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Some representation theory
Let G be a reductive group in characteristic p ą 0.
Let Rep “ RepG be the category of rational representations of G.
The simples in RepG are indexed by the dominant weights , for G “ SL3 :
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Some representation theory
Let G be a reductive group in characteristic p ą 0.
Let RepG be the category of rational representations of G.
The affine Weyl group pW, Sq acts on the weights.

For SL3 (p “ 5):
S “ tr, g, bu
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Some representation theory
Let G be a reductive group in characteristic p ą 0.
Let RepG be the category of rational representations of G.
The affine Weyl group pW, Sq acts on the weights.

For SL3 (p “ 5):
S “ tr, g, bu generates
W “ rS3

Coxeter presentation
rgr “ grg
rbr “ brb
gbg “ bgb
rr “ e
gg “ e
bb “ e
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From weight lattice to pW, Sq

For λ P C (for SL3 such λ is any weight/dot in ), let

Repλ “ Serre subcategory generated by (dominant weights in )W ¨ λ.
Then

Rep “ ‘λPCRepλ

and
Repλ – Repµ when Ipλq :“ ts P S | s ¨ λ “ λu “ Ipµq.

We thus get

Rep – ‘IĹSRep‘mI
I for RepIpλq :– Repλ.

For SL3 with pW, Sq “ prS3, tr, g, buq in characteristic 5 as above:

Rep – Rep‘6
H ‘ Rep‘4

r ‘ Rep‘4
g ‘ Rep‘4

b ‘ Repr,g ‘ Repr,b ‘ Repg,b
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Between RepI, for various I Ă S, we have functors

Us : RepI Ñ RepI\s, Ds : RepI\s Ñ RepI

and their compositions.
The (singular) Hecke category SHpW, Sq is the category of these functors
(more or less). It has

§ objects I Ĺ S
§ 1-morphisms generated by ‘`s’ (“ ‘I ` s’) and ‘´s’ (“ ‘I ´ s’) s P S

(do `s ÞÑ Us,´s ÞÑ Ds when act on Rep)
§ 2-morphisms (later).

Special examples:
Θs : RepH

UH
s

ÝÝÑ Reps
DH

s
ÝÝÑ RepH

These Θs follow the combinatorics of the Kazhdan-Lusztig generators in the
Hecke algebra.
The regular Hecke category HpW, Sq encodes the natural transformations
between and decompositions of the endofunctors ΘsΘt ¨ ¨ ¨Θu on RepH.
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Parabolic cosets

Let pW, Sq be a Coxeter group.
For I Ă S , denote by WI the subgroup generated by I Ă W.
Then pWI, Iq is a Coxeter group.

Example. pWH “ teu,Hq is the trivial Coxeter group.

We assume throughout: I Ă S is finitary i.e., WI is finite.

For I, J Ă S, consider the finitary (parabolic) double cosets:

p “ WIwWJ “ txwy P W | x P WI, y P WJu

§ Each p contains a unique Bruhat maximal element p

§ Each p contains a unique Bruhat minimal element p
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Singular expressions in pW, Sq
A singular expression is a string

I‚ “ rI0, I1, I2, . . . , Irs

of finitary subsets of S such that, for each i, either

either Ii “ Ii´1 ∖ tsu “ ´ s“ or Ii “ Ii´1 \ s “`s”
(That is, a singular expression is a 1-morphism in SH.)

Equivalently, an expression is a forward
path in the Coxeter complex

Max cells Ø W{WH “ W;
codim. 1 cells Ø W{Ws;
codim. 2 cells Ø W{Ws,t;

...
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Singular expressions in pW, Sq
A singular expression is a string

I‚ “ rI0, I1, I2, . . . , Irs

of finitary subsets of S such that, for each i, either

either Ii “ Ii´1 ∖ tsu “ ´ s“ or Ii “ Ii´1 \ s “`s”
(That is, a singular expression is a 1-morphism in SH.)

Equivalently, an expression is a forward
path in the Coxeter complex

Example.
rtru ´ r ` g ` b ´ g ´ b ` r ` g ´ gs

“ rr,H, g, tg, bu, b,H, r, tr, gu, rs
It expresses the coset WrrgbrgWr.
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Reduced expressions (rexs)

Definition. A singular expression is reduced if its forward path in the Coxeter
complex goes away(bigger or equal in Bruhat order) from the origin at each step.

The expression
rtru ´ r ` g ` b ´ g ´ b ` r ` g ´ gs

“ rr,H, g, tg, bu, b,H, r, tr, gu, rs is not
reduced
at the penultimate step “`g”.

Hankyung Ko (Uppsala) Diagrammatic singular Soergel bimodules October 24, 2025



Bott-Samelson bimodules
R is the polynomial ring SympVq where W acts nicely on V (reflection faithful,...)
For I Ă S, let RI be the invariants under I Ă W.
To a (singular) expression I‚ “ rI0, I1, I2, I3, ¨ ¨ ¨ , Irs
associate the Bott-Samelson bimodule

BSpI‚q “ RI0 b RI1 b RI2 b ¨ ¨ ¨ b RIr

where each b is over the smaller RIi , e.g.,

BSprH, s,Hsq “ R bRs Rs bRs R – R bRs R.

Note that BSpI‚q is an pRI0 ,RIr q-bimodule.
We will consider the 2-category SBSBim “ SBSBimpW, Sq with

§ objects I Ă S
§ 1-morphisms (shifts of) BSpI‚q

§ 2-morphisms (graded) bimodule maps.
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Soergel bimodules
The 2-category of singular Soergel bimodules SSBim is the additive
idempotent completion of SBSBim. It has

§ objects I Ă S
§ 1-morphisms direct sum of summands of (shifts of) BSpI‚q

§ 2-morphisms (graded) bimodule maps.
Theorem (Williamson). The indecomposable 1-morphisms in
SSBimpI, Jq are Bp indexed by the double cosets p P WIzW{WJ. If I‚ is a
reduced expression of p then

BSpI‚q P Bp ‘ xBqyqăp.

