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:

· Theory
of

with connections to combinatories , representation theory
,

algebraic geometry ,

random matrix theory,

mathematical physics

- Go : deform this theory
to theD-Us

· : work inthe DEN

↳
Brings up many

new Ques



:

#
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T
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#
O : How

write the long
,
manywaysarethe

a

as a product of
l#
SAT

On,
m = rD

&

: Let's
call this # Transpositions

In = (12 ... ni

# n= 3 : To= (123)

(123) =
(12) (13)

3 a(3 ,
2) = 3.

(123) = (13) (23)

(123) = (23) (12)



(Hurwitz ,

1891)

an ,
m=1) =

n"

Hurwitz was counting
Genu

.

ORAMIENED
DONANG of

"with

A n-1 simple
critical points

- a
critical point of type w

⑪ D



We can
also relate aln ,

n-1) = n
+

to trees ...

& na2 = # trees an E , ,
. . . .,

n3

· Moszkowski 1989 gave
a bijection

2

·2 I
3 O

O-
(13)(23) (13) (12)

(12) (13)

Ente the study
ofmo

#NONS

L connections to random matrix theory,

mathematical physics ,

representation theory



-" PutFORTON

- anjh : = # of ways
to write Th = (1 - -n)

as a product
of jOO

TOM (Jackson ,

1988)

[anjDt=( - 2) +)
j20 k = 0

In particular ,

a(n
,

n -1) = ma



" PutFORATION

· AMotor
:

Sinji) (in , je) -

---

Cir
. jal

in je and j. ju ? --- - Ju
such that

(13) (12)
(2) (13)
(13) (23)

X NOT MONOTONE

V MONOTONE

· b (n ,

m) = # monotone factorizations
ofIn into l transpositions

AMatsumoto-Norak ,

2013)
CATALAN

b(n ,

mi) =
Cm= (

and more generally[blnjt"=+
K =0



Put FORTON

In

C(r ; P... - pm) : = #factorizations of into

T.--Tim
,

with It ; having n-picycles

# (Jackson ,

1988) :

Eacrip ..
--- pn)t--

= [Ma(n)-- ()
OEM--ENmEW - >

n - K

cycles
↓

0 [p.... Pm = n -)

-so
Ch ; k

,
n-k-1) : InTittzE

e . g. n = 6
,

K = 3
,

n-K-1 = 2
,

then an example contribution to <16; 3
,

2) is

(17(3)(2456) · (12)(34)(57(6) =
(123456)

-
- 4 cycles

3 cycles 6 - 4 = 2

P2 =

Pi = 6 -3 = 3

NA

(Bedard-Goupil , 1992)
: NUMBERS

⑪

a(nik ,
n -k -1)= (mm)(k) = Nun+



:

" reveal some of the most obiquitous
X

formulas in combinatories.

: aCn ,
n-1) = n

* factorizations of In into

DBLDRE n-1 transpositions
TRENGNONS

b(n ,
n

- 1) = (2) = Cmontone factorizations

:
of In into

n-1 transpositions
⑫
NB
↳ Dyck paths ,

triangulations of n-gon

& cnik ,
n-k - 1)= (m)()

= Num factorizations

#M of In intoTuaesa

↳ rooted trees, monotonic lattice paths



#.
..ge

IDEA : ·Introduce a parameter &
↳ enriches and refines classical object.

- we recover classical objects at q
classical

(evatgo n-

-
OBJECT

-

N
1 + g

+ q2 + ... + 9
n > 0Fulgi... no

u = 0

n = 2

1 # = 1 + g
+ g2 + 93 + g4

-

-

Q [Gn] Hn(q)
the group algebra the Type A Iwahori Hecke algebra



Emm
- (ONOM

- assume n
,

l>o

- g= FACTORD
:

[n] ! q
: = [n]g En-1g

.... [IlgSig

↳ counts Hilbert series for Type A coinvariant algebra

:
eg . (I tg = 1 + g + 292 + a + g

[E)
q:=-b) ! a

L counts points in Grassmannian of -planes ingh

we
will see algebraic instantiations of

T

-
AND=

Cn(g)
: = iting I

I
,

Ne, (g) := Cl (wil ,



& LASSICALL OBJECT &
-

DEFINE : Q[En) is the algebra DEFINE : Hn(g) is the Q(qF]-algebra

generated by
S
, ....

Sn-1 generated by Ti
, ....,

Ta

Si = (i
,

i + ) such that for Iin-1 :

that for .

