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Persistence probabilities

(Xt,t > 0) is R-valued (Xo = 0). First passage time
T, =inf{t > 0: X; > z}.

» Typically z = 0.
» Persistence (power law) exponent b if P(r, > T) = T-t*o(),

» Large deviations problem (hitting probab. of Markov processes).
» In many examples, little gained from general theories (7).

» Focus on few examples of much interest.
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Real zeros of algebraic polynomials

x € R, n integer, J C R an interval, & i.i.d. of symmetric law,

Qn(x) = Zfle .
=0
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Real zeros of algebraic polynomials

z € R, n integer, J C R an interval, &; i.i.d. of symmetric law,
n
Qn(x) = Zf,:cl :
i=0

m Asymptotics of pj(n) = P(Qn(z) < 0,Vz € J)?
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Real zeros of algebraic polynomials

z € R, n integer, J C R an interval, &; i.i.d. of symmetric law,
n
Qn(x) = Z&xl :
i=0

m Asymptotics of pj(n) = P(Qn(z) < 0,Vz € J)?
m Up to factor 2 same as P(Q,,(-) has no zeros in J).
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Real zeros of algebraic polynomials

z € R, n integer, J C R an interval, &; i.i.d. of symmetric law,
n
Qn(x) = Z&xl :
i=0

m Asymptotics of pj(n) = P(Qn(z) < 0,Vz € J)?

m pr(n) ~ P(Q), has no real zeros) = P(N,, = 0).

m E(N,) ~ cqlogn if & attracted to « € (0, 2] stable
[Ibragimov-Maslova/Logan-Shepp '68-'71; following Kac '43].
Recent work on SLLN & cLT for IV, expansions for E(V,,)
(yesterday talks - Yattselev & Nhan Nguyen)
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Real zeros of algebraic polynomials

z € R, n integer, J C R an interval, &; i.i.d. of symmetric law,
n
Qn(x) = Z&xl :
i=0

m Asymptotics of pj(n) = P(Qn(z) < 0,Vz € J)?

m pr(n) ~ P(Q), has no real zeros) = P(N,, = 0).

m Much work on complex zeros (e.g. [Edelman-Kostlan '95;
Ibragimov-Zeitouni '97, Sodin-Tsirelson '04]; Yakir & Michelen talks).
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Real zeros of algebraic polynomials

z € R, n integer, J C R an interval, &; i.i.d. of symmetric law,
n
Qn(x) = Z&xl :
i=0

m Asymptotics of pj(n) = P(Qn(z) < 0,Vz € J)?

m pr(n) ~ P(Q), has no real zeros) = P(N,, = 0).

m O(e™ ") < pr(2n) < O(1/logn) if p > 2 finite moments
[Maslova '74; after Littlewood-Offord '38-'43].

A. Dembo Persistence Probabilities 2/12



Persistence for real zeros

C*°(R)-valued, stationary, zero-mean, Gaussian process ¢ +— Yt(“)
of covariance E[K(H)Yt(”)] = (sech((t — 8)/2))*", k > —1 has

P, < 0,Vt € [0,T]) = e 0 T0+00) n g=bT
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Persistence for real zeros

C*°(R)-valued, stationary, zero-mean, Gaussian process ¢ +— Yt(“)
of covariance E[l@(H)Yt(”)] = (sech((t — 8)/2))*", k > —1 has

P, < 0,Vt € [0,T]) = e 0 T0+00) n g=bT

(Slepian’s lemma & sub-additive lemma).

A. Dembo Persistence Probabilities 3/12



Persistence for real zeros

C*°(R)-valued, stationary, zero-mean, Gaussian process ¢ +— Yt(“)
of covariance E[l@(H)Yt(”)] = (sech((t — 8)/2))*", k > —1 has

P < 0,9t € [0,T]) = e 700  ¢=0eT
(Slepian’s lemma & sub-additive lemma).

ps(n) = n7b, J=4[0,1], J = +[1,00) » P(Ny, = 0) ~ n~40,
[Dembo-Poonen-Shao-Zeitouni '02].
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Persistence for real zeros

C*°(R)-valued, stationary, zero-mean, Gaussian process ¢ +— Yt(“)
of covariance E[l@(H)Yt(”)] = (sech((t — 8)/2))*", k > —1 has

P < 0,9t € [0,T]) = e 700  ¢=0eT
(Slepian’s lemma & sub-additive lemma).

ps(n) = n7b, J=4[0,1], J = +[1,00) » P(Ny, = 0) ~ n~40,
[Dembo-Poonen-Shao-Zeitouni '02].