Regular Theorem (Soergel): The indecomposable Soergel bimodules in
SSBimpH,Hq are Bw indexed by w P W. If w “ st ¨ ¨ ¨ u is a reduced
expression then BSpst ¨ ¨ ¨ uq P Bw ‘ xBxyxăw.

These are not true for the same construction over a field of positive
characteristic. We need another construction of the Hecke categories.
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Regular answer
The Elias-Williamson category HpW, Sq is a graded 2-category (with
adjunctions, cyclic) category with one object and

§ generating 1-morphisms Bs for s P S (other objects: BsBtBuBuBs, ¨ ¨ ¨ );
§ generating 2-morphisms

,

for each s P S and
, , ¨ ¨ ¨

for each braid relation su “ us, sts “ tst, ¨ ¨ ¨ , and polynomials in R;
§ (an explicit list of) generating relations. “Soergel Calculus”

Then HpW, Sq – BSBim, but this definition works over Z.
We have (over Z or any) that rHpW, Sqs is the Hecke algebra,
where rBss “ bs is the Kazhdan-Lusztig generator.
Riche-Williamson, ... : decomposition numbers for RepHG from this.

Hankyung Ko (Uppsala) Diagrammatic singular Soergel bimodules October 24, 2025



Singular Hecke category
The singular Hecke category SH “ SHpW, Sq is a 2-category with

§ objects I Ă S
§ 1-generators ‘˘s’(“ ‘I ˘ s’) for (I Ă S and s P S ∖ I)

which, when R is appropriate over R, is equivalent to SBSBim.
Some 2-morphisms in SBSBim :

I

Is
,

I

Is
,

Is

I
,

Is

I

Ist
It

Is
I , I

It

Is
Ist , f

I

for each s, t P S ∖ I and f P RI.
Theorem (Elias-K-Libedinsky-Patimo 2024) Certain diagrams made out of
these (light leaves) form a basis of each graded hom space between BSpI‚q and
BSpJ‚q. In particular, these form 2-generators of SH.
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Singular Hecke category
The singular Hecke category SH “ SHpW, Sq is a 2-category with

§ objects I Ă S
§ 1-generators ‘˘s’(“ ‘I ˘ s’) for (I Ă S and) s P S ∖ I
§ 2-generators

I

Is
,

Is

I
,

Is

I
,

I

Is

Ist
It

Is
I , I

It

Is
Ist , f

I

for each s, t P S ∖ I and f P RI

§ relations (next slide)
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Relations in SH
Some relations were given already by the ‘Frobeinus diagrammatics’ of
Elias-Snyder-Williamson (2013):

f
I Is

“
I

f
Is
, Is

I
“ µI

Is , If
Is

“ BI
Ispfq

“
∆p1q

∆p2q

, “ , “ µI
Ist

g “ ˚ ˚ , “ , “ ˚

Some more relations known to Elias and Williamson around 2010
More work is needed for presentation (with ELP “Singular Soergel calculus” in
progress at ICERM)
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Comparison to regular diagrams
The natural embedding H ÝÑ SHpH,Hq Ă SH is given by

ÞÑ H s H

on 1-morphisms and

ÞÑ H , ÞÑ H ,

ÞÑ H , ÞÑ H , ¨ ¨ ¨

on 2-morphisms.
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Singular braid morphisms
We have upup morphisms and we have downdown morphisms

,

The switchback morphisms are of the form

, , , ¨ ¨ ¨

The singular braid morphisms generates the regular braid morphisms:
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Singular braid morphisms
We have upup morphisms and we have downdown morphisms

,

The switchback morphisms are of the form

, , , ¨ ¨ ¨

The singular braid relations generates the regular braid relations:

It is a composition of four singular braid morphisms.
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R(educed) ex(pression) moves
Singular Matsumoto Theorem [Elias-K.]
For I, J Ă S and a double coset p P WIzW{WJ, any two reduced expressions of p
are related by braid relations (upup, downdown, and switchback).

That is, the rex moves, generated by

, ,

, , , , ¨ ¨ ¨

give morphisms between any two BSpI‚q for rexs I‚ of p.

Recall: For any rex I‚ of p, we have BSpI‚q “ Bp ‘ some lower terms.
Proposition (EKLP). A rex move restricts to isomorphism on Bp.
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A light leaf

Bq

Ò

BSptru ` g ´ r ` b ´ g ´ b ` r ` g ´ gq

(modulo lower terms)

rtru ´ r ` b ´ b ` rs a rex for q

rtru ` g ´ r ` b ´ g ´ b ` r ` g ´ gs

Hankyung Ko (Uppsala) Diagrammatic singular Soergel bimodules October 24, 2025



The series (with Elias, Libedinsky, Patimo)

Elias-K., A Singular Coxeter presentation, 2105.08563

Circleland, Season 1 (2023-2024)

EKLP, Demazure operators for double cosets, 2307.15021
EKLP, Subexpressions and the Bruhat order for double cosets, 2307.15726
EKLP, On reduced expressions for core double cosets, 2402.08673
EKLP, Singular Light Leaves, 2401.03053
K, An Atomic Coxeter presentation, 2312.16666

Circleland, Season 2 (2024-)

EKLP, The Atomic Leibniz rule, 2407.13128
......
EKLP, Singular Soergel calculus (in progress)
......
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