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Polynomials with random roots

n
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Polynomials with random roots - examples

100
Roots and critical points of p1go(z) = H(z — Xj).
j=1

X;j are i.i.d. uniform on the blob  X; are i.i.d. uniform on two disks
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Polynomials with random roots - examples

100
Roots and critical points of pigo(z) = H(z - Xj).
j=1

Xj are i.i.d. complex normal  X; are i.i.d. uniform on the circle
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A counterexample

20
Roots and critical points of pag(z) = 220 — 1 = H(z - Xj).
j=1

Xj are the nth roots of unity
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A heuristic “explanation” for pairing

Suppose X1, Xa, ..., X, are iid with distribution p. Then,
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Suppose X1, Xa, ..., X, are iid with distribution p. Then,

Pn(2) _ z": 1
p,,(z) j=1 Z— )<J
1, 1. 1
~pn(2) = nj; ToX  pn(2).

So the zeros of p/, are approximately the zeros of p,, provided that

e.g.
1 z”: 1 { 1 }
nigz- X; z—X1]’
my(z)
- . 1
The Cauchy-Steiltjes transform of 1 is m,(z) = / du(x).
Jcz—x
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What is known? Global behavior.

Pemantle—Rivin (2013), Subramanian (2012), Kabluchko (2015),
Reddy (2016), O'Rourke (2016), Byun—Lee—Reddy (2018),
O'Rourke-W. (2018, 2020), Angst—Malicet—Poly (2023),
Michelen—Vu (2024)
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Suppose:
o po(z) = [171(2 — X))
» X; are independently chosen complex numbers
» X; have distribution p

@ wy,...,W,_1 denote the critical points of p,

Theorem (Kabluchko, 2015)
For a bounded, continuous function f : C — R,

1<& prob.
(oo ) =0
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Suppose:
® pn(z) =II1(z — X))

» X; are independently chosen complex numbers
» X; have distribution

® wi,..., W, 1 denote the critical points of p,

Theorem (O'Rourke-W., 2020)
Suppose 1 is “nice.” Then, with high probability,

Z\X

min
0ES,_1 N — 1

‘ C(In n)g.
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What is known? Global behavior.

Pemantle—Rivin (2013), Subramanian (2012), Kabluchko (2015),
Reddy (2016), O'Rourke (2016), Byun—Lee—Reddy (2018),
O'Rourke-W. (2018, 2020), Angst-Malicet—Poly (2023),
Michelen—Vu (2024)

Suppose:
® pn(z) = [[j=1(z = X))
» X are mdepeﬁdenﬂybeheseﬁ deterministic complex numbers
>%—haveehs%ﬁbuﬂeﬁ—/t Zjl( ;) — [ fdufor f € C(C)

@ wi,...,w,_1 denote the crltlcal points of p,

Theorem (Totik, 2019)
If supp(1) is compact with connected complement, for f € C.(C),

1 1 n—1
(nzf(xj)_n—zf(wja —0
j=1

j=1
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Hanin (2015, 2017), O'Rourke-W. (2018, 2020), Kabluchko—Seidel
(2019)
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What is known? Local behavior.

Hanin (2015, 2017), O'Rourke-W. (2018, 2020), Kabluchko—Seidel
(2019)

Suppose:

® pn(z) = (z = &) I1j=i(z — X))
» X; are iid with distribution u and bounded density f
» & is fixed with m, (&) # 0, f(§) # 0, f continuous at &

Theorem (Kabluchko—Seidel, 2019; O'Rourke-W., 2020)

For large enough n, the nearest critical point w to £ satisfies

1 1_%\/wﬂg)vﬁﬁﬁ'N
mu(§) n - [mu (I n32

where N has a complex standard normal distribution.

w= € —
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Extremal pairing — Refining the Gauss—Lucas theorem

Theorem (Gauss—Lucas Theorem)

If p is a non-constant polynomial with complex coefficients, then
all zeros of p' belong to the of the set of zeros of p.
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Pairing between W(ﬁ) and
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Histograms of draws from
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How do the fluctuations depend on the distribution of X;?

fr(r) =3(1 — r)?
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the distribution of

2000 samples — 4 non-pairs

3/2 . 1 n—1yl
0 ’Wm X

2 4 6

2000 samples — 256 non-pairs

4 n—1yl
X
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Highlights from “Asymptotic refinement of Gauss—Lucas”

Suppose X; are iid with radially symmetric distribution on unit disk
e I radial density fg(r) in a neighborhood of the disk's edge
fR(I‘

¢, < ﬁ < (C, for some o > —0.095 and ¢, C, >0

Theorem (O'Rourke-W.)
There is an € > 0, so that with high probability. . .

