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o Suppose {a;};>0 are independent mean 0 random variables, and
finite second moment (can change with 7).
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Set up

o Suppose {a;};>0 are independent mean 0 random variables, and
finite second moment (can change with 7).

o For z € R, define the polynomial

o In the particular case the coefficients are IID, roots of @,(-) have
been extensively studied, begining with the pioneering work of
(Kac, Bull. Amer.-43). Hence this special case is often referred to
as Kac’s polynomials.

o Question: What is the chance that the polynomial @, (-) has no
real roots?

o More precisely, setting
pn = P(Qn(x) # 0, for all z € R),

we want to study asymptotics of p,.
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o A polynomial of odd degree must have at least one real root, as
complex roots occurs in pairs.
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o A polynomial of odd degree must have at least one real root, as
complex roots occurs in pairs.

o This implies that p,, = 0 for n odd.

o For the rest of the talk we will assume that n is even.
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ERc facts

o A polynomial of odd degree must have at least one real root, as
complex roots occurs in pairs.

o This implies that p,, = 0 for n odd.
o For the rest of the talk we will assume that n is even.

o Note that

Drn = P(sup Qn(z) < 0) + P(inf Q,(z) > 0).
zER rER
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o A polynomial of odd degree must have at least one real root, as
complex roots occurs in pairs.

o This implies that p,, = 0 for n odd.
o For the rest of the talk we will assume that n is even.
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z€R
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-le facts

o A polynomial of odd degree must have at least one real root, as
complex roots occurs in pairs.

©

This implies that p,, = 0 for n odd.
o For the rest of the talk we will assume that n is even.

Note that

©

Drn = P(sup Qn(z) < 0) + P(inf Q,(z) > 0).
zER zeR

o Henceforth, we will focus on analyzing

qn = ]P’(sup Qn(x) < 0)'
z€R

©

gn is the probability that Q. (-) persists below the origin.
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o Suppose now that the coefficients {a;};>¢ are IID from a
distribution F' with mean 0 and variance 1, and all moments
bounded.

Sumit Mukherjee, Columbia University »f random po



BRI known?

o Suppose now that the coefficients {a;};>¢ are IID from a
distribution F' with mean 0 and variance 1, and all moments
bounded.

o In this case, the seminal work of Dembo-Poonen-Shao-Zeitouni,
JAMS-02 shows that the asymptotics of ¢, is universal.
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—4b 1
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o Suppose now that the coefficients {a;};>¢ are IID from a
distribution F' with mean 0 and variance 1, and all moments
bounded.

o In this case, the seminal work of Dembo-Poonen-Shao-Zeitouni,
JAMS-02 shows that the asymptotics of ¢, is universal.

o More precisely, they show that

—4b 1
qn =T o-+o( )7

where the persistence exponent by € (0, 00).

o Here by is the persistence exponent of a centered Gaussian
stationary process with covariance soch(t’TS).
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What is known?

o

Suppose now that the coefficients {a;};>0 are IID from a
distribution F' with mean 0 and variance 1, and all moments
bounded.

In this case, the seminal work of Dembo-Poonen-Shao-Zeitouni,
JAMS-02 shows that the asymptotics of ¢, is universal.

More precisely, they show that

. —4bo+o(1
Gn =1 00()7

where the persistence exponent by € (0, 00).

Here by is the persistence exponent of a centered Gaussian
stationary process with covariance scch(%).

More precisely,

1
bo = — lim —logP( sup YV (t) <0),
T—oo T te[0,T]
where {V(9)(t),t > 0} is a centered GSP with the above
covariance function.
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o In the same paper, Dembo-Poonen-Shao-Zeitouni, JAMS-02 also
showed that

A< by <2.
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o In the same paper, Dembo-Poonen-Shao-Zeitouni, JAMS-02 also
showed that

A< by <2.

o Currently, the best known rigorous bounds are (Li-Shao,
PTRF-02; Molchan, IJSA-12)

‘ -

0.144 ~

< by <

= 0.25.