1im-1 :

such

(i) Ti = (q- 1) Ti + q

(i) S =
1

EQUINALENTLY (Ti - q) (Ti + 1) = 0

EQUINALENTLY (Si - 1) (Si + 1) = 0

(iii) Si SitSi : Sit Si Siti

I
GiiL TiTinTi = Tix T: Titl

(ii) SiSj
= SjSi when Li-j) (ii) TiTj =TjTi when li-j)

an : [weSr] PENS
: (Tw : we On

w = Si , .
--- Sir Tw : =Ti

.

Tiz ..... Tie.
-

reduced expression-

NOTE: we will write win CYCLE NOTATION
with parenthesis



#:LON

in Q[Gn] in Hn(g)
-

= Tiral ·Tal
S2 : S

,
= (23) (12)

= (123)

·Do
*

= Tazal

$2 . Sz = (12)
2

· (23) F .Tz =

I

= (23) I * ((q -1T + g) Tz

· = (q- 1) TiTz + qTz
= (q- 1) T(aa + qT(2a)



:
DDFORA the ** of factorization?

Can we

"What would it mean
to define

FOTO for He (g) ?

: If
we
limit ourselves to products of the form

Tw = Tu
,
Tuz-- .. Tur

we would merely be counting reduced expressions
?

↳ would lose factorizations such as
(123) = (13) (23)

-

sto
: Reframe the

"..



#.
T

: We can reframe'
in terms

of the of theM
G

Zo =

2(Q(3)
- closely

linked to
CHAR #O

of S

a concretely
: basis givenby
LA

[w
Cr : =

w of cycle
type M

[
(2 ,

2)
= (1)(34) +

(13)(22) + (14)(23)

e . g.

& (2 ,
1

,
i

= (12) + (13) + (14) + (2x) + 224) + (34)



Zon has a
beautiful characterization :

: SI FOMOTIONS

: ring
of symmetric functions over Q in infinitely many

variables

#
For X = (x . . .

- Xe) -

- ELEMENT
: en = [Xi , Xin- Xiv

2x = 2x.... 2xe

i , s iz .... Lik

e . g.
22 (X ,

X2
,
Xi) = X

,
Xe + X

i Xa + XaXa

· Home : hk = & Xi
,
... Xik hx = hx.... hxe

i , iz .. Lik

e . g. ha(Xi , X2
,

Xa) = X + X + X + XXz + X
. Xe + XaXe



#DEN:M
DEMEN

An amazing family of elements in Q [Gn]
-

Je = 0
I

Je = (12)

Jg =
(13) + (23)

Jp = (14) + (24) + (34)

:

Jp :=
(k) + (2k) + . . ..

- + (k- k) for 26k1m

PROPERTIE
:

commute : JrJe = JeJk for all 1 K
,

ear

a Pairwise

· Simultaneous eigenspaces are You'ENORD FRA

a beautiful basis of irreducible representations of Q[Gm]

indexed bySDA



# -

(Jucys ,
1974 and Murphy .

1983)

ze
Isn if and only if z = f(5, . . .,

Ju) for fel.

:

· e
,
(5, .

.

. .,
Ju)=n=

= 2
,
i

· en(5.....
In) = [J ... Ju = [Ex

x + n

2i,
.... ik In e(x) = n - k

e .

g.
k = 2,

ea (51 ,
Ju

,
Jo) = J2 · Ja = (12) · ((13) + (231)

n = 3 = (123) + (132)

= 2(3)y- 1(3) = 2 = 3 - 2



to The -B ...

a (nin-1)
= #factorizations of In into n-1 transpositions

consider 2
,
15.

, ...,

Jn)" = (j) "
#E

for n = 3
,

e
.
(5 Ja

,
Jg)" = (12) + (13) + (23))((m) + (13) + (23)

= (2)((2) + (12)((z) +
(12)(23)

+ (b)((2) + (13)(13) + (13)(23)

+ (23)(12) + (23)(13) + (23)(23)

= 3 . (1)(2)(3) + 3 . (132) + 3 . (123)

· a(3 ,
2)

n- 1

&IA : The coefficient of In in e
,
15....

Jul gives
a Cr ,

n-1) i . e .:

[[n] · e
,
(5, .

. .
.

Jn)" = a(n ,
n - 1)

↑ NOTATION for "coefficient of
"



In fact , we can translate all- in this
way
.

:FOODEATON
of th into; transpositions :

a(n
,j) = ([n] e

,
(5. . .

.
.
Tn)"

-MOTO FACTORNTON of In into j transpositions :

b(n
, j) = [[n]h . (5, .

. . .
.

Jn)
↓

e . g.
(Cr21] haS5 .

525s) = ((237] . (52 Je + Je + 504
= 2.

In = T..... Tm
,

Cychi) = n-pi

:FORTDON

nip ...... Pm) = Stn] ep.... pu (5, .
.

. ..
Ja)



computing this
Ro

makes sense
for An(q) ?

