7gzFirSfv5AikSQiilOAVaKRMLtVq1RKuYppFV4fz1ZK5GP//WG0Q8CSA0XDKtu5TExp0yZQSXMMv1Eg0x42M2hK7FkAWg3el80Bk+ss4A+5GyLzR47n7vmLJA60ng2cqAmZH+naXmX1k3MX7VnYowTgyEfPGRn0hsIpxujQdCATdyYoFxJeysmI+YYtzY2+TsEb42xf9Du1Sk5eJpkxTqZ2ihLDpAh+gYUVRBdXSJGqiFOAJ0hx7Qo3Pj3DtPzvOiNON89uyjH3JePgDAxo8g</latexit>

1

<latexit sha1_base64="kpIAIXXwN7OIdxxLSjNc4JY9/DY=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkpSpZeNFty4bMG2QjuUTHqmjc1cSDJCKX0CNy4Uceur+AbufBszrYKK/hD4+P9zyDnHi6XQhpB3J7O0vLK6ll3PbWxube/kd/faOkoUhxaPZKSuPaZBihBaRhgJ17ECFngSOt74Is07t6C0iMIrM4nBDdgwFL7gzFirSfv5AikSQiilOAVaKRMLtVq1RKuYppFV4fz1ZK5GP//WG0Q8CSA0XDKtu5TExp0yZQSXMMv1Eg0x42M2hK7FkAWg3el80Bk+ss4A+5GyLzR47n7vmLJA60ng2cqAmZH+naXmX1k3MX7VnYowTgyEfPGRn0hsIpxujQdCATdyYoFxJeysmI+YYtzY2+TsEb42xf9Du1Sk5eJpkxTqZ2ihLDpAh+gYUVRBdXSJGqiFOAJ0hx7Qo3Pj3DtPzvOiNON89uyjH3JePgDAxo8g</latexit>

1

<latexit sha1_base64="kpIAIXXwN7OIdxxLSjNc4JY9/DY=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkpSpZeNFty4bMG2QjuUTHqmjc1cSDJCKX0CNy4Uceur+AbufBszrYKK/hD4+P9zyDnHi6XQhpB3J7O0vLK6ll3PbWxube/kd/faOkoUhxaPZKSuPaZBihBaRhgJ17ECFngSOt74Is07t6C0iMIrM4nBDdgwFL7gzFirSfv5AikSQiilOAVaKRMLtVq1RKuYppFV4fz1ZK5GP//WG0Q8CSA0XDKtu5TExp0yZQSXMMv1Eg0x42M2hK7FkAWg3el80Bk+ss4A+5GyLzR47n7vmLJA60ng2cqAmZH+naXmX1k3MX7VnYowTgyEfPGRn0hsIpxujQdCATdyYoFxJeysmI+YYtzY2+TsEb42xf9Du1Sk5eJpkxTqZ2ihLDpAh+gYUVRBdXSJGqiFOAJ0hx7Qo3Pj3DtPzvOiNON89uyjH3JePgDAxo8g</latexit>

1

Trace of an n-multiweb

<latexit sha1_base64="MPM/EIbZl8QUdMZmv0liYhHnYa8="></latexit>

Similarly define vw using Y ⇤.

<latexit sha1_base64="Qm0E7UEr2QZZ75+0q1erepSY7kE="></latexit>

Vi
⇠= Y with basis e1, . . . , en

<latexit sha1_base64="6lBaZ9xChJAo73qf4U/ar8vgVtQ="></latexit>



We need a linear order of the edges out of each vertex: use the circular order,
plus a starting edge, at black vertices, and the anticircular order, plus starting
edge, at white vertices.

<latexit sha1_base64="QXWSoGnjB7sKSXGjFVJUNAhNLlk=">AAACrnicbVHbattAEF0pvaTuzU0f+zLUFAoNRgqFXuhDoC99TKC2Q21hRquRtWS1K3ZHbY3J5+UH8ta/6UpxSxtnYJfDmZkzt7zRynOS/IrivTt3793ffzB4+Ojxk6fDZwdTb1snaSKttu4sR09aGZqwYk1njSOsc02z/Pxz5599J+eVNV953VBW48qoUknkQC2HlwtjlSnIMMwIDFEBCJ0YOrCuoPCXwBUBFSvyYFvuCEJZQZ Bl+vkRWk99hFROtvpP3iE0uvVBzDM6VmbVKxwCMuQa5XmfriT5QJmiF0ATiNtEdiV+VIrpr8R4ORwl46Q32AXpFozE1k6Ww6tFYWVbh7mlRu/nadJwtunKSE0Xg0UYqgld4ormARqsyWebft0X8CowBZTWhRf21rP/Zmyw9n5d5yGyRq78TV9H3uabt1y+zzbKNC2TkdeFylYDW+huB4VyJFmvA0DpVOgVZIUOJYcLD8IS0psj74Lp0Th9O/5wejQ6/rRdx754IV6K1yIV78Sx+CJOxETI6E10Gn2L5nEST+MsXl6HxtE257n4z+LqN+8x0mA=</latexit>

1

2

3

4

5~

cilium

<latexit sha1_base64="ug0P8p2n3GyO5WqY6r7c+xnek+Y=">AAAB+XicbVDLSgMxFL1TX7W+Rl26GSyCqzJTBBVcFNy4rGAf0A4lk0nb0DyGJFMoQ//EjQtF3Pon7vwbM+0stPVA4HDOvcnJiRJGtfH9b6e0sbm1vVPereztHxweuccnbS1ThUkLSyZVN0KaMCpIy1DDSDdRBPGIkU40uc/9zpQoTaV4MrOEhByNBB1SjIyVBq7bF5KKmAjjYcpoygdu1a/5C3jrJChIFQo0B+5XP5Y45fYKzJDWvcBPTJghZShmZF7pp5okCE/QiPQsFYgTHWaL5HPvwiqxN5TKnjxCrv7eyBDXesYjO8mRGetVLxf/83qpGd6EGRVJaojAy4eGKfOM9PIavJgqgg2bWYKwojarh8dIIWxsWRVbQrD65XXSrteCq9rtY73auCvqKMMZnMMlBHANDXiAJrQAwxSe4RXenMx5cd6dj+VoySl2TuEPnM8fqpmTrQ==</latexit>

If n is even, the sign of the trace depends on this linear order.

