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Polynomials

P4 is the of monic deterministic polynomials of degree d.
P4(K) if all roots contained in the set K C C.

Asymptotic root distribution and free probability Daniel Perales



Polynomials

P4 is the of monic deterministic polynomials of degree d.
P4(K) if all roots contained in the set K C C.

For p € P4 we use the notation:

d d d
p) =[x =Mlp) =S %K1t (k> e (p)-
= k=0

k=1

Roots: Ai(p),...,Ad(p)-

. 1
Coefficients: e, (p) := 6 Z Ai(p) -+ Xip(p)-
k) 1<i < <ix<d

Qlr

Empirical root distribution: p [p] :=

d
Z 6%‘(!’)
i=1

Notice that
e (5p') = e (p)
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Framework: (pq4)s2; is a sequence of polynomials with ps € Pa(R), p is a compactly
supported measure in R, and p [pa] converges weakly to u.

—

Question 1. Fix t € (0,1) and differentiate |td] times each polynomial, qq4 :=
What is the limiting measure v of the sequence (qq)52,?

o Steinerberger '19, '23. Conjecture, (relation to Shlyakthenko, Tao '22)

d
plLeed),
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Framework: (pq4)s2; is a sequence of polynomials with ps € Pa(R), p is a compactly
supported measure in R, and p [pa] converges weakly to u.

—

Question 1. Fix t € (0,1) and differentiate |td] times each polynomial, qq4 :=
What is the limiting measure v of the sequence (qq)52,?

o Steinerberger '19, '23. Conjecture, (relation to Shlyakthenko, Tao '22)
@ Hoskins, Kabluchko '23. Proof for compactly supported

d
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o Arizmendi, Garza-Vargas, P '23. New proof using finite free probability
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Framework: (pq4)s2; is a sequence of polynomials with ps € Pa(R), p is a compactly
supported measure in R, and p [pa] converges weakly to u.

—

Question 1. Fix t € (0,1) and differentiate |td] times each polynomial, g4 := p
What is the limiting measure v of the sequence (qq)52,?
o Steinerberger '19, '23. Conjecture, (relation to Shlyakthenko, Tao '22)
Hoskins, Kabluchko '23. Proof for compactly supported

(Led])
PR

o
o Arizmendi, Garza-Vargas, P '23. New proof using finite free probability
o Arizmendi, Fujie, P, Ueda '244. Proof for unbounded maesures
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Framework: (pq4)s2; is a sequence of polynomials with ps € Pa(R), p is a compactly
supported measure in R, and p [pa] converges weakly to u.

—

Question 1. Fix t € (0,1) and differentiate |td] times each polynomial, qq4 := p((}th).
What is the limiting measure v of the sequence (qq)52,?

o Steinerberger '19, '23. Conjecture, (relation to Shlyakthenko, Tao '22)
@ Hoskins, Kabluchko '23. Proof for compactly supported

o Arizmendi, Garza-Vargas, P '23. New proof using finite free probability
o Arizmendi, Fujie, P, Ueda '244. Proof for unbounded maesures

Question 2. What is the limiting behaviour of ex (pg) ?
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Framework: (pq4)s2; is a sequence of polynomials with ps € Pa(R), p is a compactly
supported measure in R, and p [pa] converges weakly to u.

—
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Question 2. What is the limiting behaviour of ex (pg) ?
o VanAssche, Fano, Ortolani '87. Assuming py € P4([a,0]), p has no atom at 0
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Framework: (pq4)s2; is a sequence of polynomials with ps € Pa(R), p is a compactly
supported measure in R, and p [pa] converges weakly to u.
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Question 1. Fix t € (0,1) and differentiate |td] times each polynomial, qq4 := pf}th).
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Framework: (pq4)s2; is a sequence of polynomials with ps € Pa(R), p is a compactly
supported measure in R, and p [pa] converges weakly to u.

—

Question 1. Fix t € (0,1) and differentiate |td] times each polynomial, qq4 := p((}th).
What is the limiting measure v of the sequence (qq)52,?

o Steinerberger '19, '23. Conjecture, (relation to Shlyakthenko, Tao '22)
@ Hoskins, Kabluchko '23. Proof for compactly supported
o Arizmendi, Garza-Vargas, P '23. New proof using finite free probability
o Arizmendi, Fujie, P, Ueda '244. Proof for unbounded maesures
Question 2. What is the limiting behaviour of ex (pg) ?
o VanAssche, Fano, Ortolani '87. Assuming py € P4([a,0]), p has no atom at 0
o Arizmendi, Fujie, P, Ueda '24+. py; € P4([0,0)), equiv Pg((—o0,0])
o Jalowy, Kabluchko, Marynych '25+. py € Py([—oc0, 0])
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Free Probability

Free probability is a non-commutative probability (use freeness independence).