Valid if E(¢;) = 0 & E(£F) < oo (by KMT reduce to & ~ N(0,1)).
Much stronger universality in [Ghosal-Mukherjee '24].
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Persistence for real zeros

C*°(R)-valued, stationary, zero-mean, Gaussian process ¢ +— Yt(“)
of covariance E[l@(H)Yt(”)] = (sech((t — 8)/2))*", k > —1 has

P < 0,9t € [0,T]) = e 700  ¢=0eT
(Slepian’s lemma & sub-additive lemma).

ps(n) = n7b, J=4[0,1], J = +[1,00) » P(Ny, = 0) ~ n~40,
[Dembo-Poonen-Shao-Zeitouni '02].

Valid if E(¢;) = 0 & E(£F) < oo (by KMT reduce to & ~ N(0,1)).
Much stronger universality in [Ghosal-Mukherjee '24].

I. Open: a-stable & (a =1, exponent 0.86 > 4by - numerics).
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Persistence for real zeros, Gaussian

» Proof in case of N(0,1):

A. Dembo Persistence Probabilities 4/12



Persistence for real zeros, Gaussian

» Proof in case of N(0,1):
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Persistence for real zeros, Gaussian

» Proof in case of N(0,1):
m By symmetry of auto-correlations, just consider J = [0, 1].

mzxel0,1l— n_o(l)] done by & > 1 for i < o(T},), T), := logn.
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Persistence for real zeros, Gaussian

» Proof in case of N(0,1):
m By symmetry of auto-correlations, just consider J = [0, 1].
mzc[0,1—n°D]done by & > 1 fori < o(T},), Ty := logn.

m E[Q)(7)?] < n?E[Qn(7)?] so ignore x € [1 —n~1 1].

A. Dembo Persistence Probabilities 4/12



Persistence for real zeros, Gaussian

» Proof in case of N(0,1):
m By symmetry of auto-correlations, just consider J = [0, 1].
mzc[0,1—n°D]done by & > 1 fori < o(T},), Ty := logn.
m E[Q)(7)?] < n?E[Qn(7)?] so ignore x € [1 —n~1 1].

mz=c° €[l-n"°D 1-n"' mapped to s € [o(T}), Ty].
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Persistence for real zeros, Gaussian

» Proof in case of N(0,1):
m By symmetry of auto-correlations, just consider J = [0, 1].
mzc[0,1—n°D]done by & > 1 fori < o(T},), Ty := logn.
m E[Q)(7)?] < n?E[Qn(7)?] so ignore x € [1 —n~1 1].
mz=c° €[l-n"°D 1-n"' mapped to s € [o(T}), Ty].

m Auto-correlation of Q,(e™¢ ") explicit & close to that of v,
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Persistence for real zeros, Kk € R

Independent & ~ N (0, L()), i — L(7) regularly varying, order x
(L(Ai)/L(i) — N\¥ as i — o00).

> pipo,1)(n) ~ n (b, =0,k <-1) & P[1,00) (1) = n=bo.
[Dembo-Mukherjee '15] (predicted in [Schehr-Majumdar '07-'08]).

m For general L(-) arbitrary convergence rate &, for
auto-correlations of @, (e~ ") to those of Y;(“).
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> pipo,1)(n) ~ n (b, =0,k <-1) & P[1,00) (1) = n=bo.
[Dembo-Mukherjee '15] (predicted in [Schehr-Majumdar '07-'08]).

m For general L(-) arbitrary convergence rate &, for
auto-correlations of @, (e~ ") to those of Y;(”).

m When T),e, — oo persistence power exponent can be

discontinuous (e.g. /1 —&,Ys + /e, 7).
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Persistence for real zeros, Kk € R

Independent & ~ N (0, L()), i — L(7) regularly varying, order x
(L(Ai)/L(i) — N\¥ as i — o00).