<latexit sha1_base64="GFUnkNQG5ILM8RZkigrByQ/6Ck0="></latexit>

<latexit sha1_base64="easssbRzUs2T1sAnq9T0aYU/1XQ="></latexit>

If n is odd, trace is independent of cilia.

<latexit sha1_base64="8E6E4sjX3Pr8NfNav2mEMw4/rAY="></latexit>

(In non-bipartite cases, use circular order at all vertices.)

<latexit sha1_base64="nnLrAxgBT9ePT6T13GmdnPT7snA="></latexit>

Ciliations



<latexit sha1_base64="wuh8ez/ndLvKj8KaosuOjvfjm/0="></latexit>→

<latexit sha1_base64="wuh8ez/ndLvKj8KaosuOjvfjm/0="></latexit> →
<latexit sha1_base64="wuh8ez/ndLvKj8KaosuOjvfjm/0="></latexit>→

<latexit sha1_base64="wuh8ez/ndLvKj8KaosuOjvfjm/0="></latexit> →

<latexit sha1_base64="wuh8ez/ndLvKj8KaosuOjvfjm/0="></latexit> →
<latexit sha1_base64="wuh8ez/ndLvKj8KaosuOjvfjm/0="></latexit>→

<latexit sha1_base64="5eh68hYTHPCl5/ynkvmkx3b3L64="></latexit>

A ciliation is positive if each face contains an even number of cilia.



If edges have multiplicity > 1:

<latexit sha1_base64="W9xN+Q+i8XLHp1mh4hr3hE2yyI4=">AAACE3icbVDLSgMxFM3UV62vqks3wVYQF2WmCD4QKbjRXQX7gLaUTOZOG5rJDEmmMAz9Bzf+ihsXirh1486/MX0stPVA4HDuI+ceN+JMadv+tjJLyyura9n13Mbm1vZOfnevrsJYUqjRkIey6RIFnAmoaaY5NCMJJHA5NNzBzbjeGIJULBQPOomgE5CeYD6jRBupmz9pi5AJD4TGdz4GrwcK98kQcBBzzYwDynSCi9dO8bKbL9glewK8SJwZKaAZqt38V9sLaRyY5ZQTpVqOHelOSqRmlMMo144VRIQOSA9ahgoSgOqkk5tG+MgoHvZDaZ4xN1F/T6QkUCoJXNMZEN1X87Wx+F+tFWv/vJMyEcUaBJ1+5Mcc6xCPA8Iek0A1TwwhVDLjFdM+kYRqE2POhODMn7xI6uWSc1q6uC8XKlezOLLoAB2iY+SgM1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7Q1Y81m9tEfWJ8/UA6dIw==</latexit>

 



<latexit sha1_base64="5Ntx43pdrITMqj9+Xx2Qu7UprwE="></latexit>

Thm[K-Ovenhouse-Wu]: For an SOn-connection ! on a positively ciliated

planar graph,

PfK̃(!) = ±
∑

m→!n

Tr(m).

<latexit sha1_base64="4m4rCoObwQyzhV1/EZbWn1FljhA="></latexit>

Thm[K-Wu]: For an Sp2n -connection ! on a planar graph with standard
orientation and cilia,

PfK̃ (! ) = ±
!

m ! ! n

Tr(m).

<latexit sha1_base64="rsCdUVrcbhG1qHhiqULi4gdi0Rs="></latexit>

Thm[Douglas-K-Shi]: For an SLn -connection ! on a positively ciliated bi-
partite planar graph,

det ÷K (! ) = ±
!

m ! ! n

Tr( m).

<latexit sha1_base64="CF5vq7A81XSvVX5/CDYyGoItjjo=">AAACQ3icbZDLSsNAFIYnXmu9VV26GVqErkriQl24KHTjUou1pUkpk8m0Ds4lzEyUEvIYbvVpfAifwZ24FZzUQG3rgQM//3cO5/CHMaPauO67s7K6tr6xWdoqb+/s7u1XDg7vtEwUJh0smVS9EGnCqCAdQw0jvVgRxENGuuFDK+fdR6I0leLWTGIy4Ggs6IhiZKzlB0JSERFhYH1YqbkNd1pwWXiFqIGirocHTjWIJE64XccMae17bmwGKVKGYkaycpBoEiP8gMbEt1IgTvQgnf6cwRPrRHAklW17fur+3UgR13rCQzvJkbnXiyw3/2N+YkYXg5SKODFE4N9Do4RBI2EeAIyoItiwiRUIK2p/hfgeKYSNjakcCPKEJedIRGnQztIgPxCGsJ3No/4M9RdQa4ZamU3VW8xwWdydNryzxtnNaa15WeRbAsegCurAA+egCa7ANegADCR4Bi/g1XlzPpxP5+t3dMUpdo7AXDnfP0EvsPg=</latexit>

(
<latexit sha1_base64="PZXqTfeIKfBYe9yNqJQVC6YyvWI=">AAACQ3icbZDLSgMxFIYTr7Veq0s3wSLopsy4qC5cCN24VLFW2hlKJpNpQ3MZkoxShnkMt/o0PoTP4E7cCqa1UFs9cODn/87hHP4o5cxYz3uDC4tLyyurpbXy+sbm1vZOZffOqEwT2iSKK30fYUM5k7RpmeX0PtUUi4jTVjRojHjrgWrDlLy1w5SGAvckSxjB1lmdQComYyotOu7uVL2aNy70V/gTUQWTuupW4EEQK5IJt044Nqbje6kNc6wtI5wW5SAzNMVkgHu046TEgpowH/9coEPnxChR2rU7P3Z/b+RYGDMUkZsU2PbNPBuZ/7FOZpOzMGcyzSyV5OdQknFkFRoFgGKmKbF86AQmmrlfEeljjYl1MZUDSR+JEgLLOA9uijwYHYgidFPMovYUtedQY4oahUvVn8/wr7g7qfn1Wv36pHpxPsm3BPbBATgCPjgFF+ASXIEmIECBJ/AMXuArfIcf8PNndAFOdvbATMGvb0MEsPk=</latexit>

)