It is very useful to understand the spectrum of N x N random matrices when N — oo.
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Free Probability

Free probability is a non-commutative probability (use freeness independence).

It is very useful to understand the spectrum of N x N random matrices when N — oo.

Independence (in the classical setting) can be viewed a universal rule to compute the
mixed moments in terms of the moments of the individual variables:

E.g. if X, Y are independent random variables with finite moments, then

E[X3Y*] = E[X?|E[Y*].
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Free Probability

Free probability is a non-commutative probability (use freeness independence).
It is very useful to understand the spectrum of N x N random matrices when N — oo.

Independence (in the classical setting) can be viewed a universal rule to compute the
mixed moments in terms of the moments of the individual variables:

E.g. if X, Y are independent random variables with finite moments, then

E[X3Y*] = E[X?|E[Y*].

Freeness is a different universal rule, that takes into account non-commutativity of the
space (A, ¢) (unital algebra with functional).

E.g. if a,b € A are free random variables, then also

p(a°b*) = p(a’)p(b*), but

p(a®bab®) = p(a)p(b)p(b’) + w(b*)p(a®)p(a) — ¢ (a®)¢(b)p(a)p(b%).
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Free Probability

Free probability is a non-commutative probability (use freeness independence).

It is very useful to understand the spectrum of N x N random matrices when N — oo.

Independence (in the classical setting) can be viewed a universal rule to compute the
mixed moments in terms of the moments of the individual variables:

E.g. if X, Y are independent random variables with finite moments, then

E[X3Y*] = E[X?|E[Y*].

Freeness is a different universal rule, that takes into account non-commutativity of the
space (A, ¢) (unital algebra with functional).
E.g. if a,b € A are free random variables, then also

p(a°b*) = p(a’)p(b*), but
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Given free random variables a ~ y and b ~ v.

Free multiplicative convolution (X) corresponds to the product ab ~ X v.
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Free Probability

Free probability is a non-commutative probability (use freeness independence).

It is very useful to understand the spectrum of N x N random matrices when N — oo.
Independence (in the classical setting) can be viewed a universal rule to compute the
mixed moments in terms of the moments of the individual variables:

E.g. if X, Y are independent random variables with finite moments, then
E[X3Y*] = E[X?|E[Y*].

Freeness is a different universal rule, that takes into account non-commutativity of the
space (A, ¢) (unital algebra with functional).
E.g. if a,b € A are free random variables, then also

p(a°b*) = p(a’)p(b*), but
p(a®bab®) = p(a)p(b)p(b’) + w(b*)p(a®)p(a) — ¢ (a®)¢(b)p(a)p(b%).
Given free random variables a ~ y and b ~ v.

Free multiplicative convolution (X) corresponds to the product ab ~ X v.

Free additive convolution (&) corresponds to sum a+ b ~ pHwv.
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Partitions of a set and cumulants

m={VWi,..., Vk} is a partition of the set {1,..., n} if we have the disjoint union
ViuUWoU---UVe={1,...,n}, we say m € P(n).

Example: m={{1,2,4},{3,5},{6}} € P(6).

123456
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Given a sequence (¢ck)z2; in C, define ¢ for every m € P(n). E.g. ¢ = Grc1.
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Partitions of a set and cumulants

m={VWi,..., Vk} is a partition of the set {1,..., n} if we have the disjoint union
ViuUWoU---UVe={1,...,n}, we say m € P(n).

Example: m={{1,2,4},{3,5},{6}} € P(6).

123456

Given a sequence (¢ck)z2; in C, define ¢ for every m € P(n). E.g. ¢ = Grc1.

Let X ~ p with moments m,(u) := E[X"], define the classical cumulants c¢,(1) by the
formulas:

mp(p) = Z cx(p), forn=1,2,...
TEP(n)
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Partitions of a set and cumulants

m={VWi,..., Vk} is a partition of the set {1,..., n} if we have the disjoint union
ViuUWoU---UVe={1,...,n}, we say m € P(n).