> pipi(n) mn (by =0,k <—1) & pipiec)(n)=n.
[Dembo-Mukherjee '15] (predicted in [Schehr-Majumdar '07-'08]).
m For general L(-) arbitrary convergence rate &, for
auto-correlations of @, (e~ ") to those of v,
m When T),e, — oo persistence power exponent can be
discontinuous (e.g. /1 —&,Ys + /e, 2).
m Key to [Dembo-Mukherjee '15] is continuity result for persistence
exponents in Gaussian processes of non-negative covariance.
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Persistence for real zeros, Kk € R

Independent & ~ N (0, L()), i — L(7) regularly varying, order x
(L(Ai)/L(i) — N\¥ as i — o00).

> pipi(n) mn (by =0,k <—1) & pipiec)(n)=n.
[Dembo-Mukherjee '15] (predicted in [Schehr-Majumdar '07-'08]).
m For general L(-) arbitrary convergence rate &, for
auto-correlations of @, (e~ ") to those of v,
m When T),e, — oo persistence power exponent can be
discontinuous (e.g. /1 —&,Ys + /e, 2).
m Key to [Dembo-Mukherjee '15] is continuity result for persistence
exponents in Gaussian processes of non-negative covariance.

m Utilized for Elliptic [DM15] & Weyl polynomials [Can-Pham '19].
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Persistence exponents: Markov, Gaussian, Continuity

Stationary, zero-mean, normalized (E[Z}(t)] = 1), Gaussian
processes Zi(t), 1 < k < oo, of non-negative covariance.

Persistence exponents:
P(Z(t) < 0,¥t € [0,T]) ~ e T

[DM15] provide flexible sufficient conditions for by, — buo.

A. Dembo Persistence Probabilities 6/12



Persistence exponents: Markov, Gaussian, Continuity

Stationary, zero-mean, normalized (E[Z}(t)] = 1), Gaussian
processes Zi(t), 1 < k < oo, of non-negative covariance.

Persistence exponents:
P(Z(t) < 0,¥t € [0,T]) ~ e T

[DM15] provide flexible sufficient conditions for by, — buo.

m Covers non-stationary Zi, arbitrary T, k — oo asymptotics.

A. Dembo Persistence Probabilities 6/12



Persistence exponents: Markov, Gaussian, Continuity

Stationary, zero-mean, normalized (E[Z}(t)] = 1), Gaussian
processes Zi(t), 1 < k < oo, of non-negative covariance.

Persistence exponents:
P(Z(t) < 0,¥t € [0,T]) ~ e T

[DM15] provide flexible sufficient conditions for by, — buo.

m Covers non-stationary Zi, arbitrary T, k — oo asymptotics.

m Limited to non-negative & strongly integrable covariance.

A. Dembo Persistence Probabilities 6/12
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processes Zi(t), 1 < k < oo, of non-negative covariance.

Persistence exponents:
P(Z(t) < 0,¥t € [0,T]) ~ e T

[DM15] provide flexible sufficient conditions for by, — buo.

m Covers non-stationary Zi, arbitrary T, k — oo asymptotics.
m Limited to non-negative & strongly integrable covariance.

m Better results in stationary case by spectral methods
(see [Feldheim-Feldheim-Mukherjee '25]).

A. Dembo Persistence Probabilities 6/12



Persistence exponents: Markov, Gaussian, Continuity

Stationary, zero-mean, normalized (E[Z}(t)] = 1), Gaussian
processes Zi(t), 1 < k < oo, of non-negative covariance.

Persistence exponents:
P(Z(t) < 0,¥t € [0,T]) ~ e T

[DM15] provide flexible sufficient conditions for by, — buo.