<latexit sha1_base64="CF5vq7A81XSvVX5/CDYyGoItjjo=">AAACQ3icbZDLSsNAFIYnXmu9VV26GVqErkriQl24KHTjUou1pUkpk8m0Ds4lzEyUEvIYbvVpfAifwZ24FZzUQG3rgQM//3cO5/CHMaPauO67s7K6tr6xWdoqb+/s7u1XDg7vtEwUJh0smVS9EGnCqCAdQw0jvVgRxENGuuFDK+fdR6I0leLWTGIy4Ggs6IhiZKzlB0JSERFhYH1YqbkNd1pwWXiFqIGirocHTjWIJE64XccMae17bmwGKVKGYkaycpBoEiP8gMbEt1IgTvQgnf6cwRPrRHAklW17fur+3UgR13rCQzvJkbnXiyw3/2N+YkYXg5SKODFE4N9Do4RBI2EeAIyoItiwiRUIK2p/hfgeKYSNjakcCPKEJedIRGnQztIgPxCGsJ3No/4M9RdQa4ZamU3VW8xwWdydNryzxtnNaa15WeRbAsegCurAA+egCa7ANegADCR4Bi/g1XlzPpxP5+t3dMUpdo7AXDnfP0EvsPg=</latexit>

(
<latexit sha1_base64="PZXqTfeIKfBYe9yNqJQVC6YyvWI=">AAACQ3icbZDLSgMxFIYTr7Veq0s3wSLopsy4qC5cCN24VLFW2hlKJpNpQ3MZkoxShnkMt/o0PoTP4E7cCqa1UFs9cODn/87hHP4o5cxYz3uDC4tLyyurpbXy+sbm1vZOZffOqEwT2iSKK30fYUM5k7RpmeX0PtUUi4jTVjRojHjrgWrDlLy1w5SGAvckSxjB1lmdQComYyotOu7uVL2aNy70V/gTUQWTuupW4EEQK5IJt044Nqbje6kNc6wtI5wW5SAzNMVkgHu046TEgpowH/9coEPnxChR2rU7P3Z/b+RYGDMUkZsU2PbNPBuZ/7FOZpOzMGcyzSyV5OdQknFkFRoFgGKmKbF86AQmmrlfEeljjYl1MZUDSR+JEgLLOA9uijwYHYgidFPMovYUtedQY4oahUvVn8/wr7g7qfn1Wv36pHpxPsm3BPbBATgCPjgFF+ASXIEmIECBJ/AMXuArfIcf8PNndAFOdvbATMGvb0MEsPk=</latexit>

)



Choose a (clockwise odd) Kasteleyn orientation of edges ofG. DeÞne

K (u, v) =

!
"#

"$

! uv u ! v
" ! uv v ! u
0 else

.

<latexit sha1_base64="atBsVrkvi10enNWKEq4goZjfXtE="></latexit>

Note if u ! v,

K uv = ! uv = ! ! 1
vu = ! t

vu = " (" ! vu )t = " (K vu )t .

<latexit sha1_base64="m2+4dqCbYMR5RA61o0xh58pudCg="></latexit>

So ÷K is antisymmetric.

<latexit sha1_base64="G0qG49qtHYX6rQEsCMouzVRcOYA="></latexit>

Theorem:
Pf ÷K = ±

!

m ! ! n

Tr( m).

<latexit sha1_base64="lEYqMxKBw3MCKAY+n4J+WudDMWs="></latexit>

SO(n) case

<latexit sha1_base64="ZjZ/6421o09IKlheRL2uYcQBfS0="></latexit>

<latexit sha1_base64="tmJiVq56SehPVtW+JhonDSFZI+8="></latexit>

The trace of ann-multiweb is deÞned as for SLn but the tensor contraction uses
the inner product rather than the duality.

The planar graph G is not necessarily bipartite.

<latexit sha1_base64="3V0/JeOwSHadNxu0NLNVc2Nc71c="></latexit>



K =

!

"
0 A C t

! At 0 B
! C ! B t 0

#

$

<latexit sha1_base64="KAruCaMD4IAerK+323Bbd4WT0dg="></latexit>

F = CBA =
!

cos! ! sin !
sin ! cos!

"

<latexit sha1_base64="Ct5fKR1o4Jmdzchs7YYjK0WgGUA="></latexit>

Example

<latexit sha1_base64="dc+7vscPPcw1ljGonG7eiHEBpjc="></latexit>

A, B, C ! SO(2)

<latexit sha1_base64="Nb0959z6eEVEmmX6NTUT9LxGwq8="></latexit>

Pf ÷K = 2 sin !

<latexit sha1_base64="jAZcjzFbJUBVZk/5mwfO66O0IzY="></latexit>

Note there is only one 2-multiweb.

<latexit sha1_base64="a/q3rVhvvYnDqDNffmCHQNUkVNs="></latexit>

1

<latexit sha1_base64="/O+zfMya6KxJUSJ50ZquF8Lf5b4="></latexit>

1

<latexit sha1_base64="/O+zfMya6KxJUSJ50ZquF8Lf5b4="></latexit>

1

<latexit sha1_base64="/O+zfMya6KxJUSJ50ZquF8Lf5b4="></latexit>



Sp(2n) = { M ! SL(2n, R) | M t JM = J } ,

where J is the matrix

J =
!

0n I n

" I n 0n

"

<latexit sha1_base64="9StOAUzUQIwJSXEc9TsA3QsXaBo="></latexit>

Sp(2n) is the set of matrices in SLn preserving the (standard) symplectic form.

<latexit sha1_base64="lJhzctfzmE4DSxm4TIwC066SO/I="></latexit>

The trace of a 2n-multiweb is deÞned as forO(2n) but the contraction uses the
symplectic form rather than the inner product.

<latexit sha1_base64="LzzntDDGxfDqda8W0Zq0DwqKIt8="></latexit>

DeÞne

K (u, v) =

!
J ! uv u ! v
0 else

.

<latexit sha1_base64="e92LvbBlodSAhU43LrBvdb22FrI="></latexit>

Note
K uv = J ! uv = J ! ! 1

vu = ! t
vu J = ! (J ! vu )t = ! (K vu )t

so ÷K is antisymmetric.