Example: m={{1,2,4},{3,5},{6}} € P(6).

123456

Given a sequence (¢ck)z2; in C, define ¢ for every m € P(n). E.g. ¢ = Grc1.

Let X ~ p with moments m,(u) := E[X"], define the classical cumulants c¢,(1) by the
formulas:

mp(p) = Z cx(p), forn=1,2,...
TEP(n)

Notice that ¢i1(u) = E[X], and () = Var[X].

Cumulants linearize additive convolution: If X ~ y and Y ~ v are independent r.v.,
then for X + Y ~ u * v, it holds

cn(p* v) = ca(p) + cn(v), forn=1,2,....
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Non-crossing partitions and free cumulants

m € P(n) is a non-crossing partition if blocks do not cross.

Example: m={{1,7}{2,4,5}{3}{6}{8,9}} € NC(9).

NNk

1 2 3 45 6 7 8 9
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Non-crossing partitions and free cumulants

m € P(n) is a non-crossing partition if blocks do not cross.

Example: m={{1,7}{2,4,5}{3}{6}{8,9}} € NC(9).

NNk

1 2 3 45 6 7 8 9

Given a sequence (rx)z2; in C, define rr for every m € P(n). E.g. r= = nrsrinn.

Free cumulant to moment formula: ma(p) = Z r=(1)
wENC(n)
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Non-crossing partitions and free cumulants

m € P(n) is a non-crossing partition if blocks do not cross.

Example: m={{1,7}{2,4,5}{3}{6}{8,9}} € NC(9).

NNk

1 2 3 45 6 7 8 9

Given a sequence (rx)z2; in C, define rr for every m € P(n). E.g. r= = nrsrinn.

Free cumulant to moment formula: ma(p) = Z r=(1)
wENC(n)

Notice that
r(p) = E[u], r2(p) = Var[u].
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Non-crossing partitions and free cumulants

m € P(n) is a non-crossing partition if blocks do not cross.

Example: m={{1,7}{2,4,5}{3}{6}{8,9}} € NC(9).

NNk

1 2 3 45 6 7 8 9

Given a sequence (rx)z2; in C, define rr for every m € P(n). E.g. r= = nrsrinn.

Free cumulant to moment formula: ma(p) = Z r=(1)

Notice that
ri(p) = E[p], r2(p) = Var[u].

Cumulants linearize additive convolution: If a ~ p and b ~ v are free r.v., then

ra(p B v) = r(p) + rm(v), forn=1,2,...

Asymptotic root distribution and free probability Daniel Perales



Transforms and Free convolutions

oo

Gu(z) == /R zi td,u(t) = sz"flm,,(u) Cauchy-Stieltjes transform
n=0
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Transforms and Free convolutions

Gu(z) == /R zi td,u(t) = ;zf"flm,,(u) Cauchy-Stieltjes transform
- 1 S n—1
R.(2) == G5 7 (2) - > = ; ro(u)z R-transform

where G;‘b denotes inverse under composition.
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Transforms and Free convolutions

oo

Gule) = [ () =D i)
Ri2) = Gi (@)~ 1 =3 n(me"

where G;‘b denotes inverse under composition.

Cauchy-Stieltjes transform

R-transform

Then, to compute free additive convolution (H) we simply take
Rumu(2) = Ru(2) + Ru(2).
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Transforms and Free convolutions

oo

Gu(z) = /R zi td,u(t) = ,?: 27" my () Cauchy-Stieltjes transform
1 o0
. ~<—1> _ n—1
R.(z) =G, (z) - > = ,?:1 ro(u)z R-transform

where G;‘b denotes inverse under composition.

Then, to compute free additive convolution (H) we simply take
Rumu(2) = Ru(2) + Ru(2).

V,(z) ::/ 1 iztz du(t), Moment Gen. Fun.
0
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Transforms and Free convolutions

oo

Gu(z) = /R zi td,u(t) = ,?: 27" my () Cauchy-Stieltjes transform
1 o0
. ~<—1> _ n—1
R.(z) =G, (z) - > = ,?:1 ro(u)z R-transform

where G;‘b denotes inverse under composition.

Then, to compute free additive convolution (H) we simply take
Rumu(2) = Ru(2) + Ru(2).