N
Consider the of Ctrlg)

[c(g)
: = 2 (Hu(g))

: There is a very
similar

characterization ?

M : (again)S
Fr



We need
reve: geos MORPH &↳EN

Ju(g) : = gik Tam + g2Tck +... + qT(
I

J

, (q) : = 0

(for experts : these are additive Jucys-Murphy elements

**MPE
: Jo(q) =

q
*

Tags + 9
"Tan & cycle notation

= q T
,
TzTi + q"Tzincn(g) generators

: /

· Pairwise commute : Ju(q)Je(q) = Jelg)Jn(q)
-> Simultaneous eigenspaces are You'ENORD FRA

abeatifubleentis ofa



HARTERO of Zag) :

#) Francis- Graham
,

2006)
.

zeng)
An ont

↑

z = f (5 , (9) , .
. . ., Jn(g)) for fe

↳ Resolved a conjecture
of Dipper-James from 1987 ?

:

e
. (5 , (g) , .

.
.

.. Julg))=ETo Il



the "8
...

We will consider Ten = Turns = Tri--.- To

*:.; g = [Tr] e
, (5 . (g) , .

. .

..Julg)"

B : bm
, j ; qD

= (Te] hj (5 , (g) . .
.

. ,Julg))

② : @Crip-. ig) := [Te] ep.... pr
(J . (g) .

. . .

,Jn(g)



:

e, (51(q) ·Jalg) , Jo(q))
= (q"Tan + q- Tax + qT() . (q"Tan + g-Tax + q"T()

= 3g" Transa
- (2q2 - 29")Tra - (g+ 2q"- 2gn-g")Tak

+ (q + g2 + gt)T(a
,
2)

+ (q
*

+ g + q")T(zz)

...

- e
.

(5
. (g) , Julg) , Jalg)) (g) = 3 . (DR) (3) + 3 (132) + 3 (123)

[Tam] e
,
(5

, (9) · Ju(q) , Jolg))2 = g +g + g" = q(3] ,



Recall : anijt : = # of ways
to write Th = (12 --

- n)

as a productof
O

= [[n] e
,
(5

,
.

. . Jn) ·

(Bastidas ,
B

. Guay-Paquet ,
Park

,

Morales
,

Saliola
,
25)

a(n
,

n - 1 : g) = g(z) . Snig

and more generally,

[alrijig)+
j20



b(n
, j) := # M

FACTORNEDON of In into j transpositions

= [[n] h ;
(5, .

. . ..

Ju)

(Bastidas ,
B

., Guay-Paquet ,
Park

,

Morales
,

Saliola
,
25)

b(n
,
n- liq) = gc , (g) = q chil ,

and more generally,

&but-

j=
o



Cnip .... 4m) = # FOETON In =T ..... Tim Cychi) = n-pi

= Stu] ep... pu (5, .
.

. ..
Jn)

.
(Bastidas ,

B
., Guay-Paquet ,

Park
,

Morales
,

Saliola
,
25)

-(-1)

N
, k + (g)Cnik ,

n - k - 1 ; g) =

9
= gicricentCit

and more generally,
[Cnip ..

- - pmig) f
P ...

P

0[p.
... 4m

= n - 1

=In M ...



...
(Bastidas ,

B
.

Guay-Paquet ,
Park ,

Morales , Saliola)
A58D

:

B's for On B for Hu(g) ...
-

(m ,
m=1)) = =

z an
,

m= 1 : g) = q
=(2)
[n]

n - 1

* n - 1

= Sten] e , (51(g), ..

.. Jn(g))
= [In] e

,
(5.... Jn)

b(m
,
n=1 ; g) =S- (g)Il I - (k+1)(n-k)↳2 = CTeal ha (Ji(g) --- Ju(g))

am; k
,

m=1 =k) = N
,

k+ 1 nik,
m= 1= ;g) =&

= [[n] ex
,

n -1 - m(5 . .
-

. Jn) = [Tin] em
,

m-1 -n (J , (g) ...Je (g)

I



PHNQUIS :

↳ character theory for Hu/g) developed by Raw

+ properties of Ju(g) and associated Seminormal forms

A unifies 0 proofs for
q

= 1
..

↳ we have big plans for a Husg) factorization theory

·Conjectural &-Harer-Lagier Formula

a Bessis Formula For other types ?

· Hurwitz numbers ?

DISADN limited by what is
known about Lau(g) ...



#Q

Let's review what we know about Ion :

D Bas of Do Som :

2n=cle

W

type u

CD
Fo for irreducible reps

* (u) : = x" (w) for X + n

↑ Aw of cycle type M

actually
well-defined



For Hn(g) . . .

is called the

Analog
of conjugacy

class sums

⑳[InBurn
(Geck-Rouquier)

[tm3 are unique
central elements

Sulq== En
.

