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1. Background

I = Eg : closed surface (gz1)
G : reductive group/i

Character variety :

ChGz : = Hom (T (2) , G)
,

te moduli space of G-local systems on 2

* It admits a natural symplectic form o (Atiyah-Bott , Goldman (

Want : Quantization of ChG
,
I.

G

Namely , find a non-commutative deformation of O(ChG2) = O(Hom(,G)
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&=several approachesu quantization. ~Assume G : semisimple

① Skein quantization (Roughly) :

Idea : O(Chez) is generated by "Trace"functions
along E-colored graphe on I

m Skein algebra

S2 := "Elg , gt) (tangled G-colored graphs on [x(0. 13)/kein mel
.

"

g = 11 "G-webs"

OIChG
,

2) should provide a deformation quantization
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-② Cluster quantization elp 199,
Edea : E = (2

, M1) : a marked surface (Today McGI/

Consider moduli spaces AGE , PE of G-/G-local systems on I
-

/ T "decoration data" at M
simply corn· adjoint

*Cluster structure : (Fock-Goncharov' Ob
,
Zickert 19

,
Ze19

, Goncharor-Shen'19 + )

①Cluster Coordinates (Aljes , (Xiljez for each seed i (2 .g . triangulation)
& Mutations M : ii describe cordinate transformations
↳ Promote into quantum :

① Quantum tui T , TX

& Quantum mutations Up : Frac TE- Fract* (using quarter dilog)
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: A =g &18

S compatible pair : " = D . Id

T : xxpx 19.
r : formal , v = ga)

no Quantum cluster algebras

Oel-T , OPE):
... deformation quantization oft &P

Problem : Compare the skein & cluster quartizations
/ I

graphical explicit cordinates

Of course
,
the problem includes appropriate extensions of skein algeta for E

(A/X -- "clasped"/"stated" (



We expect the diagram :

"reduced stated "skein alg .

(210) X
[1-Karno25] -

-

16= 512 case establishedJ
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- ye'22] A (1
:

- Karno's7]p* given by
11

.

- Karno'25]

PEE(ET) ,S
, 12

M )
10

+] ~ Otz) FX) :-mySX Cut

·wicker-Schiffler-Williams32
, Iharton's [Muller'16]

of gu

T

"

*-tropical points" "I-bralized clasped "skein alg i
[Muller' 16]

· 6: B =-l
,

M10t] state - clarp correspondence

· St
. SX correspond to give facis (many choices (

· It : = ToSA : AGE(ET) : OulOGIz)
would be quantum duality map.

I : = Cut . Sx : PcElzi) 1 Og(A



52. Lower nack cares /G = Sh
,
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⑪ G = S1z

Kauffman bracketskein algebra : 0 = - (g+ g= Zg : = [(g=(2)

Y = 9)) + g+

clarped skein alg.. (Muller' 16) stated skein alg. . (Bonahon-Wong'Il , 25 18)

&x c M x 10
.
1] &Lc BX (0, 1)

,
B := 10 - intervals/

Y ·
.& >

j i
"States" =S1,

24

8 = 0 -V =g( -g
- =g/

*

Vij =

N ,
U = 10-g



& Clasped rhein alg. & USE = Og (A ,

2) (Mulle'16]
1

&18

clusters : ideal triangulations of I pp
mutations : Tipsofto No

,i5 tots = gAzty +

g
+A1ts

3

As
,
I

=

<Ac/2 : ideal ans?
[A]B : -arc

= a)(-5
mutations

guantum cluster alg.
Theorem((Muller163)

If I M172
,

then

S, 101] n As = US,
1

↓

16]= As Lament phenomenon [Berenstein - Zelevinsky04
- local acyclicity



② State - clasp correspondence reduced
Yo

SEM LS no : Sir 10 =J,, B1 (22-yu'z2

ij%. ↑ .. (N = 0) MI/(bad nau)

& : J
.
K

.
B
- Sh.M lot] is also explicit :

·!... -= -

-1

·!...
· SEC

,
(B) < S

, (5B)
: spanned by W e.t. i(W,2) E2* You any ideal an



⑪ G = SLs Yo

Kupenberg's Sts-web : 0 = g+ 1 +g (*= alg.

autom

- = g99 + geo

-asped (Frohman-Sikma'22
,

I
.