V,(z) ::/ 1 iztz du(t), Moment Gen. Fun.
0
Su(z) = z —: L \Illffb(z) S-transform

where W51~ denotes inverse under composition.
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Transforms and Free convolutions

Gu(z) == / 2 1 td,u(t) = sz"flm,,(u) Cauchy-Stieltjes transform
R n=0
_ 1 - e
R.(2) == G5 7 (2) - > = Z: () 2"t R-transform

n=1

where G;‘b denotes inverse under composition.

Then, to compute free additive convolution (H) we simply take
Rumu(2) = Ru(2) + Ru(2).

V,(z) ::/ 1 iztz du(t), Moment Gen. Fun.
0
Su(z) = z —: L \Illffb(z) S-transform

where W51~ denotes inverse under composition.

To compute free multiplicative convolution (X) satisfies
5,m.(2) = Su(2)S.(2).



Finite Free Probability
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Finite free convolutions

Definition
Given p, g € P4, their multiplicative and additive convolutions are the polynomials
pXy g € Py and pHy g € Py with coefficients

ex (PXa q) = ex(p)ex(q), for k=1,2,...,d,
k
- ((p)e (q), fork=1,2,...,d.
ex (pBd q) ,;j:k (,.)e (p)ej(a) or
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Finite free convolutions

Definition
Given p, g € P4, their multiplicative and additive convolutions are the polynomials
pXy g € Py and pHy g € Py with coefficients

ex (PXa q) = ex(p)ex(q), for k=1,2,...,d,
k
- ((p)e (q), fork=1,2,...,d.
ex (pBd q) ,;j:k (,.)e (p)ej(a) or

By preserves real roots (Walsh 1922) If p, g € Py(R) then pHBg g € Pg(R).
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Finite free convolutions

Definition
Given p, g € P4, their multiplicative and additive convolutions are the polynomials
pXy g € Py and pHy g € Py with coefficients

ex (PXa q) = ex(p)ex(q), for k=1,2,...,d,
k
ek(paadq)—iﬂz_k(,)ef(p)ej(q), for k=1,2,....d.

Ha preserves real roots (Walsh 1922) If p, g € P4(R) then pHqg g € Pa(R).

X4 preserves positive real roots (Szego 1922) If
p,g € Pa(R>0) = pXgqge Pa(Rso).
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Finite free convolutions

Definition
Given p, g € P4, their multiplicative and additive convolutions are the polynomials
pXy g € Py and pHy g € Py with coefficients

ex (PXa q) = ex(p)ex(q), for k=1,2,...,d,
k
ek(paadq)—iﬂz_k(,)ef(p)ej(q), for k=1,2,....d.

By preserves real roots (Walsh 1922) If p, g € Py(R) then pHBg g € Pg(R).

X4 preserves positive real roots (Szego 1922) If
p,g € Pa(R>0) = pXgqge Pa(Rso).

Basic properties: interpretation in terms of differential operators, bilinear, commutative,
associative, identity (x9 for By, (x — 1)? for Ky), preserve interlacing, preserve root
separation.
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Finite free convolutions

Definition
Given p, g € P4, their multiplicative and additive convolutions are the polynomials
pXy g € Py and pHy g € Py with coefficients

ex (PXa q) = ex(p)ex(q), for k=1,2,...,d,
k
ek(paadq)—iﬂz_k(,)ef(p)ej(q), for k=1,2,....d.

By preserves real roots (Walsh 1922) If p, g € Py(R) then pHBg g € Pg(R).

X4 preserves positive real roots (Szego 1922) If
p,g € Pa(R>0) = pXgqge Pa(Rso).

Basic properties: interpretation in terms of differential operators, bilinear, commutative,
associative, identity (x9 for By, (x — 1)? for Ky), preserve interlacing, preserve root
separation.

Since ¢; (p') = de;j (p), then
d(pByq) =p Ba-14 and d(pXyq) =p' Rg_14
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Connection to Random Matrices

[Marcus, Spielman, Srivastava '15] Let A and B be d x d matrices with characteristic
polynomials p = x(A) and g = x(B). Then

pHsq=Eo[x(A+ QBQ")] and  pKgq=Eo[x(ARBQ")]

where @ ~ Haar measure over unitary matrices.
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Connection to Random Matrices

[Marcus, Spielman, Srivastava '15] Let A and B be d x d matrices with characteristic
polynomials p = x(A) and g = x(B). Then

pHsq=Eo[x(A+ QBQ")] and  pKgq=Eo[x(ARBQ")]

where @ ~ Haar measure over unitary matrices.
Or Q ~ Haar measure over orthogonal matrices.