Covers non-stationary Zi, arbitrary T, k — oo asymptotics.

Limited to non-negative & strongly integrable covariance.

Better results in stationary case by spectral methods
(see [Feldheim-Feldheim-Mukherjee '25]).

[Aurzada-Mukherjee-Zeitouni '21]: b & Markov kernel of i +— Z(i).
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b, & Heat equation initiated by white noise

» Classical solution of d-dimensional heat equation

&%?WZA%@@

¢4q(x,0) = 1p(x) zero-mean, Gaussian of covariance d4(x —y)
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b, & Heat equation initiated by white noise

» Classical solution of d-dimensional heat equation

&%?ﬂ:A%@ﬁ

¢4q(x,0) = 1p(x) zero-mean, Gaussian of covariance d4(x —y)

m ¢4(0,¢) £ cth(R) for k =d/2 —1 (¢ > 0 non-random).
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¢4q(x,0) = 1p(x) zero-mean, Gaussian of covariance d4(x —y)

m ¢4(0,¢) £ cth(R) for k =d/2 —1 (¢ > 0 non-random).
m P(¢q(0,t) > 0,Vt € [1,T]) = T b [Schehr-Majumdar '08].
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b. & Heat equation initiated by white noise

» Classical solution of d-dimensional heat equation

&%?ﬂ:A%@ﬁ

¢4q(x,0) = 1p(x) zero-mean, Gaussian of covariance d4(x —y)
m $q(0,el) £ cth(R) for k =d/2 — 1 (¢; > 0 non-random).
m P(¢q(0,t) > 0,Vt € [1,T]) = T b [Schehr-Majumdar '08].

m by: In Glauber dynamics for Ising spin chain
& In no-real eigenvalue for certain random matrices
[Poplavskyi-Schehr '18] = by = 3/16.

A. Dembo Persistence Probabilities 7/12



b. & Heat equation initiated by white noise

» Classical solution of d-dimensional heat equation

&%?ﬂ:A%@ﬁ

¢4q(x,0) = 1p(x) zero-mean, Gaussian of covariance d4(x —y)
m ¢4(0,¢) £ cth(R) for k =d/2 —1 (¢ > 0 non-random).
m P(¢q(0,t) > 0,Vt € [1,T]) = T b [Schehr-Majumdar '08].
m by: In Glauber dynamics for Ising spin chain

& In no-real eigenvalue for certain random matrices
[Poplavskyi-Schehr '18] = by = 3/16.

» Il. Open: Prove by = 3/16; Explain these connections!
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Gaussian interface models (slow decay of correlation)

» V¢-interface model in (d—I— 1) dimensions solves SDS:

with ¢o(x) = 0, B(x) mdependent Brownian motions,
1
=1 YD ax—y)(@(x) — 6(y))
x y

» g symmetric law of bounded support <= jumps for

Z%-irreducible Rw S; of expected local time L(-) at 0.

» Gy = ¢¢(0), zero-mean, continuous Gaussian process,
E[GsGy] = L(t + s) — L(|t — s|).

» py(T) := —logP(Gy > 0,Vt € [1,T1):

(<Z5t( ) + V2dBy(x)
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» Gy = ¢¢(0), zero-mean, continuous Gaussian process,
E[G,Gi] = L(t +5) — L(Jt  s1).
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Gaussian interface models (slow decay of correlation)

» V¢-interface model in (d—I— 1) dimensions solves SDS:

with ¢o(x) = 0, B(x) mdependent Brownian motions,
1
=1 YD ax—y)(@(x) — 6(y))
x y

» g symmetric law of bounded support <= jumps for
Z%-irreducible Rw S; of expected local time L(-) at 0.
» Gy = ¢¢(0), zero-mean, continuous Gaussian process,
E[G,Gi] = L(t +5) — L(Jt  s1).
» pa(T) := —logP(Gy > 0,Vt € [1,T]):
m p1(T) =~ ¢ logT, universal ¢; € (0, 00).
m pg(T) =~ cq(q)T, d > 5, explicit cq4(q) € (0,00).

