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I will not give a formal defection !
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All categories/fuctors will be 1k-hear
,
Ik =Th char . po

All Abelain categories will be leallyfritte => Ko is free 2-module with

basic [L) (soclasses of ineps)

R & E
,
F, . . . exact fructors D x

,
T
,
- -

categorify &E decatagorify
natural transformations
(the mai point !

Ko(R) D e
, f , ... induced I-hear maps
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ExampleO Let S be the symmetric groupsidHo Su Better : S is the gree

IKS
symmetric strit

monidaa

Its grouped algebra is 11 S U cat - with one generating object

Take R = 1k S-moded # IKSn-mode ObS = IN

What endofuctors/natural trusformations come to mind ?
id
,
= identity endo.

= id
ind

ind = IkSi*- S,-
=

2 I

symmetric braiding

Relatonis :

: St S is 10-Sn4Sut
= =

7

-Id res = it
, naturally right adjoint to ind 321321

V

res

calso left adjoint) End (104) = Su
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The adjunction (ind ,res) defies natural Efs -

Relations
- -
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: incoind =>do vid ⑤ · &

IkSxncast
truspusita

-
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T

-

:Indones id resord

-

S
- ⑥

: ind ind

IkS
-

M
-

is the were matrix, M
i =
-

L
>

IkSn
Jucys-Murphy

-

L
-

-
These are the other adjunction !
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Definition Fix Kel , central charge. The Heisenberg category Heisk is the

v &strict monical cut w/ generating objects E
,
F (idn =

-

, ide=
T -T M

generating maphisms ~> S Y &

and relations- as before and generalized 6 :

-
-

1 7
2 · -- 8k- 1

is invertible (K = 0)
S

-

-E -

1

v
⑨
v

· - . k -1
v

-T
is invertible (K =0) .

S -

-

Note : K=-I case is due to Khovanov
,
as on previous slide. General : MacKay

. Savage
(2014) Brundan (2018)
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Definition A Heisenberg categorification is a locally fite Abelian category R
-

plus adjoint pair (E, f) of endofectors
with given adjunction

plus nattfs- :EEh
: E = E

satifying Heisp-relators for some KE2. Xie . R is a strict left

Heis
,
-module category

Examples D IS-moded sk=-1

② Rep(Ghn) , k = 0 Rational reps of grous scheme GLn/1k

E = VO-(V = /" = natural module) n

↑ is action of Casimir
tensor jeji

③ Pretty much any classically studied "type A"Abehai cat of representations
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Now I'm going to list some general results which apply to all Heisenberg categorifications

A long history - Kneeche, Grojnowskiazirani
, Chung-Roquier , -- -

2004
1990s

① Let Ei be gen-ceigespace of : EEE .
Then (Ei

,
Fi) are biadjoint fructorsi.

Fi... .. :f f

Let I = Gielk / E: + 03 · so E =D Ei , f= Fi ("Spectrum)
I itI

Also I is closed under it it I .

(Ad or Ap
2 i=j

S - I j=j + 1 Xorj② Let of be affie KM algeber with Cortan matrix (Gij)ijeI
1 -2 i =j+ 1 =j- 1

Then Ci
,fi make DQKo(R) into as itegable ofmodule

of level K
. The weight space decomposition gives "blocks" R= Rx. X = weight lattice s
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③ Let By be a set indexing full set of irreducibles
in Rx

L(b) [i(b)
Let B= By #(x-i)

Degrie [i (b) so minopolyof : EiL(b) -> EiL(b) is isI
Gi(b)

· P(). .. .. . : Fi((b)
-> Fi((b) is T

If [i(b -0 When EiL(b) has cried . head/socle Lleib) for Eibe B

. Gilbl +0 · Fi((b)-
- C L (Fib) for Fibe B

The above gives B the structure of a normal cy-crystal (Kashiwara).

It is the underlying crystal of basis [[L(b)] /be B3 of Ko(R) , which
is a perfect basi (Berenstein-Kazhdan) .



Abelian Categorifications of ICERM ge JON BRUNDAN

# for itI
,
let SizW be the simple reflection in Weyl group of of

There's a singular Ronquer complex of fructors
Rx- Rsix) Yielding

an equivalence Db (R1)-> Db (Rsics) which decategories to

usual exp(ei) expffi) explei) on Ko.

So "blocks" labelled by weights in the same W-orbit are deried equivalent.

Example R =1KS-moded :

What's I ? 2/2 so o : sep
or Yep

What's DKo(R) ? Its VI-Wol basic lowest weight module

What's underlying crystal ? Young's partition lattice (p=0), or Kashiwara's
Blad pro

Calso Kleshchev's branching graph)
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I haven't said anything new here
,
but see

An update on Heisenberg and Kac-Moody categorification J.B, A Savage , B - Webster

ArXiv : 2508 : 14378

Partly survey - we give more details about this and other examples.

I've focussed on Heisenberg categorification , but it is a role model for several parallel therries.
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Four classical families of Abelian categorfications

D)

-> Cartan types Ad Ap-GL Heisenberg categorification I quasi-splitCB --Savage-Webster -complete) / iquantum groups
L

-----] Carton types As , Ap plus Satake type AIII

OSp Brauer categorification
CB . -Savage-Warg-Webster- in progress - far

to go !IRui-Song)

p Perplectic Bower categorificative ----- Electric algebras
(Mary authors (Stroppel-Nehme-major progress, not quite complete?

-
Cartan types Ap , Bro ,↳ , Ap! As,Q Isomenc Heisenberg categorification ->

(Bo-Savage- writing now

END