Asymptotic root distribution and free probability Daniel Perales



Connection to Random Matrices

[Marcus, Spielman, Srivastava '15] Let A and B be d x d matrices with characteristic
polynomials p = x(A) and g = x(B). Then

pHsq=Eo[x(A+ QBQ")] and  pKgq=Eo[x(ARBQ")]

where @ ~ Haar measure over unitary matrices.
Or Q ~ Haar measure over orthogonal matrices.
Or Q ~ uniformly distributed over signed permutation matrices:

d
pHag= 3 >[I~ Oi(p) + Aoip(@)]  and

T o€Sy i=1
1 d

PRsq = ZS [x = 2i(P) Aoy (a)]
g€Sy i=1
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Connection to Random Matrices

[Marcus, Spielman, Srivastava '15] Let A and B be d x d matrices with characteristic
polynomials p = x(A) and g = x(B). Then

pHsq=Eo[x(A+ QBQ")] and  pKgq=Eo[x(ARBQ")]

where @ ~ Haar measure over unitary matrices.
Or Q ~ Haar measure over orthogonal matrices.
Or Q ~ uniformly distributed over signed permutation matrices:

d
pHag= 3 >[I~ Oi(p) + Aoip(@)]  and

: oeSy i=1
1 d

pBsg= Zs [Tix = Xi(p) Aoy (@)]
o€Sy i=1

Note: This was part of a larger project on interlacing families of polynomials where MSS
solved the Kadison-Singer conjecture and the existence of Ramanujan graphs of all sizes.
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Connection to Random Matrices

[Marcus, Spielman, Srivastava '15] Let A and B be d x d matrices with characteristic
polynomials p = x(A) and g = x(B). Then

pHsq=Eo[x(A+ QBQ")] and  pKgq=Eo[x(ARBQ")]

where @ ~ Haar measure over unitary matrices.
Or Q ~ Haar measure over orthogonal matrices.
Or Q ~ uniformly distributed over signed permutation matrices:

d
pHag= 3 >[I~ Oi(p) + Aoip(@)]  and

oeSy i=1
1 d

pBsg= Zs [Tix = Xi(p) Aoy (@)]
o€Sy i=1

Note: This was part of a larger project on interlacing families of polynomials where MSS
solved the Kadison-Singer conjecture and the existence of Ramanujan graphs of all sizes.

[Marcus "16] Establishes a connection with free probability:
When d — oo, finite free convolutions should tend to free convolutions (BHy — ).
Studies Finite Free Probability and gives basic examples like LLN,-CLT, Poisson limit.
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Finite free convolutions tend to free convolutions

Consider sequences p = (pa)g21 and q = (ga)521 with pd, g4 € P4(R) and limiting
measures p, v € Mc(R):  plpd] — 1 and wlgd] — v.

[Marcus '16, Arizmendi, P '16] Then p[ps Ba gd] — nBv
[Arizmendi, Garza-Vargas, P '21] Then u[[ps Xy qa] — p X v.

o o2 a4 s e 0o 12 a4 s e 1 LR T T
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Main idea behind proof

@ Define finite free cumulants
(_d)n—l

D (p) = —L— Z (—1)*"(#r — 1) ex (p) forn=1,2,...,d,
(n—1) wEeP(n)
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Main idea behind proof

@ Define finite free cumulants

D (p) = % XP%) (1) H#m — 1) ex (p) forn=1,2,...,d,

o Provide a moment-cumulant formula (using Newton formulas)
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Main idea behind proof

@ Define finite free cumulants

D (p) = % XP%) (1) H#m — 1) ex (p) forn=1,2,...,d,

o Provide a moment-cumulant formula (using Newton formulas)
@ Show that if u [pq] — 1 then

lim & (pg) = rali).
d—oo
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Main idea behind proof

Define finite free cumulants

D (p) = % XP%) (1) H#m — 1) ex (p) forn=1,2,...,d,

Provide a moment-cumulant formula (using Newton formulas)

Show that if u [ps] — 1 then

lim & (pg) = rali).
d—oo

@ This gives a proof of u[ps By qa] — pHBr.
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Main idea behind proof

Define finite free cumulants

D (p) = % XP%) (1) H#m — 1) ex (p) forn=1,2,...,d,

Provide a moment-cumulant formula (using Newton formulas)

Show that if u [ps] — 1 then

lim & (pg) = rali).
d—oo

@ This gives a proof of u[ps By qa] — pHBr.

