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K = valued field val :K-> IR e.g. K
= (((t)) or URKEY)

M = [4, . ... 4n] < Go(k,n)21) &

PI = val(AI(M)) EIR tropical Plicker rector

Defin The tropical Grassmannian Trop Gr(kn) <IRI) is the

[Speyer
dosme of space of all such p.

Sturmfels]

satisfies tropicalPlicher relation for all SE) hab,c,
d)
[n])S

min (PsabPscd/PSac"PSod"Psad"Psuc) attained twice



Positive tropical Grassmannian [Speyer-Williams]

Tropy Gu(k,n) = val(Gr(kn) (K>ob)

By
positive Dression = positive tropical Grassmannian

[Speyer-Williams, Arkani-Hamed-Lo-Spradlin]

Tropo((k,n) is cut out by

positive tropical Placer relation for acbd

PSactPSpd = min(Psab"Pscd'Psad"Psud



Phylogenetic trees
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"Tropical Gr/2,n) is the space of phylogenetic trees
"



Combinatorial model for higher K ?

Herrmann-Jensen-Joswig-Sturmfels abstract/metric free arrangements
Cachazo-Guevara-Umbet-Zhang planar matrices

Le
,
Fraser-Le higher laminations

:



Potential applications
- understand fan structure - cluster structure

- duality conjectures : webs as points and functions-mirror symmetry
= tropicalize plabic graphs
-membranes 1:Postnikov vs. Keel-Teveler

[- planar basis Early
- amplitudes (CEGM , symbol alphabet

%
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Arkani-Hamed
,
Lo
, Spradlin
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6 non-elliptic web
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Postnikov
, Shen-Sun-Weng Ideal quiver)

Le (distance function



A CATCO) -planar graph is a connected

satisfying :

(1)

·in



Theorem[Early_]

Let G be a CATIO) planar graph , and b, b2. .., by vertices.

Then
PG
,
i
,ii

=Piriz = -"d[bi, bi, bi,
is a tropical Plucker rector , and if

b
,
be
,....,

bn are cyclically ordered on the boundary
it is a positive tropical Plucker vector.



SL(4)-webs of GPPSS , GSSW (pockets)

- O*
dualquiver

Y Y
d(x
,y) = 1

-o d(y,X) = 3

X Y d(x,y) = 2
O- d(y,x) =2
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(P. ) (positive) tropical Plicker rector.

Lift each vertex efet .... +ei, of hypersimplex Alk,n) to

= (e , P1) EIR"XIR giving Elk,n)
< IR"XIR

Projecting the lower faces of Alk,n) back to IR" gives a regular
subdivision of A(k, n):

tropical Plicker rector. subdivision into
matroid polytopes

positive tropical Plicker rector subdivision into positroid polytopes

Q : How to read subdivision from G ?



Deth For a vertex v
, define

Mr : =GIC (E) /v is a distance minimizer for Ithi, is, is 3

6
& Mu = 2125, 126 , 135 136 , 145, 146
- 156

,
235,236 , 245,246 , 2563

1 of Po,

/

[EL] of the positoid subdivision= I'm Mr is a positioid andpart

T

&

43 Not all pieces of subdivision appear
!

only the "positive part"



Pef[Speyer) The tropical linear space (of P. is

the subset of 11/1 ... ) Where

min(p(titi) + Xi) is attained twice

for all -= /5,th, .... Th+1) eli)

I'm We have an embedding
[EL] G Las a simplicial complex on (12)

given by
~#- (d(v, b, ) , dlu, be), . . . -, d(v, bn)

"lineality"2.g .

v1--- (1 , 2,4,5, 1, 2) ~50 , 1
,
0
, 1,0, 1) - 10,0, 1 , 1

,
0
, 0)

b,+- 10, 1, 3 ,4, 3, 4) -510, 1, 0, 1
,
0 , 1 - 10, 0 , 1 , 6

,
1
,
1)



This embeds 6-R1 ...., 1) as a membrane.

lafter a standard change of words)
&eth [C. - Postnikov]

A membrane is an embedding of a two-dimensional simplicial complex
planar dual to a plabic graph so that all vertices are

integer points and edges are in directions ei + eix +... +ej

The vector exteit .... +ej, is normal& to the hyperplane separating the
positoid polytopes PM , PMa

.



The above construction is compatible with Keel-Teveler's

homeomorphism

L> MC PGLK-building
tropical linea membrane

space

IP membrane = KT membrane-
Connects to higher laminations Le

,
Fraser-Le

diskoids FKK
, Akhmejanov

suggests definition of Lo .:
:-tropical convex hull of the tropical cocircuits plot) whit, ..., itk-23
Yn-Yuster : L = tropical convex als of all plat reli)



Planar basis
-

Defi def, ef := distance using steps ei-eith

Define ht byEndles, e2).

Im [Early) (D The h! are positive tropical Plucker rectors

12) Sh.) JECE)3 is a basis for IRL)

(3) h. is a ray of Trop, Glk,n) giving a
multisplit subdivision



Ihm [EL] G=plabia
Po = -Elitecor habec #black (or hambu In graph

34
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L· ·
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C & 87

Application : Ren-Spradlin-Volovich symbol alphabet recursion



Future :

Higher k

TropoGr(k,n) <TropGr(kn) < Dr(k,n)

Intersection pairing
: evaluate web as function

on

web as point