<latexit sha1_base64="506/DoqZI5FsXH3oT5fiZ7Zatew="></latexit>

<latexit sha1_base64="8wEphy9BTXgWjSFZAm9y4Kjw0Tk=">AAAB9HicbVC7SgNBFJ2NrxhfUUstBoMQm7AbRC0sAjaWEc0DkiXMTmaTIbOz68zdYFjyDSltLBSx9SP8BDs/xN7Jo9DEAxcO59zLvfd4keAabPvLSi0tr6yupdczG5tb2zvZ3b2qDmNFWYWGIlR1j2gmuGQV4CBYPVKMBJ5gNa93NfZrfaY0D+UdDCLmBqQjuc8pASO5TWAPkNxGw3xRnrSyObtgT4AXiTMjudLhqJn//hiVW9nPZjukccAkUEG0bjh2BG5CFHAq2DDTjDWLCO2RDmsYKknAtJtMjh7iY6O0sR8qUxLwRP09kZBA60Hgmc6AQFfPe2PxP68Rg3/hJlxGMTBJp4v8WGAI8TgB3OaKURADQwhV3NyKaZcoQsHklDEhOPMvL5JqseCcFU5vTBqXaIo0OkBHKI8cdI5K6BqVUQVRdI8e0TN6sfrWk/VqvU1bU9ZsZh/9gfX+A0ymlX0=</latexit>

Sp(2n)

Theorem:
Pf ÷K = ±

!

m ! ! n

Tr( m).

<latexit sha1_base64="lEYqMxKBw3MCKAY+n4J+WudDMWs="></latexit>



<latexit sha1_base64="HdnpvMqMnbFS1WYxBjyugl0t7SQ="></latexit>

SLn

<latexit sha1_base64="a9F3NudGAV5DmuWEr2NGF25x5DI="></latexit>

Sp(2n)

<latexit sha1_base64="NuoEaBjJL9aB8ZlYulKf60GhKcQ="></latexit>

SO(n)
<latexit sha1_base64="Yn/eaWLqsCEDLz+9EsFvZ0MPviU=">AAACRHicbZDLSsNAFIYnXmu9VV26GSyCq5J0UV0ICt24rMVasQkymUzboXMJMxOlhLyGW30a38F3cCduxUkbqK0eOPDzf+dwDn8YM6qN6747S8srq2vrpY3y5tb2zm5lb/9Wy0Rh0sGSSXUXIk0YFaRjqGHkLlYE8ZCRbjhq5rz7SJSmUtyYcUwCjgaC9ilGxlq+LyQVEREGXpQfKlW35k4K/hVeIaqgqNbDnnPkRxIn3O5jhrTueW5sghQpQzEjWdlPNIkRHqEB6VkpECc6SCdPZ/DYOhHsS2Xb3p+4vzdSxLUe89BOcmSGepHl5n+sl5j+WZBSESeGCDw91E8YNBLmCcCIKoING1uBsKL2V4iHSCFsbE5lX5AnLDlHIkr9dpb6+YEwhO1sHt3P0P0Cas5QM7OpeosZ/hW39ZrXqDWu69XL8yLfEjgER+AEeOAUXIIr0AIdgEEMnsELeHXenA/n0/maji45xc4BmCvn+wenB7Ej</latexit>

?

<latexit sha1_base64="Yn/eaWLqsCEDLz+9EsFvZ0MPviU=">AAACRHicbZDLSsNAFIYnXmu9VV26GSyCq5J0UV0ICt24rMVasQkymUzboXMJMxOlhLyGW30a38F3cCduxUkbqK0eOPDzf+dwDn8YM6qN6747S8srq2vrpY3y5tb2zm5lb/9Wy0Rh0sGSSXUXIk0YFaRjqGHkLlYE8ZCRbjhq5rz7SJSmUtyYcUwCjgaC9ilGxlq+LyQVEREGXpQfKlW35k4K/hVeIaqgqNbDnnPkRxIn3O5jhrTueW5sghQpQzEjWdlPNIkRHqEB6VkpECc6SCdPZ/DYOhHsS2Xb3p+4vzdSxLUe89BOcmSGepHl5n+sl5j+WZBSESeGCDw91E8YNBLmCcCIKoING1uBsKL2V4iHSCFsbE5lX5AnLDlHIkr9dpb6+YEwhO1sHt3P0P0Cas5QM7OpeosZ/hW39ZrXqDWu69XL8yLfEjgER+AEeOAUXIIr0AIdgEEMnsELeHXenA/n0/maji45xc4BmCvn+wenB7Ej</latexit>

?

[DKS]

<latexit sha1_base64="Uep3fYMZ5wzjkD8B+3klrmS68uQ=">AAACCnicbZBLSgNBEIZ7fMb4irp0MxgEV2EmCOpGAroQ3ER0kkBmCD2dStKkH0N3TyQMuYHgVq/hTtx6CW/hEew8Fpr4Q8PHX1VU9R8njGrjeV/O0vLK6tp6biO/ubW9s1vY269pmSoCAZFMqkaMNTAqIDDUMGgkCjCPGdTj/tW4Xh+A0lSKBzNMIOK4K2iHEmysFTSvb++jVqHolbyJ3EXwZ1BEM1Vbhe+wLUnKQRjCsNZN30tMlGFlKGEwyoephgSTPu5C06LAHHSUTY4ducfWabsdqewTxp24vycyzLUe8th2cmx6er42Nv+rNVPTOY8yKpLUgCDTRZ2UuUa645+7baqAGDa0gImi9laX9LDCxNh88qGARyI5x6KdhZDoURYOsLJAmRQjG5E/H8gi1Mol/7R0cVcuVi5nYeXQITpCJ8hHZ6iCblAVBYggip7RC3p1npw35935mLYuObOZA/RHzucPJJmbuA==</latexit>

[DKS]

<latexit sha1_base64="Uep3fYMZ5wzjkD8B+3klrmS68uQ=">AAACCnicbZBLSgNBEIZ7fMb4irp0MxgEV2EmCOpGAroQ3ER0kkBmCD2dStKkH0N3TyQMuYHgVq/hTtx6CW/hEew8Fpr4Q8PHX1VU9R8njGrjeV/O0vLK6tp6biO/ubW9s1vY269pmSoCAZFMqkaMNTAqIDDUMGgkCjCPGdTj/tW4Xh+A0lSKBzNMIOK4K2iHEmysFTSvb++jVqHolbyJ3EXwZ1BEM1Vbhe+wLUnKQRjCsNZN30tMlGFlKGEwyoephgSTPu5C06LAHHSUTY4ducfWabsdqewTxp24vycyzLUe8th2cmx6er42Nv+rNVPTOY8yKpLUgCDTRZ2UuUa645+7baqAGDa0gImi9laX9LDCxNh88qGARyI5x6KdhZDoURYOsLJAmRQjG5E/H8gi1Mol/7R0cVcuVi5nYeXQITpCJ8hHZ6iCblAVBYggip7RC3p1npw35935mLYuObOZA/RHzucPJJmbuA==</latexit>