For the multiplicative case one can use formulas for the multiplicative convolution in
terms of cumulants.

Asymptotic root distribution and free probability Daniel Perales



Probability vs Free Probability vs Finite Free Probability

Classic Probability | Free Probability Finite Free
* a3 Ha
log E [etx] R-transform finite R-transform
s, 5 (x —a)°

Normal/Gaussian

Semicircular

Hermitte polynomials

Poisson

Marchenko-Pastur

Laguerre polynomials

Beta

Free Beta

Jacobi polynomials
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Applications
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Behavior of roots after repeated differentiation

Let (pa)gZ1 with ps € Pa(R), and 1 [pa] — p.

Question 1. Fix t € (0,1) and differentiate |(1 — t)d] times each polynomial,

qq := pf,m*t)d“. What is the limiting measure v of the sequence (¢4)g2:?
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Behavior of roots after repeated differentiation

Let (pa)gZ1 with ps € Pa(R), and 1 [pa] — p.

Question 1. Fix t € (0,1) and differentiate |(1 — t)d] times each polynomial,

qd ‘= p‘(}(l*t)d“. What is the limiting measure v of the sequence (¢4)g2:?

For m a positive integer, ,uEE"’ = puH--- B pis the free convolution of m copies of p.
(Nica, Speicher '96) There is a continuous interpolation: for every real s > 1 there exists
a probability measure ,uﬂas determined by

rn(15%) = sra(pa).
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Behavior of roots after repeated differentiation

Let (pa)gZ1 with ps € Pa(R), and 1 [pa] — p.

Question 1. Fix t € (0,1) and differentiate |(1 — t)d] times each polynomial,
qd = pgul*t)d“. What is the limiting measure v of the sequence (¢4)g2:?

For m a positive integer, ,uEE"’ = puH--- B pis the free convolution of m copies of p.
(Nica, Speicher '96) There is a continuous interpolation: for every real s > 1 there exists
a probability measure ,uﬂas determined by

rn(15%) = sra(pa).

Theorem (Hoskins-Kabluchko '23, Arizmendi-GarzaVargas-P '23)

1
p[qa] — Dileps.
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Behavior of roots after repeated differentiation

Let (pa)gZ1 with ps € Pa(R), and 1 [pa] — p.

Question 1. Fix t € (0,1) and differentiate |(1 — t)d] times each polynomial,

qd ‘= p‘(}(l*t)d“. What is the limiting measure v of the sequence (¢4)g2:?

For m a positive integer, ,uEE"’ = puH--- B pis the free convolution of m copies of p.
(Nica, Speicher '96) There is a continuous interpolation: for every real s > 1 there exists
a probability measure ,uﬂas determined by

rn(15%) = sra(pa).

Theorem (Hoskins-Kabluchko '23, Arizmendi-GarzaVargas-P '23) J

1
p[qa] — Dileps.

Proof. For j =~ td, we have

KO =71 S () ex (p) = ({,)n_lnﬁ"’(p)z({,)"(j’) 5 (p).

weP(n)
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Q2. Let (pqg)g2; with ps € Pqg([0,00)). What is the limiting behavior of ex (p4) ?
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Q2. Let (pqg)g2; with ps € Pqg([0,00)). What is the limiting behavior of ex (p4) ?

Theorem (Arizmendi, Fujie, P, Ueda '24)
(pd)den sequence with py € Py([0,00)) and v € M([0,00)). Then

ulpdl »v & dimweizésjf)zsy(—t). for t € (0,1 — u({0}))
k
&=t

Corollary. Assume e1 (ps) — mi(u) € (0, 00), then

%Iog(ek (pa)) — —/OtlogSI,(—x)dx

[ 1 [ 1
-1 0 -1 0
Asymptotic root distribution and free probability Daniel Perales



Intuition: Multiplicative LLN

Given pu € M(Rxo), the (shifted) T-transform is the function T, : (0,1) — Rx>o with

1

T.(t) = SG-D for t € (0,1).
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Intuition: Multiplicative LLN

Given pu € M(Rxo), the (shifted) T-transform is the function T, : (0,1) — Rx>o with
1

