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Kronecker coefficients

Symmetric group S,: permutations 7 : [1...n] — [1...n] under composition.

The irreducible modules (up to isomorphisms) of S, are Specht modules S,
indexed by

integer partitions A\ n: A= (Ag,..., ), A1 > > >N > O,Zf:l Ai=n
Kronecker coefficients g(\, i1, v): the multiplicity of S, in the tensor product

decomposition of Sy ® S,
Sy ® S, = @praSTECY),

The Kronecker coefficients generalize the Littlewood-Richardson coefficients.

The Kronecker product * of symmetric functions is defined on the Schur basis as

Sy %S, 1= Zg()\,/z, v)s,.

Chenchen Zhao UC Davis SNP of the Kronecker product 2/23



Combinatorial Interpretations

Problem (Murnaghan 1938, Lascoux, Garsia-Remmel 1980s, Stanley 2000)

Find a positive combinatorial interpretation for g(\, p, v).

@ 4 and v are both hooks, and when p is a two-row partition and v is a hook
partition [Remmel, 1989]

@ 1 and v are both two-row partitions, i.e. v = (n—k,k),A=(n—r,r)
[Remmel-Whitehead, 1994; Rosas, 2001; Blasiak-Mulmuley-Sohoni, 2013]

A combinatorial interpretation is found when one of the three partitions is a
two-row partition A = (n — k, k) with A\; > 2k — 1. [Ballantine-Orellana,
2006]

@ A combinatorial interpretation is found when one partition is a hook, and
the other partitions are arbitrary. [Blasiak, 2012; Blasiak-Liu, 2014]

Other special cases [Bessenrodt-Bowman, Ikenmeyer-Mulmuley-Walter,
Pak-Panova, Tewari, etc]
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Computational Complexity

Problem

What is the computational complexity of computing Kronecker coefficients?

@ Biirgisser—lkenmeyer (2008): Computing g(\, p, V) is #P-hard.

Problem

What is the complexity of deciding whether g(\, pu,v) > 07 ‘

@ |kenmeyer—Mulmuley—Walter (2015): Deciding positivity is NP-hard.
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Newton Polytope

In 2017, Monical-Tokcan-Yong initiated the study of the Newton polytopes of
important polynomials in Algebraic Combinatorics.

@ Let f(x1,...,xk) =, Cax® be a polynomial with nonnegative coefficients.
o Let Mi(f) :={a € Z.; : ca >0}

@ The Newton polytope of a polynomial f(xi,...,xk) is the convex hull of
M (f) in Z¥, denoted by Ni(f) := Conv(Mx(f)).
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Newton Polytope

In 2017, Monical-Tokcan-Yong initiated the study of the Newton polytopes of
important polynomials in Algebraic Combinatorics.

@ Let f(x1,...,xk) =, Cax® be a polynomial with nonnegative coefficients.
o Let Mi(f) :={a € Z.; : ca >0}
@ The Newton polytope of a polynomial f(xi,...,xk) is the convex hull of
M (f) in Z¥, denoted by Ni(f) := Conv(Mx(f)).
Definition (SNP)

@ A polynomial f(xy,...,xx) has a saturated Newton polytope (SNP) if
M (f) = Ni(f).

@ A symmetric function f has a saturated Newton polytope if its specialization
f(x1,...,xk) has a SNP for all k > 1.
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Example

f(x1,%) = x1x2 + x1 has SNP as the segment {(1,1),(1,0)} contains no interior
lattice points.

Example

f(x1,x) = x3 +3x1%0 + x5

(03)

X1

(3,0)

f(x1,x) = x3 + 3x1x2 + x5 does not have SNP.

Chenchen Zhao UC Davis SNP of the Kronecker product 6/23



Newton polytope of polynomials in Algebraic
Combinatorics

@ Schur and skew Schur functions, the Stanley symmetric functions and
Macdonald polynomials have SNP. [Monical-Tokcan-Yong 2017]

@ Schubert polynomials and key polynomials have SNP. [Fink—-Mészaros-St
Dizier 2018]

@ Double Schubert polynomials has SNP.
[Castillo—Cid—Ruiz-Mohammadi—-Montafio 2023]

@ Grothendieck case was resolved for Grassmannian permutations but remains
open in general [Escobar—Yong 2017, Mésziros-St Dizier 2020]

@ in chromatic case, it is known in the case of claw-free incomparability graphs
and false in other cases [Monical, Matherne-Morales—Selove 2024]

@ non-symmetric Macdonald polynomials has SNP [Black—Weising 2025]

Chenchen Zhao UC Davis SNP of the Kronecker product 7/23



Newton polytope of Kronecker product

Conjecture (Monical-Tokcan—Yong 2017)

The Kronecker product sy xs, = > g(A, i, v)s, has a saturated Newton
polytope.
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S5\ = E K>\7H my,
n
S, = c¥
SASu = A Sv
v

Sy kS, = Zg(A,u,l/)sl,
v

@ Kostka numbers (positivity governed by dominance order = ensures SNP of
S)\)

@ Littlewood-Richardson coefficients (LR rule for sys, = positivity and SNP
of the product)

@ Kronecker coefficients
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Newton polytope of the Kronecker product

Theorem (Panova—Z)

Let A\, = n with £(X), () < 2. Then sy *s,(x1,...,xx) has a saturated
Newton polytope for every k.