[KO]

<latexit sha1_base64="StBDXu97LghjcnM70DHOco0g/QA=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8EguAozQVA3EnAjuDCCeUBmCD2dStKkH0N3TyQMOYHgVq/hTtx6Cm/hEexJstDEHxo+/qqiqv8oZlQbz/tyciura+sb+c3C1vbO7l5x/6ChZaII1IlkUrUirIFRAXVDDYNWrADziEEzGl5n9eYIlKZSPJhxDCHHfUF7lGCTWe3bu7BTLHllbyp3Gfw5lNBctU7xO+hKknAQhjCsddv3YhOmWBlKGEwKQaIhxmSI+9C2KDAHHabTWyfuiXW6bk8q+4Rxp+7viRRzrcc8sp0cm4FerGXmf7V2YnoXYUpFnBgQZLaolzDXSDf7uNulCohhYwuYKGpvdckAK0yMjacQCHgkknMsumkAsZ6kwQgrC5RJMbER+YuBLEOjUvbPypf3lVL1ah5WHh2hY3SKfHSOqugG1VAdETRAz+gFvTpPzpvz7nzMWnPOfOYQ/ZHz+QOIx5tm</latexit>

[KOW]

<latexit sha1_base64="wWNGvkIB/9Cvg60x6mlpZGZkJHg=">AAACCnicbZDJSgNBEIZ74hbjFvXoZTAInsJMENSLBLwIHoxgFsgMoadTSZr0MnT3RMIwbyB41dfwJl59Cd/CR7CzHDTxh4aPv6qo6j+KGdXG876c3Mrq2vpGfrOwtb2zu1fcP2homSgCdSKZVK0Ia2BUQN1Qw6AVK8A8YtCMhteTenMESlMpHsw4hpDjvqA9SrCxVr19e9cMO8WSV/amcpfBn0MJzVXrFL+DriQJB2EIw1q3fS82YYqVoYRBVggSDTEmQ9yHtkWBOegwnR6buSfW6bo9qewTxp26vydSzLUe88h2cmwGerE2Mf+rtRPTuwhTKuLEgCCzRb2EuUa6k5+7XaqAGDa2gImi9laXDLDCxNh8CoGARyI5x6KbBhDrLA1GWFmgTIrMRuQvBrIMjUrZPytf3ldK1at5WHl0hI7RKfLROaqiG1RDdUQQRc/oBb06T86b8+58zFpzznzmEP2R8/kDPTibxw==</latexit>

[KOW]

<latexit sha1_base64="wWNGvkIB/9Cvg60x6mlpZGZkJHg=">AAACCnicbZDJSgNBEIZ74hbjFvXoZTAInsJMENSLBLwIHoxgFsgMoadTSZr0MnT3RMIwbyB41dfwJl59Cd/CR7CzHDTxh4aPv6qo6j+KGdXG876c3Mrq2vpGfrOwtb2zu1fcP2homSgCdSKZVK0Ia2BUQN1Qw6AVK8A8YtCMhteTenMESlMpHsw4hpDjvqA9SrCxVr19e9cMO8WSV/amcpfBn0MJzVXrFL+DriQJB2EIw1q3fS82YYqVoYRBVggSDTEmQ9yHtkWBOegwnR6buSfW6bo9qewTxp26vydSzLUe88h2cmwGerE2Mf+rtRPTuwhTKuLEgCCzRb2EuUa6k5+7XaqAGDa2gImi9laXDLDCxNh8CoGARyI5x6KbBhDrLA1GWFmgTIrMRuQvBrIMjUrZPytf3ldK1at5WHl0hI7RKfLROaqiG1RDdUQQRc/oBb06T86b8+58zFpzznzmEP2R8/kDPTibxw==</latexit>

[KW]

<latexit sha1_base64="wkCM41vtJeAcuihzAaVW/B0s8I0=">AAACCXicbZDLSsNAFIYnXmu9VV26CRbBVUmKoG6k4EZwU8FeoAllMjlth84lzEwqJfQJBLf6Gu7ErU/hW/gITtsstPWHgY//nMM580cJo9p43pezsrq2vrFZ2Cpu7+zu7ZcODptapopAg0gmVTvCGhgV0DDUMGgnCjCPGLSi4c203hqB0lSKBzNOIOS4L2iPEmymVueuFXZLZa/izeQug59DGeWqd0vfQSxJykEYwrDWHd9LTJhhZShhMCkGqYYEkyHuQ8eiwBx0mM1unbin1ondnlT2CePO3N8TGeZaj3lkOzk2A71Ym5r/1Tqp6V2GGRVJakCQ+aJeylwj3enH3ZgqIIaNLWCiqL3VJQOsMDE2nmIg4JFIzrGIswASPcmCEVYWKJNiYiPyFwNZhma14p9Xru6r5dp1HlYBHaMTdIZ8dIFq6BbVUQMRNEDP6AW9Ok/Om/PufMxbV5x85gj9kfP5A5Xfm24=</latexit>

[KW]

<latexit sha1_base64="wkCM41vtJeAcuihzAaVW/B0s8I0=">AAACCXicbZDLSsNAFIYnXmu9VV26CRbBVUmKoG6k4EZwU8FeoAllMjlth84lzEwqJfQJBLf6Gu7ErU/hW/gITtsstPWHgY//nMM580cJo9p43pezsrq2vrFZ2Cpu7+zu7ZcODptapopAg0gmVTvCGhgV0DDUMGgnCjCPGLSi4c203hqB0lSKBzNOIOS4L2iPEmymVueuFXZLZa/izeQug59DGeWqd0vfQSxJykEYwrDWHd9LTJhhZShhMCkGqYYEkyHuQ8eiwBx0mM1unbin1ondnlT2CePO3N8TGeZaj3lkOzk2A71Ym5r/1Tqp6V2GGRVJakCQ+aJeylwj3enH3ZgqIIaNLWCiqL3VJQOsMDE2nmIg4JFIzrGIswASPcmCEVYWKJNiYiPyFwNZhma14p9Xru6r5dp1HlYBHaMTdIZ8dIFq6BbVUQMRNEDP6AW9Ok/Om/PufMxbV5x85gj9kfP5A5Xfm24=</latexit>

