i




Zeros of Random Polynomials (work with Larry Shepp)
Consider a random polynomial:

P"(z)zznjzjv Z€C7
=0

where 1o, ..., N, are independent standard normal random variables.
The distribution of the zeros for, say, n = 5 looks like this...

Empirical Density

Theoretica
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Let v,(2) denote the number of zeros in a set Q in the complex plane.
For each measurable set Q C C,

Ev,(Q) = A hn(x + iy)dxdy —I—/Q Rg,,(x)dx,
n

where .
A ByD§ — Bo(B3 + |A1|?) + Bi(AcA1 + AvAr)
o |z Dg ’
and
_ (BoB: — BY)Y?
n_ 71'|Z|Bo
and where .
Bu(z) =) j“zI¥, ze€C, k=0,1,2,
=
Alz)=)_j*7¥, zeC, k=01,
=
and

Do(z) = /B3 (2) — |Aol*(2)-



Limiting density in the complex plane:

h= lim hn=|B£.

n— o0 iy

Limiting density on the real axis:

. 1
g=lim g =I5l
Where
_1
1— |z’

A(Z)= ﬁ, ZG(C,

B(z) = z€C,

and

D(z) = vB?(z) - |A]*(2).
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Consider a random sum of basis functions fi(z):

P.(z) =) nifi(z), zeC
=

We assume that the basis functions are real on the real line.
Some interesting choices include:

Polynomials:

Taylor Polynomials:

Weyl Polynomials:

Kostlan Polynomials:

Fourier Cosine Series:

Fourier Sine/Cosine Series:

fi(z) = 2

fi(z) = j.—!
_ 7

f(2) =

fi(z) = cos(jz)

£(z) = { cos(%z)

sin(Hle)

(okay, not so interesting)

J even
J odd



For each measurable set Q C {z = x+ iy € C | Do(z) # 0},

Ev,(Q) = / ha(x + iy)dxdy,
Q

where -
_ BzDo2 = Bo(|Bl|2 4 |A1|2) + (AoBiAL + AoBi A1)

hn ,
wD3

and where

Ao(z) = 20(2)2, Bo(z) = ZIE‘(Z)Iz,

Am) = @@, BE = Y HE@E),
Az) = D) Bz) = Y IFP,

Do(2) = v/ Bo(2)* = |Ao(2)|*.



For each measurable set Q C {z=x+iy € C|y # 0},

Ev,(Q) = / ha(x + iy)dxdy,
o

where R
_ ByD§ — Bo( By 2 + |A1]?) + (AoBiA1 + AgBiAr)

hn s
wD3

and where

A(z) = > 77, Bo(z) = > |z,
=0 =0

A(z) = D 2T Bi(z) = ) jlI*7,
=

Jj=0

d d
Ao(z) = S P Bo(z) = > /277
Jj=0 j=0

Do(2) = v/ Bo(2)* = |Ao(2)[*.



On the real line, the function Dy vanishes. For each Borel measurable set Q C R,

Ev,(2) :/an(x)dx,

where

_ VA A(x) — Ar(x)?.
gn(X) a ﬂ'Bo(X)




From the argument principle, we get

1 P(2)
val(2) = 2mi /arz P.(2) dz.

Taking the expectation, interchanging expectation and integration and then applying
Stoke’s Theorem, we get

i Pi(2)
EVn(Q) % 0 Pn(z) dZ
/
_ 8 P (z)d dy

Pn(2)

The rest is tedious (and perhaps nontrivial) algebra/calculus.



Polynomials:  fi(z) =2/, n=10
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Weyl Polynomials: ~ fi(z) = 2/ /3/jT, n=10
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Weyl Polynomials:

f(z) = 2/ VT

n =380

13
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Ao(z) = D fle)=e Bo(z) = D If(2)f =&
M) = D @)=z Bi(z) = Y f(@)f(a) =z
M) = Y HEP=ETDE Bl = Pl = (2 + D

h(z)

Do(2) = v/Bol2) ~ [Ao(2)F = Vel — e+

S =2 (z—2)
_ BoD — Bo(|Bif* + A1) + (AoBiAr + AcBiAr) _ (1+ (= -2~ net-7)

™03 7w (1— e==22)*?
(1 +(—4y? - 1)e—4y2)
T a1 e)

_ Az (x)Ao(x) — Ar(x)? 1
7 Bo(x) T

g(x)




Taylor Polynomials: ~ f,(z) = Z//j!, n=10
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Kostlan Polynomials:  fi(z) = /(7)2/, n=10
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Ao(z) = (1+2°) Bo(z) = (1+[z)"
Ai(z) = nz(l+Z2*)"? Bi(z) = nz(1+|z*)"?
Ax(z) = n(l+nz’)(1+2°)"2 Ba(z) = n(l+n|z)(1+ |z*)"2
Do(z) = /Bo(2F = A2 = /(L + [PV — [+ 2]
b — B2D§ — Bo(|Bif® + A1) + (AoBiA1 + AcBiAr) o,
_ VA()A(x) —A(x)? i 1 S
gn(x) = ~Bo(x) =TT +— Cauchy distribution

/ gn(x)dx =+/n  +— Number of real roots



Fourier:  ag + a1 cos(z) + ap cos(2z) + - - - + ag cos(9z) + a1 cos(10z)
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Sine/Cosine Fourier:  ag + a1 sin(z) + a2 cos(z)
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ap + aisin(z) + ap cos(z) + - - - + agsin(5z) + ag cos(5z)
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A(z) = m+1 Bo(z) = m+ 1+22m:sinh2(jy)
=
Ai(z) = 0 Bi(z) = —izm:jcosh(jy) sinh(jy)
j=1
A(z) = m(m+1)2m+1)/6 By(z) = 2§m:j2 sinh?(jy)
j=1
Do(z) = /Bo(2)? — |Ao(2)[?
b — B2D§ — Bo(|B1|* + |A1f) + (AoBiAL + AcBiA1) _ B:Dj — Bo|Bif?

3
wD3 wD3

) = VA (¥)Ao(x) — Ai(x)?
gn( )_ TFBO(X)




Densities of the Real Roots n=10

The function g, for n = 10 for several choices of the f;'s:

Polynomial

— Weyl

Taylor

Fourier Cosine
Fourier Sine/Cosine
Fourier Cosh

— — Root Binomial
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