Theorem (Panova—-Z)

Let A\, pu = n with ¢(X\) < 2 and ¢(p) < 3. If ug > A1, then the Kronecker product

S, * Sx(x1, ..., xk) has a saturated Newton polytope for every k.
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Lemma (Monical-Tokcan—Yong)

Suppose that A\ = n and u & n are such that there is a partition A with

g(\, 1, v) > 0 and for every T, such that g(\, i, 7) > 0 we have T < v in the
dominance order. Then My (sx * s,) = My(s,) = Nk(s,) for all k and sy * s, has
a saturated Newton polytope.

Proof idea: showing that among all partitions v - n such that g(X, u,v) > 0,
there is a unique maximal term in dominance order.

Theorem (Rosas 2001)

Let 8,7, and « be partitions of n, where 8 = (f1, 52) and v = (71,72) are two
two-row partitions and let o = (a1, ap, a3, i) be a partition of length less than
or equal to 4. Assume that v, < 3. Then

g(ﬂ,’y,a):(¢(a,b,a+b+1,c)f¢(a,b,a+b+c+d+2,c))(’yz,ﬁ2+1),

where a = a3 + ag, b = ap — a3, ¢ = min (a1 — ap, a3 — au) and d =
lon + g — ap — az].
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Conjecture (Monical-Tokcan—Yong 2017)

The Kronecker product sy s, = > g(A, i, v)s, has a saturated Newton
polytope.

Question

Does Kronecker product sy * s, have a saturated Newton polytope when there is
no unique maximal term?

Let A and p be partitions of n, where = (u1, pp, p3) and A = (A1, A). If
p1 < A1, does the Kronecker product sy * s, have SNP?

Example
S
S
S
S

4,4.4) * 5(6,6)
2,2,2,2,2,2) T 5(3,3,2,2,1,1) T 53,3,3,3) T 5(4,2,2,2,2) T 54,3,2,2,1) T 54,3,3,1,1) +
4,41,1,1,1) T 5(4,4,2,2) + S(4,4,4) T 55,2,2,1,1,1) T 55,3,2,1,1) T 55,3,3,1) T 55,4,2,1) +
5,5,1,1) 7 5(6,2,2,2) +5(6,3,1,1,1) T 5(6,3,2,1) +5(6,4,2) +5(6,6) T 5(7,3,1,1) T 5(7,4,1) T 5(8,2,2)

—~ ~ A A
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Two and three-row families

Theorem (Panova-Z)

Let A, o b n with {(X) < 2 and ¢(p) < 3. Then sy  s,(x1,x2, x3) has a saturated
Newton polytope.
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Symmetric function techniques

The Kronecker coefficients can be equivalently defined using

Sl/[X ! y] = Zg()‘mua V)S)\(X)S/L()/)

where [x - y] := (x1y1,X1Y2, -, XoV1, - - .)-
triple Cauchy identity:

Z g(Avﬂay)SA(X)SM(y)SV(Z) = H :

A v ik 1- XiYjZk
1_[1—x, zk_zh xy)ma(z
ij,k a
<5A(X)*5u()/)»ha[X-y]> = (sa(x) *SN H Z
i alta;
- Z ngla?u-cglaz‘..
aita;,i=1,...
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Monomial expansion via multi-LR coefficients

The coefficient of x{*x32 ... in s * 5,(x) is
A i
Z Cata2...Coigqe...
a"Fa,-,i:L...
Let
k ; .
P(u;a) :== {(at,a?,--- ,ak) € Zi(g) cch e >0,|a | =aiforalli=1,... k}.
The set of monomial degrees a = (ay, ..., ax) appearing in sy * s, is given as

Mi(sy *5,) = {a € Z&, : P(\;a) N P(u;a) # 0}.