T, = fi 1).
#(t) Su(t _ 1) orte (07 )
[Tucci '10, Haagerup and Méller '13]
there exists a limiting measure N
O(p) == lim (u*m)/m, char. by
m— o0
Fou (Tu(t)) =t for all t € (0,1). o
[Fujie and Ueda 23]
Given p € Py(R>0), there exists
o -
®4(p) := lim (p‘Z'dm)(l/m)7 T 1
m— oo -1 0 1
ex (p)

with roots A (Pa(p)) = o1 (0)
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Case: compact support away from 0

Theorem

Assume the roots of the polynomials are contained in C = [a, 5] C (0,00). Then

- e-1(p) _
ih*rj‘f Zkﬁ = Su(—t).
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Case: compact support away from 0

Theorem
Assume the roots of the polynomials are contained in C = [a, 5] C (0,00). Then
lim &=1(P) _ o 4y

dg_f? ex (p)

Idea of the proof:

(d—K)
e-1(p) _ &t (p ) _1 . 1
ex (p) e (pld=R) k& A(pd=h)

j=
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Case: compact support away from 0

Theorem
Assume the roots of the polynomials are contained in C = [a, 5] C (0,00). Then
lim &=1(P) _ o 4y

dg_f? ex (p)

Idea of the proof:

(d—K)
e-1(p) _ &t (p ) _1 . 1
ex (p) e (pld=R) k& A(pd=h)

j=

Since p [[p(d’k)]] = e = Dilt(paal/t), then

- / T X e(dx) = — G (0) = Su(—t)
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Future directions
Ongoing project
Open problems
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Repeated polar differentiation (ongoing project with Zhiyuan Yang)

For a € C, the polar derivative of a polynomial is
Dap(x) := dp(x) - (x — )P (x).

D+ is differentiation.
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Repeated polar differentiation (ongoing project with Zhiyuan Yang)

For a € C, the polar derivative of a polynomial is
Dap(x) := dp(x) — (x — a)p'(x).
D+ is differentiation.

Question. Fix t € (0,1) and a € R. Let (pq)g2; with ps € Pg(R), and p[pa] — p.
Define
— p{La-94D,

What is the limiting measure v of the sequence (qd)dzl.
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Repeated polar differentiation (ongoing project with Zhiyuan Yang)

For a € C, the polar derivative of a polynomial is
Dap(x) := dp(x) — (x — a)p'(x).
D+ is differentiation.
Question. Fix t € (0,1) and a € R. Let (pq)g2; with ps € Pg(R), and p[pa] — p.
Define
— p{La-94D,

What is the limiting measure v of the sequence (qd)dzl.
Short ans: v =F5 = T }Dil1 (Tp)®),
t

where T(z) := L~ and Ty denotes the push-forward measure Tu(E) := pu( T *(E)).

a
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Repeated polar differentiation (ongoing project with Zhiyuan Yang)

For a € C, the polar derivative of a polynomial is
Dap(x) := dp(x) — (x — a)p'(x).
D+ is differentiation.
Question. Fix t € (0,1) and a € R. Let (pq)g2; with ps € Pg(R), and p[pa] — p.
Define
— p{La-94D,

What is the limiting measure v of the sequence (qd)dzl.
Short ans: v =F5 = T }Dil1 (Tp)®),
t
where T(z) := L~ and Ty denotes the push-forward measure Tu(E) := pu( T *(E)).

a

Connection X; when a = 0:

Dop = pRgd(x — 1)1
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Repeated polar differentiation (ongoing project with Zhiyuan Yang)

For a € C, the polar derivative of a polynomial is

Dap(x) := dp(x) — (x — a)p'(x).
D+ is differentiation.
Question. Fix t € (0,1) and a € R. Let (pq)g2; with ps € Pg(R), and p[pa] — p.
Define
— p{La-94D,

What is the limiting measure v of the sequence (qd)dzl.
Short ans: v=F5 =T }Dili (Tp)™),
where T(z) := -1~ and Ty denotes the push-forward measur; Tu(E) :== u(TYE)).
Connection Xy when a = 0:
Dop = pRgd(x — 1)1

Repeat this d — k times, and let d — oo while % — s, then

1 . s—1 1 s—1

;F0u+ e 6oo:,u&(g51 S oo).
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Generalized rectangular convolution and additive of even

Definition. Let d € N and o > —1. The (d, a)-rectangular convolution of p,q € Py, is
the polynomial p HYy g € Py with

e (pHiq) _ k) _ei(p) _ei(q)
(d+a)* Z(i)(d+a)"(d+a)f’

i+j=k

where (d +a)*:=(d+a)(d+a—1)...(d +a— k+1).
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Generalized rectangular convolution and additive of even

Definition. Let d € N and o > —1. The (d, a)-rectangular convolution of p,q € Py, is
the polynomial p HYy g € Py with

ex (PHG q) _ ) k) _ei(p) e(a)
(d+a) =\ ) (d+a) (d+a)
where (d +a)*:=(d+a)(d+a—1)...(d +a— k+1).