General

<latexit sha1_base64="uJ2njdQZrcVoJ6blTEiXAXaWHdA=">AAACDHicbZBLSgNBEIZ7fMb4irp0MxgEV2EmCOpGAi50GcEkQiaEmk7FNOnH0N0TCUOuILjVa7gTt97BW3gEO4+FJv7Q8PFXFVX9xwlnxgbBl7e0vLK6tp7byG9ube/sFvb260almmKNKq70fQwGOZNYs8xyvE80gog5NuL+1bjeGKA2TMk7O0ywJeBBsi6jYJ3VuEaJGni7UAxKwUT+IoQzKJKZqu3Cd9RRNBUoLeVgTDMMEtvKQFtGOY7yUWowAdqHB2w6lCDQtLLJuSP/2Dkdv6u0e9L6E/f3RAbCmKGIXacA2zPztbH5X62Z2u55K2MySS1KOl3UTblvlT/+u99hGqnlQwdANXO3+rQHGqh1CeUjiY9UCQGyk0WYmFEWDUA7YFzJkYsonA9kEerlUnhaurgtFyuXs7By5JAckRMSkjNSITekSmqEkj55Ji/k1Xvy3rx372PauuTNZg7IH3mfP1BDnPA=</latexit>

Identity/Flat

<latexit sha1_base64="Cnu9EuOKVEimPqApZy33UTaqKxg=">AAACEnicbVBLSgNBFOzxb/xFXboZDIKrOCOCuhFBEN0pmETIDOFNz0ts7M/Y3aOEIbcQ3Oo13IlbL+AtPIKdmIUmFjQUVa9ePyrJODM2CD69icmp6ZnZufnSwuLS8kp5da1uVK4p1qjiSl8nYJAziTXLLMfrTCOIhGMjuT3p+4171IYpeWW7GcYCOpK1GQXrpPg8RelS3Z1TDrZVrgTVYAB/nIRDUiFDXLTKX1GqaC7cDsrBmGYYZDYuQFtGOfZKUW4wA3oLHWw6KkGgiYvB0T1/yymp31baPWn9gfo7UYAwpisSNynA3phRry/+5zVz2z6ICyaz3KKkPx+1c+5b5fcb8FOmkVredQSoZu5Wn96ABmpdT6VI4gNVQoBMiwgz0yuie9COMK5kz1UUjhYyTuq71XCveni5Wzk+GpY1RzbIJtkmIdknx+SMXJAaoeSOPJFn8uI9eq/em/f+MzrhDTPr5A+8j2/0yZ9u</latexit>

Positive

<latexit sha1_base64="rZ4Wt881Hl/TItLsYQIYFUGsF2M=">AAACDXicbZDLSsNAFIYn9VbrrerSTbAIrkpSBHUjBTcuK9gLNKFMJqft0LmEmUmlhD6D4FZfw5249Rl8Cx/BaZuFtv4w8PGfczhz/ihhVBvP+3IKa+sbm1vF7dLO7t7+QfnwqKVlqgg0iWRSdSKsgVEBTUMNg06iAPOIQTsa3c7q7TEoTaV4MJMEQo4HgvYpwcZanYbU1NAx9MoVr+rN5a6Cn0MF5Wr0yt9BLEnKQRjCsNZd30tMmGFlKGEwLQWphgSTER5A16LAHHSYzf87dc+sE7t9qewTxp27vycyzLWe8Mh2cmyGerk2M/+rdVPTvwozKpLUgCCLRf2UuUa6s+PdmCoghk0sYKLs5cQlQ6wwMTaiUiDgkUjOsYizABI9zYIxVhYok2JqI/KXA1mFVq3qX1Sv72uV+k0eVhGdoFN0jnx0ieroDjVQExHE0DN6Qa/Ok/PmvDsfi9aCk88coz9yPn8AbCydjw==</latexit>

<latexit sha1_base64="zi7tlhsgg8//44w0mXKWXD/B+Kk="></latexit>

Di ! erent types of connections



Edge colorings

<latexit sha1_base64="xiNb0eFxdAV/O2r0VrYlckiLw0k="></latexit>

<latexit sha1_base64="rzPHRr0vSzzLk6Ku20BaBUi98FI=">AAAB/XicbVDLSgMxFL1TX7W+6mPnJlgEV2Wmi+pKCm5cVrAP6Awlk2ba0EwyJBmhDsVfceNCEbf+hzv/xrSdhbYeuHA4597k3hMmnGnjut9OYW19Y3OruF3a2d3bPygfHrW1TBWhLSK5VN0Qa8qZoC3DDKfdRFEch5x2wvHNzO88UKWZFPdmktAgxkPBIkawsVK/fOILycSACpP5YYSaSibVab9ccavuHGiVeDmpQI5mv/zlDyRJY/sM4VjrnucmJsiwMoxwOi35qaYJJmM8pD1LBY6pDrL59lN0bpUBiqSyJQyaq78nMhxrPYlD2xljM9LL3kz8z+ulJroKMiaS1FBBFh9FKUdGolkUaMAUJYZPLMFEMbsrIiOsMDE2sJINwVs+eZW0a1WvXq3f1SqN6zyOIpzCGVyAB5fQgFtoQgsIPMIzvMKb8+S8OO/Ox6K14OQzx/AHzucPfaeVPg==</latexit>

Prop.

<latexit sha1_base64="M70gA7LsSZB4FPeDsdchypGkJyc="></latexit>

An edge-n-coloring of an n-multiweb m is a mapc : E ! 2[n ] with me = |c| and
so that the union of the color sets at each vertex is [n].

(SO(n) or SLn )

<latexit sha1_base64="fnUWwDOGyVsR2i52/xuzx9VabZY="></latexit>

colors = { 1, 2, 3, 4}

<latexit sha1_base64="p1orzaAJPbEhxgMD19JVSEXqHh4="></latexit>

<latexit sha1_base64="QHKtgyz00xHdnN1wqmG6NZjqK3E="></latexit>

For the identity connection and positive cilia, Tr I (m) is (! 1)V n (n ! 1) / 4 times
the number of edge-n-colorings.



