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Overview: Two parallel stories

1 The Heisenberg category H:
Definition is diagrammatic: [Kho ’14], [LSav ’13], [BSavW ’20]

H is monoidal, generated by P,Q, acts on ⊕nHn-mod

K0(H) is the Heisenberg algebra, [Kho ’14], [BSavW ’23]

Tr(H) is the elliptic Hall algebra Eq,q, [CLLSamSus18], [MSav22]

Tr(H) acts on Sym ∼= Tr(⊕nHn-mod) ∼= ⊕nK
T (Hilbn(C2))

Q: Tr(H) = Ann(H), what is Σ(H)? [Lauda, ‘16?]

2 The Weyl category W:

Definition is diagrammatic: [Harper-S.], building on [Quinn]

W is monoidal, generated by P,Q, acts on ⊕nTLn-mod

Conjecture for K0(W): not Weyl algebra, but similar flavor

Guess for Tr(W): not sl2 spherical DAHA, but similar

Σ(W): ??
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The definition and action of H

H → EndCat(⊕nHn-mod)

objects 7→ functors

⊗ 7→ ◦
morphisms 7→ natural transformations

Objects monoidally generated by P 7→ Ind and Q 7→ Res

Morphisms generated by (oriented) cups, caps, and crossings
(up to isotopy, and modulo local relations on next slide)

cups and caps map to units and counits of the biadjunctions
RCap 7→ [x⊗ y 7→ xy] : n(n)n−1(n)n → n(n)n,
RCup 7→ [x 7→ x] : n(n)n → n(n+ 1)n+1(n+ 1)n

crossing maps to [x 7→ xσn+1] : n(n+ 2)n → n(n+ 2)n



4/15

Overview The Heisenberg category The Weyl category References

The relations

Theorem (Kho, LSav, BSavW)

With these relations, the algebra map Heis→ K0(H) is injective.
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Some lies

First slide claimed W → EndCat(⊕nTLn-mod):

W is monoidally gen. by P,Q, morphisms gen. by
(oriented) cups and caps, dis-oriented cup-cap, Z-labelled boxes

2Weyl is a 2-category, objects Z≥0, Hom cats quotients of W
W∞ an “asymptotic, n→∞” quotient of W

Why? New features?

relations unavoidably involve
[n+k+1]q
[n+k+2]q

, need region labels

some isomorphisms in TLn-mod “only hold for large n”

New: Z(H) = Sym, but Z(W) spanned by idempotent bubbles

Questions:

Is there an enlargement H ⊂ H̃ containing idempotent bubbles?
geometrically in Hilbn(C2), “take the stalk at a fixed point”

Can we describe all of EndCat(Hn-mod) diagrammatically?

Is there a categorification of H whose “positive part” is affine
Soergel stuff??
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Reminders about TLn-mod

TLn ↷ (C2)⊗n ∈ Uq(sl2)-mod

{Irreps of TLn} ←→ {Wn
m | 0 ≤ m ≤ n, n−m ≡ 0 (mod 2)}

(convention: Wn
n is the trivial rep., Ck is “project onto Wn

n−k)

Ind(Wn
m) ∼= Wn+1

m+1 ⊕Wn+1
m−1

Res(Wn
m) ∼= Wn−1

m+1 ⊕Wn−1
m−1

Res ◦ Ind ∼= (Ind ◦ Res)⊕ C0

Example isomorphism for small n vs big n:

n > 2k : Ck+1Q+Ck+1Q+Ck
∼= Ck+1Q+CkQ+Ck

n = 2k : 0 ≁= Ck+1Q+CkQ+Ck

n < 2k : 0 ∼= 0
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The definition and action of W

Theorem (Harper-S.)

2Weyl→ EndCat(TLn−mod)

Definition

W is monoidally generated by P,Q:

P 7→ Ind, Q 7→ Res, ⊗ 7→ ◦
Morphisms gen. by (oriented) cups, caps, and disoriented cup-cap
(modulo local relations on next slides)

cups and caps map to units and counits of the biadjunctions
RCap 7→ [x⊗ y 7→ xy] : n(n)n−1(n)n → n(n)n,
RCup 7→ [x 7→ x] : n(n)n → n(n+ 1)n+1(n+ 1)n

cup-cap maps to [x 7→ xen+1] : n(n+ 2)n → n(n+ 2)n
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More generators
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Relations
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More relations
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Three more relations
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The Grothendieck group

Definition

W∞ is the “boxes are invertible” quotient of W.

Let A be the algebra generated by x, y and ck for k ≥ 0 with relations

yx = xy + c0 ckcℓ = δkℓck

ckx = ckx(ck + ck−1) xck = (ck + ck+1)xck

cky = cky(ck + ck+1) yck = (ck + ck−1)yck

ck+1xckxck = ck+1xck+1xck 0 = −ckyck+1yck+1 + ckyckyck+1

ckyckxck = ck ck−1 = ck−1yckxck−1

ckxckyck = ck ck = ckxck−1yck

c−1 = 0 xcky = ck + ck+1 + ckxyck+1 + ck+1xyck

yc0x = c0 yckx = ck + ck−1 + ckxyck−1 + ck−1xyck

Proposition: There is an algebra map A→ K0(W∞).
Conjecture: This map is injective.
Lemma: The subalgebra ckAck is a Laurent polynomial ring.
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Asymptotic actions

Goal

Prove injectivity of A→ K0(W∞) using a faithful action.

Proposition (Harper-S.)

A acts asymptotically on TL := K0(⊕nTLn-mod) ∼= Z⟨Wn
m | n ≥ m⟩

Definition

An asymptotic action of a filtered algebra An ⊂ An+1 on a
decreasingly filtered v.s. Vj ⊃ Vj+1 is collection of maps

fn,j : An ⊗ Vj → Vj−n

which are “associative when defined.”

Question

∃ categorical notion of an asymptotic action W∞ ↷ ⊕nTLn-mod?
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