(2)
if w is of minimal length in its conjugacy

class,

[Tw) Su = Sh If was yextu

:

((
,
1)

= (1 -g) ((g - g-2) Tence + q"T(423) + q"Tasu) + 2g Tap + Tags + Tail

+ q"Taxa) + 9 "Tana + &"Tea + Tabaz + Tanas + T1243) + T(234)



ForA(q)

· In semisimple setting ,

irreducibles indexed by
X+ m

-
Ram gave

character formula

# DTwD forw ofminimallengta

↳ otherwise compute recursively , using the Su]

: To Elly
understand ***)

need to know expressions for In



:
Are there explicit formulas inTo basis for

in Tr

X* (fm) : = For Kin(n) X
*

(Tr) ?

Partial progress
:

·POTOM (Bastidas,

B
, GrayPaquet ,

Park,
Morales

,

Salida

r To

& 22
,
man

: 29
w of

cycle type

(24(n
-2k)

-Con (Bastidas,

B
, GrayPaquet ,

Park,
Morales

,

Salida

Expression
for X

(2n-u
, 1t)(far)

deforming xRnm) (e2r) = (Inel),



How MOLTERT

Better
to think in termsof-

↳ Take X and remove
first column to obtain

e .

g.
x= 2 = (2,

1) = T

Enro : if we
think in terms of cycle type ,

reduced partitions getrid of "1-cycles.

e . g (12) = (12)(3)(4) -
-- (n)fGm has cycle type

independent
of

x = (2 ,
my = 1 * = (1) =T

I



· gen : How MorT

· Its · Ex
n

= [E DON
#⑳F

[Farahat-Higman
(

The TTEQ(n] and depend only on
E

,

E
,

m and n.

Moreover,

|r |>|| + ||
G

(1 =|5) +(e) .

-

= SINDEPENDENT of M

|k|* | + 1)
??

=

H



DOMIA DO N
" For:

Yu where (2) = (5) + 1)

T (MacDonald
When V = (n -1) = (j) and (5) = n-

-

j
,

= where mo(X) = j+ ) =e()
-

mi( & counts multiplicities of ports of X

eg .

x= M= V = H

Y I

* = (1) i = (2) Y = (3) => 4

15) = 1 = 4 - 3
(m) = 2 = 4 -2 (5) = 3 = 4 - 1

· Golden-Jackson compute generating function for

general top
connexion coefficients



How MOLTERT

(x In = [T(g) S
~

T
(Meliot)

The Ym(g) Q(qI
,
n) and depend only on

E,
,

in

(Francis-Wang)
|r |>|| + ||

- 1
.

INDEPENDENT of M
(1 = | 5) + 14

Yu(g) = S
G

?? |Vk|* | + 1)

T



:
DOMA DO N

"

- What are

Yu (g) for IV1 = /51 + 1) .?

#X-M= V = H

* = (1) i = (2) Y = (3)

15) = 1 = 4 - 3 (m) = 2 = 4 -2 (5) = 3 = 4 - 1

Y= 4
MacDonald's Formula says #I

data says : Y (9) =
1 + g(37g

- (IMI)
Data suggests for Y = (n-1) fu(q) = 1 + q [IV1]g

i = (n -2)



#M ...
What we know :

(Bastidas ,
B

.

Guay-Paquet ,
Park ,

Morales , Saliola)
A58D

:

for Hu(g) ...
'

forOrs

an,
m=1) = mm

=2 an
,

m= 1 = g) = @ [n]
n - 1

* n - 1

= Sten] e , (51(g), ..

.. Jn(g))
= [In] e

,
(5.... Jn)Il

-(2)

b(m
,
n=1 ; g) =S- (g)

b(m ,
m=]=

=

2
= S[n] ha (J ....

Ja = CTeal ha (Ji(g) --- Ju(g))
I - (k+1)(n-k)

&
am; k

,
m=1 =k) = N

,
k+ 1 nik,

m= 1= ;g) =&
= [[n] ex

,
n -1 - m(5 . .

-
. Jn) = [Tin] em

,
m-1 -n (J , (g) ...Je (g)

I



#N · What we would like to know
...

Epso (or even efficient algorithms) for

· GROQUASNS In

CHAR** for this
basis ** (ful

· TGoYXu(q)



·
⑳ M

② gmail . Oom
&DL : 8arbraer & gmail . Com

WEBSITE : 8arbrer .
Dom



# (Bastidas ,
B

. Guay-Paquet ,
Park

,

Morales
,

Saliola
,
25)

·Steel hx (51(g) .... Jn(g))=Is

eSTee(P + (51(g) ... Ju(g)) =E
·[T]

where