We want to understand the set of points: My(sy * s,,).
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Horn Inequalities

Theorem (Klyachko 1998, Knutson-Tao 1999)
Let A\, u,v € N" with weakly decreasing component. Then c/;\’,/ > 0 if and only if

Al = [ul + [v| and
SN i+ w

icl jed keK
for all LR-consistent triples |, J, K C [r].

v w
Ca17a2’a3 c, a3 >0 <—

1 a2
max{al, a2, a3, a3 + a3, i + a3, 05 + a3} < vy,

max{a3, a3, a3} < va,

a3+ a5+ a3 < o,

max{a} + a3+ a3, 03 + a3 +a3,a3 + a3 + a3} < min{vy + 3,1},
max{a] + a2 +a3,a3 + a2 +ai,af + a3 +al} < vi + 1o,

max{a] + a3+ a3 +ad, a5 +ai+ a3 +ad, a5 +a3+ad +ad} <+
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Inequalities

'P(u, v, (31,82733)) = {(X,y./Z) € R3 |

a1 — min(vy, p2, 3) < x < min(ag, v1),
ax — min(va, pi2, 2) <y < min(az,v1),
az — min(vz, p2, 3) < z < min(as, v1),
max(v3, a1 + a2 — 1) < x+y,
max(v3, a1+ a3 —v1) < x +
max(v3, a2 +as —v1) <y +
;1SX+y+z

max(va, p2) —a1 < —x+y+z<wv +v, — a,

max(va, p2) —a2 < x—y+z<wv;+1vy— ay,
max(va, o) —a3 < x+y—z<uv;+vp— as}.
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Inequalities

'P(u, v, (31,82733)) = {(X,y./Z) € R3 |

a1 — min(vy, p2, 3) < x < min(ag, v1),
ax — min(va, pi2, 2) <y < min(az,v1),
az — min(vz, p2, 3) < z < min(as, v1),
max(v3, a1 + a2 — 1) < x+y,
max(v3, a1+ a3 —v1) < x +
max(v3, a2 +as —v1) <y +
;1SX+y+z

max(va, p2) —a1 < —x+y+z<wv +v, — a,
max(va, p2) —a2 < x—y+z<wv;+1vy— ay,
max(va, o) —a3 < x+y—z<uv;+vp— as}.

The set of monomial degrees a = (a1, ..., ax) appearing in sy % s, is given as

Mi(sx * 5,) = {a € Z%4 : P(u, v, (a1, 32, 33)) N Z° # 0}.
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Proposition

Suppose that P(u,v,a’) # () for some vectors a’, i =1,...,4and c =), t;a’ for
some t; € [0, 1] with t; + to + t3 + ta = 1. Then P(u, v, c) # 0.

o

Theorem (Panova-Z)

If P(u,v,a) # () then it has an integer point, i.e. P NZ3 # ).

Theorem (Panova—Z7)

Let A, o b n with ¢(X) < 3 and {(p) < 2. Then sy * s,(x1,x2, x3) has a saturated
Newton polytope.
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Limiting case of the SNP property

Theorem (Panova-Z)

Let A\, i be partitions of the same size and k € N. Then the set of points

(o)
p=1

Mi(Spx * Sppu)

T =

is a convex subset of Q.

Main tool: Semigroup property
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Semigroup property

Semigroup Property (Christandl-Harrow—Mitchison 2007)
If at, 8,41 = nand a2, 82,42 F m satisfy g(a/, 3',~4") > 0 for i = 1,2, then

gla! + o2, B + B2, 7' +77) = max{g(a', 8',71), g(?, B%,7)}.

Example

A:(4-’3’ 1)' M:(671717 ]‘)’ AJ’»l'L:(]'074-727 ]‘)

QHEP—I-H [TTT]= IHIIIIII

Given g((2,1),(1,1,1),(2,1)) =1 and g((1),(1),(1)) = 1, by Semigroup
property,

g((3v 1)7 (2, 1L 1)7 (3, 1)) > 1

Chenchen Zhao UC Davis SNP of the Kronecker product

20/23



Positivity implications

Theorem (Panova—Z )

Suppose that g(\, pu,v) > 0 and let £ = min{l(n),4(v)}. Then there exist
nonnegative integers {}}je (] je[ Satisfying

Zozj’: =\, for i € [K];

J
a}Zaj+1, forj e[t —1], i€ [K];
Z aj’: < min{z 1, Z v}, for every mLR-consistent (I, J, K).
(i,j)eD(I) jed jeJ
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Positivity implications

Corollary

Suppose that g(A, p,v) > 0 and €(pu) = 2, k = £(\). Then there exist
nonnegative integers y; € [0, | \;j/2]] for i € [k], such that

SOXNAY yi— Yy <min{d Y v}

i€eAUC icB ieC jed  jed

for all triples of mutually disjoint sets ALI Bl C C [k] and

J={1,...,r,r+2,....,r+ b+ 1}, where r = 2|A| + |C| and b = |B|.
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Remarks and further work

We cast doubts on whether the Kronecker product of Schur polynomials has SNP
property in general.

Does the plethysm of two Schur functions sy[s,| have SNP? J

Theorem (Paget-Wildon 2019)

Let m > 2. There is a unique partition A, maximal in the dominance order on
partitions, such that S* is a summand of H, if and only if either v = (n) or u is
rectangular and v has exactly two parts.
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