<latexit sha1_base64="jyFo3dodTJ6jwBfCl4/0ybEJqvk="></latexit>

Thm: For each edgee of a triangulation, pick a random unit vector ue ! R3.
Then

Cor: For a planar 3-web m, Tr I (m) != 0.

<latexit sha1_base64="oCEud64NjYhg2BTNhgAF0MboJs0="></latexit>

Proof: The 4 color theorem. !

<latexit sha1_base64="Wk/9HdjmIQFw9/t9gYxhPhqopxU="></latexit>

Nc = 4( ! 3)V/ 2E[
!

F

det(u1, u2, u3)]

<latexit sha1_base64="khDGAoyqzNtgF7c6Cuyd8YidxCg="></latexit>

<latexit sha1_base64="V5xIgCqXMOModYfh3oMhXcZPph0="></latexit>

Thm: For a triangulation T of S2, let m be the dual 3-web. Then

4T rI (m) = ( ! 1)V/ 2Nc,

where Nc is the number of proper 4-colorings ofT.

<latexit sha1_base64="RrGrUHFhU5T8HmVfevKLrfbElMc="></latexit>

SO3 and the 4-color theorem



<latexit sha1_base64="w0la8lfli5c3TfW2JGZH63ZzWY8="></latexit>

Complementation is the map [2n] ! [2n] taking i to i ± n.
<latexit sha1_base64="3ku9cJSy6xYKQM6ig1/UJ1H9w48="></latexit>

1 ! 3, 2 ! 4
<latexit sha1_base64="M302GbIjdLKSxhqE31K7c4x/Wtc=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDCaChSy7QaKNErCxjGAekCxhdvYmGTI7u8zMKiGksfFXbCwUsfUf7PwbJ49CEw8MHM659869J0g4U9p1v63M0vLK6lp2PbexubW9Y+/u1VScSgpVGvNYNgKigDMBVc00h0YigUQBh3rQvx779XuQisXiTg8S8CPSFazDKNFGatuHLREzEYLQGJyugx96IHChKC7PCqe4beddx50ALxJvRvJohkrb/mqFMU0jM45yolTTcxPtD4nUjHIY5VqpgoTQPulC01BBIlD+cHLFCB8bJcSdWJpn1pmovzuGJFJqEAWmMiK6p+a9sfif10x158IfMpGkGgSdftRJOdYxHkeCQyaBaj4whFDJzK6Y9ogkVJvgciYEb/7kRVIrOl7JKd0W8+WrWRxZdICO0Any0DkqoxtUQVVE0SN6Rq/ozXqyXqx362NamrFmPfvoD6zPHyFVlmI=</latexit>

e.g. when 2n = 4,
<latexit sha1_base64="vn+0jNbMqOWAXz+Xfx5IlF+IiwQ="></latexit>

A symplectic edge-n-coloring of a 2n-multiweb m is a map c : E± ! 2[2n ] with
me = |c| so that the two half-edgese+ , e! of an edge have complementary color
sets and so that the union of the color sets at each vertex is [2n].

Symplectic edge colorings

<latexit sha1_base64="LSjS/5xYKpXSnxgI4pWXa/oVLyE=">AAACIHicbVDLSgMxFM34rPVVdSVuBovgqswUQd1IwY3LivYBnVIymds2NI8hyVTKUPwXwa3+hjtxqV/hJ5hpu9DWA4HDOfeVE8aMauN5n87S8srq2npuI7+5tb2zW9jbr2uZKAI1IplUzRBrYFRAzVDDoBkrwDxk0AgH15nfGILSVIp7M4qhzXFP0C4l2FipUzi8G/GYATGUuBD1wJ2MpKKnO4WiV/ImcBeJPyNFNEO1U/gOIkkSDsIQhrVu+V5s2ilWdjaDcT5INMSYDHAPWpYKzEG308m+sXtilcjtSmWfMNMrfnekmGs94qGt5Nj09byXif95rcR0L9opFXFiQJDpom7CXCPdLA83osr+no0swUTRLAfSxwoTY1PLBwIeiOQciygNINbjNBhiZQllUoxtRP58IIukXi75Z6XL23KxcjULK4eO0DE6RT46RxV0g6qohgh6RM/oBb06T86b8+58TEuXnFnPAfoD5+sHSu2k2Q==</latexit>



<latexit sha1_base64="Zm9LQU7txT5HokfgYAB/X0PPHHk="></latexit>

Sp(2n)-Kasteleyn connection

<latexit sha1_base64="1BDIw3keTlcskFog6N2iVLrtAtY="></latexit>

The symplectic Kastelyn connectiongives each face of lengthl monodromy J l ! 2.

!

!

! "

<latexit sha1_base64="rzPHRr0vSzzLk6Ku20BaBUi98FI=">AAAB/XicbVDLSgMxFL1TX7W+6mPnJlgEV2Wmi+pKCm5cVrAP6Awlk2ba0EwyJBmhDsVfceNCEbf+hzv/xrSdhbYeuHA4597k3hMmnGnjut9OYW19Y3OruF3a2d3bPygfHrW1TBWhLSK5VN0Qa8qZoC3DDKfdRFEch5x2wvHNzO88UKWZFPdmktAgxkPBIkawsVK/fOILycSACpP5YYSaSibVab9ccavuHGiVeDmpQI5mv/zlDyRJY/sM4VjrnucmJsiwMoxwOi35qaYJJmM8pD1LBY6pDrL59lN0bpUBiqSyJQyaq78nMhxrPYlD2xljM9LL3kz8z+ulJroKMiaS1FBBFh9FKUdGolkUaMAUJYZPLMFEMbsrIiOsMDE2sJINwVs+eZW0a1WvXq3f1SqN6zyOIpzCGVyAB5fQgFtoQgsIPMIzvMKb8+S8OO/Ox6K14OQzx/AHzucPfaeVPg==</latexit>

Prop.
<latexit sha1_base64="rR08Js4N+eHRohVBYcV/pOxK5zo="></latexit>

For the Kasteleyn connection! K and standard orientation and cilia, Tr ! (m) is
(! 1)V n (n ! 1) / 4 times the number of symplectic edge colorings.