Q if X; is among the largest n° roots of p, = [[}_1(z — X;),
there is precisely one critical point W; with

=o(1/n);

@ if W is among the largest n® critical points of p,, there is
precisely one one root, X, with

‘W,- —(1-nYX

W —(@1-nh)X,,

= o(1/n).
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and provided lim,_ ;- e

an il il 1 d N if 2 0
— (W, — X\ (1 — —
e’ —Targ(X(;) ( W) (1)( ! )) {7'[2+a ifa <0,

where N has a complex normal distribution, and Hyq, is a
complex (2 + «)-stable random variable,
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Proof sketch: Extremal asymptotic fluctuations — Step 2
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Wo =Xy T (3)
=2 T
=2 WG =X,

18/19



Proof sketch: Extremal asymptotic fluctuations — Step 2

1 1 . . . 1 : 1
Suppose z — 23 =x s Lipschitz, and W(l) pairs to X(l). .

1 1
IRV
Wo =Xy, o (3)
=2 T
=2 WG =X,

18/19



Proof sketch: Extremal asymptotic fluctuations — Step 2

1 1 . . . 1 : 1
Suppose z — 23 =x s Lipschitz, and W(l) pairs to X(l). .

1 1
IRV
Wo =Xy, o (3)
=2 T
=2 WG =X,

1 1 N 1 1
; |/|/¢ — )(i - ; Z \/—7larg(Xi )
i=2 V(1) () j=2e (O

1
= X0)

18/19



Proof sketch: Extremal asymptotic fluctuations — Step 2

1 1 . . . 1 : 1
Suppose z — 23 =x s Lipschitz, and W(l) pairs to X(l). .

1 1
IRV
Wo =Xy, o (3)
=2 T
=2 WG =X,

1 11 1
; |/|/¢ — )(i - ; Z V=Targ(X}.) 1
=2 TG T iR2e @7 =Xy
B IES S S
n o1 X(ij)ef\/jlarg(X(l))

18/19



Proof sketch: Extremal asymptotic fluctuations — Step 2

1 1 . . . 1 : 1
Suppose z — 23 =x s Lipschitz, and W(l) pairs to X(l). .

1 1
IRV
Wo =Xy, o (3)
=2 T
=2 WG =X,

1 11 1
; |/|/¢ — )(i - ; Z V=Targ(X}.) 1
=2 TG T iR2e @7 =Xy
B IES S S
n o1 X(ij)ef\/jlarg(X(l))

lla-

— —1arg(XL1)) ) l Xn: 1

e (
s
31— X,

j=

18/19



Proof sketch: Extremal asymptotic fluctuations — Step 2

1 1 . . . 1 : 1
Suppose z — 23 =x s Lipschitz, and W(l) pairs to X(l). .

1 1
IRV
Wo =Xy, o (3)
=2 T
=2 WG =X,

1< 1 18 1

W 5 e
N W - X NS ey Tl X},
= e_ —lal’g(X(‘i)) . l - 1
N xk oV Ta(xh)

U

g —\/jarg(X(Ll)) ) l Xn: 1

e
|
"= 1= XG)

18/19



|
W, =~

Suppose z — %Z#,Z ﬁ is Lipschitz, and

1
X

Proof sketch: Extremal asymptotic fluctuations — Step 2

1

ni=

n

1

1

wh o xh o

)
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Proof sketch: Extremal asymptotic fluctuations — Step 2

Suppose z — %Z#,Z ﬁ is Lipschitz, and W(il) pairs to Xé). .
1 1

Why ~ Xy — = (3)

M oV Tam(Xy) 150 1
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e 4
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