(<Z5t( ) + V2dBy(x)
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Gaussian interface models (slow decay of correlation)

» V¢-interface model in (d—I— 1) dimensions solves SDS:

with ¢o(x) = 0, B(x) mdependent Brownian motions,
1
=1 YD ax—y)(@(x) — 6(y))
x y

» g symmetric law of bounded support <= jumps for
Z%-irreducible Rw S; of expected local time L(-) at 0.
» Gy = ¢¢(0), zero-mean, continuous Gaussian process,
E[G,Gi] = L(t +5) — L(Jt  s1).
» pa(T) := —logP(Gy > 0,Vt € [1,T]):
m pi(T) = c1logT, universal ¢; € (0,00).
m py(T) =~ cq(q)T, d > 5, explicit cq4(q) € (0,00).
m p3(T) =~ O(VTlogT), ps(T) =~ O(T loglog T/ log T).

[Dembo-Mukherjee '17]: Persistence for non-negative, reg-var covariance.

(<Z5t( ) + V2dBy(x)
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Gaussian interface models (slow decay of correlation)

» V¢-interface model in (d—I— 1) dimensions solves SDS:
do(x) =

with ¢o(x) = 0, B(x) mdependent Brownian motions,
1
=1 YD ax—y)(@(x) — 6(y))
x y

» g symmetric law of bounded support <= jumps for
Z%-irreducible Rw S; of expected local time L(-) at 0.
» Gy = ¢¢(0), zero-mean, continuous Gaussian process,
E[GsGy] = L(t + s) — L(|t — s|).
» py(T) := —logP(Gy > 0,Vt € [1,T1):
m pi(T) = c1logT, universal ¢; € (0,00).
m py(T) =~ cq(q)T, d > 5, explicit cq4(q) € (0,00).
m p3(T) =~ O(VTlogT), ps(T) =~ O(T loglog T/ log T).
[Dembo-Mukherjee '17]: Persistence for non-negative, reg-var covariance.
» I1l. Open: decay rate for pa(T') (the slowly-var case).
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(-iterated sums & integrals of Brownian motion

Sz.(o) = ¢&; i.i.d. of zero mean; S((f) =0. For 0,k >1,

S =g 4 gt
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(-iterated sums & integrals of Brownian motion

) — & ii.d. of zero mean; S(E) =0. For /,k > 1,
S,(f) _ S(f) + S(é’ 1

S =, are partial sums of {¢;}, S = p_q1 Sk, etc.
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(-iterated sums & integrals of Brownian motion

) — & ii.d. of zero mean; S((f) =0. For /,k > 1,
¢ ¢ -1
S( ) _ S( )1 4 S( )
» S = S, are partial sums of {&}, S = p_q1 Sk, etc.

qe(n) :== P(Sg) <0, Vk<n)~n", VI{>1.

m Reduce by KMT to & ~ N(0,1) or
@) =Pz <1, e0,T) ~T .

Zt(l) = B; Brownian motion, Zt(Q) = fg Bgds, etc.
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(-iterated sums & integrals of Brownian motion

) = & ii.d. of zero mean; S((f) =0. For (,k > 1,
S(f) S}iﬂ)l + S(Z 1
» S = S, are partial sums of {&}, S = p_q1 Sk, etc.
go(n) :=P(SY <0, Vk<n)mn T, VI>1.
m Reduce by KMT to & ~ N(0,1) or
@) =Pz <1, e0,T) ~T .
Zt(l) = B; Brownian motion, Zt(Q) = fg Bgds, etc.

m 7] = 1/2 [Feller '71; Spitzer's formula].
m 79 = 1/4 [Aurzada-Dereich '13, following McKean '63].
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(-iterated sums & integrals of Brownian motion

) — & ii.d. of zero mean; S((f) =0. For /,k > 1,
¢ ¢ -1
S() S}i)l —i—S( )
» S = S, are partial sums of {&}, S = p_q1 Sk, etc.

qe(n) :== P(Sg) <0, Vk<n)~n", VI{>1.

m Reduce by KMT to & ~ N(0,1) or
@) =Pz <1, e0,T) ~T .
Zt(l) = B; Brownian motion, Zt(Q) = fg Bgds, etc.

m 7] = 1/2 [Feller '71; Spitzer's formula].
m 79 = 1/4 [Aurzada-Dereich '13, following McKean '63].
m 7y | b for £ 1 oo [Li-Shao '05].
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(-iterated sums: sharp asymptotics

Pz <1, vte[0,T) ~T ™.