Construction of positive connections

<latexit sha1_base64="3/1VKY06QUY7Gohq23VeCRaNDuc="></latexit>

M 1 ! Gr+
n, 4n

<latexit sha1_base64="t10SkzGvCFlD6M9af8NlEbq7+18="></latexit>

M 2 ! Gr+
n, 5n

<latexit sha1_base64="YqeNJUS3nXX6iwUiaHv9zQ+HR3g="></latexit>

M 1 = ( A1 A2 A3 A4)

<latexit sha1_base64="bp1yqvn18llYLtzRf5yIan99ZXo="></latexit>

M 2 = ( B1 B2 B3 B4 B5)

<latexit sha1_base64="3AtrJqDPP5R9F7iUx/UhiGuvpuk="></latexit>

!

<latexit sha1_base64="dEdrgEnK4BW/NHnNY1ASWa2Ifog="></latexit>

! = A1B t
1

<latexit sha1_base64="ADlH2iX4QoChaosl792w0brAksU="></latexit>

Postnikov Õ96 showed how to associate to an element ofGr +
m,n a planar bi-

partite network with positive edge weights...

<latexit sha1_base64="di3KvUaqjLIH4ttUQfZ+AIz8G34="></latexit>

<latexit sha1_base64="Z3SzYB6yQ7GwcEZm0BE6Z+KsSio="></latexit>

(SLn )

<latexit sha1_base64="C8hwwH4CMTPi8Sf9tEE/JIEYi9U=">AAACPHicbZDLTsJAFIaneEO8gS7dTCAmrkirCbpSEjYukcglUEKm0ylMmJk2M1MNafoKbvVp3PgU7t0Zt65tgQQB/2SSP/93Ts6Z4wSMKm2aH0ZmY3Nreye7m9vbPzg8yheOW8oPJSZN7DNfdhykCKOCNDXVjHQCSRB3GGk741rK249EKuqLBz0JSJ+joaAexUinka0oH+RLZtmcCq4ba25Kt++XU9UHBaNouz4OOREaM6RUzzID3Y+Q1BQzEufsUJEA4TEakl5iBeJE9aPpsjE8SxIXer5MntBwmv7tiBBXasKdpJIjPVKrLA3/Y71Qe9f9iIog1ETg2SAvZFD7MP05dKkkWLNJYhCWNNkV4hGSCOvkPjlbkCfsc46EG9mNOLLTAY4DG/Ey6i5QdwXVFqgWJ1e1Vm+4bloXZatSrtybpeoNmCkLTkERnAMLXIEquAN10AQYjMAzeAGvxpvxaXwZ37PSjDHvOQFLMn5+AX02sIg=</latexit>!
<latexit sha1_base64="C8hwwH4CMTPi8Sf9tEE/JIEYi9U=">AAACPHicbZDLTsJAFIaneEO8gS7dTCAmrkirCbpSEjYukcglUEKm0ylMmJk2M1MNafoKbvVp3PgU7t0Zt65tgQQB/2SSP/93Ts6Z4wSMKm2aH0ZmY3Nreye7m9vbPzg8yheOW8oPJSZN7DNfdhykCKOCNDXVjHQCSRB3GGk741rK249EKuqLBz0JSJ+joaAexUinka0oH+RLZtmcCq4ba25Kt++XU9UHBaNouz4OOREaM6RUzzID3Y+Q1BQzEufsUJEA4TEakl5iBeJE9aPpsjE8SxIXer5MntBwmv7tiBBXasKdpJIjPVKrLA3/Y71Qe9f9iIog1ETg2SAvZFD7MP05dKkkWLNJYhCWNNkV4hGSCOvkPjlbkCfsc46EG9mNOLLTAY4DG/Ey6i5QdwXVFqgWJ1e1Vm+4bloXZatSrtybpeoNmCkLTkERnAMLXIEquAN10AQYjMAzeAGvxpvxaXwZ37PSjDHvOQFLMn5+AX02sIg=</latexit> !

<latexit sha1_base64="sAG+gUJ6taiOOcRxlz7/MbiBYEw="></latexit>

scale columns so that each! ! SLn .



SL2 example

<latexit sha1_base64="45lA2nSaiYeRP1Ef0/f1M6beyq0="></latexit>

ÒscalarizationÓ

<latexit sha1_base64="cV1xLvUOT3/1jrLO+JiExZvTqhk="></latexit>

2-multiweb

<latexit sha1_base64="ZKa+xxPLd2vj/nGtAONf0fMpmYo="></latexit>

1-multiweb (dimer cover)

<latexit sha1_base64="b0i2PCpweZqYoK0T5ggLLlS0Qow="></latexit>

+ …



Q. Is there an analogous procedure for SO(n) and Sp(2n) connections?

<latexit sha1_base64="jpy2TgMywRME+jJZhvLKZhNk/GY="></latexit>



<latexit sha1_base64="EheD7HxK8qwpIml88s15JVbLaQI=">AAACPHicbZDLSsNAFIYnXmu9tbp0M7QIrkrSRXVZqAsRxFrshTahTKbTdujMJMxMlBLyCm71aXwP9+7ErWuTNlDbemDg5//O4Zz5XZ9RpU3zw9jY3Nre2c3sZfcPDo+Oc/mTlvICiUkTe8yTHRcpwqggTU01Ix1fEsRdRtrupJbw9hORinriUU994nA0EnRIMdKJdXt/V+/nimbJnBVcF1YqiiCtej9vFOyBhwNOhMYMKdWzTF87IZKaYkairB0o4iM8QSPSi6VAnCgnnB0bwfPYGcChJ+MnNJy5fydCxJWacjfu5EiP1SpLzP9YL9DDKyekwg80EXi+aBgwqD2Y/BwOqCRYs2ksEJY0vhXiMZII6zifrC3IM/Y4R2IQ2o0otJMFrgsb0TLqLlB3BdUWqBbFqVqrGa6LVrlkVUqVh3Kxep3mmwFnoAAugAUuQRXcgDpoAgzG4AW8gjfj3fg0vozveeuGkc6cgqUyfn4BCHOt7Q==</latexit>

JOMP

<latexit sha1_base64="NFuQakBgHpP1d9iaMeZjnlotFMA="></latexit>

* open access: no charges to authors or readers
<latexit sha1_base64="VuI7sk/ZipBCF27Z6wYc26wot6E="></latexit>

* surveys about ÒfamousÓ open problems in all Þelds of math