-Yuala'23) stated (Higgins'23) states = 11
,

2
,
37

-

· = 0, = 0, g7* 1 =

g ,
u + ),5ij

F= etc.

* = : Vy +, V=...

+ =g
ij i +j- 2

*

f + = g3f + +g4(i(j)
↓ =gY

,

etc. ij ji i +j -2

etc
.
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Austers : decorated triangulations + or -

,

and more
...
I created via

mutations (
05&

↑ : Y
P

-Gwet date

IM

- ::
--

19 19 19

Flip : + /X 19 XT
& d--d·Otto ex equXt - -> Xt ↓y

1-1- 10· I

j lif Ii
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Yuasa'23)(
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If IM12 2
,

then

S
,

12M (0+] =A
.
-USE in

P

"sticking trick" :

↑
=g-g5x·

ne generate S .
E

.

M10t] by druter variables 4
.

T

* ***
Rem All the equalities hold if
· D = 3-yon , 4-you , 5-you (finite type (

(A) [Dal (Ey)
·

g
= 1 (1

. -Oya-Shen'23] (from geometry of Ass,

2
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· State - clasp correspondence LI

. -Yuasa'25 +? )

&:S,E,
M/

20+]=-JSs
,
It, B)

. .
· lig =og

33

& : J.B)
- Sh

.
(I

,
M1 (07)

·t. .
.

- = -

-1

·T. .
· ..J .



⑪ G = Cp4 "s

Kuperfing's Spx-web :

- : -dim Rg : = z [g +1, ]
=: 5-dim

*= += appeare ?

-( = ) / - (2) + dependence !

Wasped (1 .

-Yuana'24] eated (IY'C5 +? ] States = 11
,

2
,

3
, 4) -

* = 0
,

⑳ = 0
,

(Bonahon-Higgins'25+ ?7 11,
2
,
3
, 4 .57 =

* G
,
V given

= D
,

etc. sticking rel:

- =g)
V = gy)) -g(/) +g()) -g(/)

1423341

Y

D =g
,

etc. (?? )
W =gl-gg-gigI



Austers : decorated triangulations I or : Ticket19
,
2019,

Gonchaor-Chen'19+ ]
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2 = (I
,
5

,

d) weighted quive
&

↑:je Sij=diW,Mi-

&
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6 clusters on triangle :

Flip :

uX2
·
↓

My in
*

-

·

+
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Integral form 10

* = - = ( )- ) ) : crossroad f)

BWebspr .
E := (flat crossroad web %o elliptic faces) : R-fasis ofSpIM

&ofS :=

Spanz BWebspS Eg : = z(g =1)

Theorem (1.

-

Yuasa'25
(Eg-rufalgebra (

If IM12 2
,

then

S10 +] =A -HeE

P

sticking trick
"
= "at g

= 7
.

(208125)
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· State - clasp correspondence lover R := * 19*, (2

*
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.
State-carp formula from geometry #

G : simply connectedsemisimple alg . group/C
j

Ot : maximal unipotent subgroup

AE : moduli space of decorated twisted G-local systems on I

= (Hom (n 1), 6) x (4 +/G]

g[ : triangle OIAGE) E (VOVpkE duster variable Anas

=>

A open
AGE "generic part"

~ appropriate (X,u,
v

We have go : AGE-G "Wilson lines" (I0s23]=
associated to printed arcs (c)



-heovem ((I0S23] + 10ya' 25 + 3 / Mo

IM22 & G + F4

=> Age = Uge = Oldel
Il Il

Cluster variables)= (matrix creff of Wilson lines
state - clasp relation ? -GS darter variable

Awats
,
wit,Proposition was , wi, (g() =

&
Josen in/out inf Pret
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Example
G = SLs -

= - I I
&
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