7" = B, Brownian motion, Z\?) = [! Byds, etc.
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(-iterated sums: sharp asymptotics

Pz <1, vte[0,T) ~T ™.

7" = B, Brownian motion, Z\*) = [! B,ds, etc

t - t ' t - Jo s ' .
n’"é’]P’(S,(f) < 0, Vk < n) uniformly bounded above and below:

m (=1, any E[¢?] finite [Feller '71].
m (=2, any E[¢?] finite [Dembo-Ding-Gao '13].
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(-iterated sums: sharp asymptotics

Pz <1, vte[0,T) ~T ™.
7" = B, Brownian motion, Z\*) = [! B,ds, etc
t - t ' t - Jo s ' .
n’"é’]P’(S,(f) < 0, Vk < n) uniformly bounded above and below:
m (=1, any E[¢?] finite [Feller '71].

m /=2, any E[f?] finite [Dembo-Ding-Gao '13].

IV. Open: Find 7y, £ > 3; Uniform bounds above and below?
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Auto-regressive sequences: stability

a:= (ai,as,...,ar) € R non-random.

For & ~ N(0,1) i.i.d.

L
Xp=0Yk<0, & Xp=) aiXpi+& k=1
1=1

is a Gaussian auto-regressive sequence
(Q = (1) for Sk; a = (2, —1) for S’(f); a= (37 -3, 1) for S}S"))_
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Auto-regressive sequences: stability

a:= (ai,as,...,ar) € R non-random.

For & ~ N(0,1) i.i.d.

L
Xp=0Yk<0, & Xp=) aiXpi+& k=1
1=1

is a Gaussian auto-regressive sequence
(Q = (1) for Sk; a = (2, —1) for S’(f); a= (37 -3, 1) for SIEB))'

k — X stable if and only if p < 1:

L
p:=max{|z| : z € A}, A= {zEC:zL—ZaizL*Z:
i=1
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Persistence for AR sequences

» [Dembo-Ding-Yan '19] study asymptotics of
fa(n) := —logP(X, <0, Vke[l,n]).
m(z) multiplicity of z in A and

B::min{m:zEA,|z\:p}€[0,1].
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Persistence for AR sequences

» [Dembo-Ding-Yan '19] study asymptotics of
fa(n) := —logP(X, <0, Vke[l,n]).
m(z) multiplicity of z in A and

Bzzmin{zglz);:zeA,]z\ :,0} € [0,1].
(n)=0(1) forp>1& =1.
(n) = O(n) for p<lor B =0.
(n) =n!=BteM if p =1 & B € (0,1).
(n) =rglognifp=F=10rif p>1& € (0,1).
m 0+ 7, discontinuous at § € Q when A = {1, %70 =270}
(ie. a=(n,—m,1), n =1+ 2cos(27h)).
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Persistence for AR sequences

» [Dembo-Ding-Yan '19] study asymptotics of
fa(n) := —logP(X, <0, Vke[l,n]).
m(z) multiplicity of z in A and

B::min{m:Z€A7Z| :p} € [0,1].
(n)=0(1) forp>1& =1.
(n) = O(n) for p<lor B =0.
(n) =n!=BteM if p =1 & B € (0,1).
(n)~rglognifp=p=10rifp>1& € (0,1).

m 0+ 7, discontinuous at § € Q when A = {1, %70 =270}
(ie. a=(n,—m,1), n =1+ 2cos(27h)).

V. Open: Prove 3 exponents; Find r,; Related to persistence for
d-dimensional BM staying in cones? ([Banuelos-Smits '97]).
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Thank you!