Conjecture. Given a > —1, if p, g € P4(R>0), then pHBY§ g € Pa(R>0).
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Generalized rectangular convolution and additive of even

Definition. Let d € N and o > —1. The (d, a)-rectangular convolution of p,q € Py, is
the polynomial p HYy g € Py with

ex (PHG q) _ ) k) _ei(p) e(a)
(d+a) =\ ) (d+a) (d+a)
where (d +a)*:=(d+a)(d+a—1)...(d +a— k+1).

Conjecture. Given a > —1, if p, g € P4(R>0), then pHY§ g € Pa(R>0).

@ Solved in case o = 0 by [Marcus, Spielman, and Srivastava '22].
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Generalized rectangular convolution and additive of even

Definition. Let d € N and o > —1. The (d, a)-rectangular convolution of p,q € Py, is
the polynomial p HYy g € Py with

ex (PHG q) _ ) k) _ei(p) e(a)
(d+a) =\ ) (d+a) (d+a)
where (d +a)*:=(d+a)(d+a—1)...(d +a— k+1).

Conjecture. Given a > —1, if p, g € P4(R>0), then pHY§ g € Pa(R>0).

@ Solved in case o = 0 by [Marcus, Spielman, and Srivastava '22].

o Cases a =1,2,... were proved by [Gribinski and Marcus '22].
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Generalized rectangular convolution and additive of even

Definition. Let d € N and o > —1. The (d, a)-rectangular convolution of p,q € Py, is
the polynomial p HYy g € Py with

@ (p50) _ (k) eilp) o0

(d+a) =\ ) (d+a) (d+a)

where (d +a)*:=(d+a)(d+a—1)...(d +a— k+1).

Conjecture. Given a > —1, if p, g € P4(R>0), then pHY§ g € Pa(R>0).
@ Solved in case o = 0 by [Marcus, Spielman, and Srivastava '22].

o Cases a =1,2,... were proved by [Gribinski and Marcus '22].
o Case a = 1 [Talk by Gribinski, and Campbell, Morales, P 25+]
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Generalized rectangular convolution and additive of even

Definition. Let d € N and o > —1. The (d, a)-rectangular convolution of p,q € Py, is
the polynomial p HYy g € Py with

ex (PHG q) _ > (k> ei(p) &(q)
(d+a) = \i)(d+a) (d+a)’
where (d +a)*:=(d+a)(d+a—1)...(d +a— k+1).
Conjecture. Given a > —1, if p, g € P4(R>0), then pHY§ g € Pa(R>0).

@ Solved in case o = 0 by [Marcus, Spielman, and Srivastava '22].

o Cases a =1,2,... were proved by [Gribinski and Marcus '22].

o Case a = 1 [Talk by Gribinski, and Campbell, Morales, P 25+]

@ Other cases remain open.
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Finite Free Commutator

Given p € Py, define Sym (p) := pHqy (Dil_1p)

Definition (J. Campbell '22)
For polynomials p, g € Py define

pOd g := Sym (p) My Sym (q) Mg z4, where

el d), ok Kkl d+1—k
)= ; < <2k) (a)" (2k)!il—7+1
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Finite Free Commutator

Given p € Py, define Sym (p) := pHqy (Dil_1p)

Definition (J. Campbell '22)
For polynomials p, g € Py define

pUa q := Sym (p) Ky Sym (q) Kg za, where

el d), ok Kkl d+1—k
)= kz:; < (2k> (a)" (2k)!;7+1

Theorem (J. Campbell)
Let A and B be d x d matrices with char pol p = x(A) and q = x(B). Then

p0q g = Eox[i(AQBR™ — QBQR™A)] where Q ~ Haar unitary

Conjecture
For p, g € P4(R), we have py g € Py(R).
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Thanks!
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