=
N

4
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o In the same paper, Dembo-Poonen-Shao-Zeitouni, JAMS-02 also
showed that

A4 <by<2.

o Currently, the best known rigorous bounds are (Li-Shao,
PTRF-02; Molchan, IJSA-12)

‘ -

0.144 ~ <by < - =0.25.

=
N

4

o In Poplavskyi-Schehr, PRL-18 the authors showed using a
physics argument that by = 13—6 = 0.1875.
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o In the same paper, Dembo-Poonen-Shao-Zeitouni, JAMS-02 also
showed that

A4 <by<2.

o Currently, the best known rigorous bounds are (Li-Shao,
PTRF-02; Molchan, IJSA-12)

‘ -

0.144 ~ <by < - =0.25.

=
N

4
o In Poplavskyi-Schehr, PRL-18 the authors showed using a
physics argument that by = 13—6 = 0.1875.

o This value agrees with the above rigorous bounds, and all
existing simulation results.
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_ients are not I[ID?

o In Dembo-M, AoP-15, we study the case when {a;};>o are
independent centered gaussians, but not necessarily identically
distributed.
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.?Vhat if coefficients are not 1ID?

o In Dembo-M, AoP-15, we study the case when {a;};>o are
independent centered gaussians, but not necessarily identically
distributed.

o In particular, we consider the case when Var(a;) = R(i), where
{R(#)}i>0 is a regularly varying sequence of order «, for some
aeR.

o In this case we show that

qn — n_z(b()“l‘ba) .

o Here, for a > —1, b, is the persistence exponent of a centered
GSP with covariance function

_ a—+1
EY (@) (s)Y(®(t) = sech(t 8) .
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What if coefficients are not 1ID?

o In Dembo-M, AoP-15, we study the case when {a;};>o are
independent centered gaussians, but not necessarily identically
distributed.

o In particular, we consider the case when Var(a;) = R(i), where
{R(#)}i>0 is a regularly varying sequence of order «, for some
acR.

o In this case we show that

qn — n_2(b0+ba) .

o Here, for a > —1, b, is the persistence exponent of a centered
GSP with covariance function

_ a—+1
EY (@) (s)Y(®(t) = sech(t 8) .

o For a < —1 set b, =0.
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o No explicit value of b, is known, for any a # 0.
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o In Dembo-M, AoP-15, we show the following properties:
o The function o — b, is continuous on R.
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o No explicit value of b, is known, for any a # 0.

o In Dembo-M, AoP-15, we show the following properties:
o The function o — b, is continuous on R.

[*)

1

Jm T =
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o No explicit value of b, is known, for any a # 0.

o In Dembo-M, AoP-15, we show the following properties:
o The function o — b, is continuous on R.

[*)

1

Jm T =

= boo € (0,00).

ba
lim ——
al—>néo Vo + 1
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B s b

o No explicit value of b, is known, for any a # 0.

o In Dembo-M, AoP-15, we show the following properties:
o The function o — b, is continuous on R.

[*)

ba 1

lim ==,
a——1 —|— 1 2

ba

= boo € (0,00).
— (0,00)

lim
a—r00

o Here Boo is the persistence exponent of a centered GSP with
covariance exp ( —(t— 3)2/8).
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o It was conjectured in Poonen-Stoll, AoM-99 that universality of
the asymptotics of g, should hold whenver {a;};>o is in the
domain of attraction of N(0,1).
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o It was conjectured in Poonen-Stoll, AoM-99 that universality of
the asymptotics of g, should hold whenver {a;};>o is in the
domain of attraction of N(0,1).

o Essentially they believed that a second moment assumption
should suffice.
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-in question

o It was conjectured in Poonen-Stoll, AoM-99 that universality of
the asymptotics of g, should hold whenver {a;};>o is in the
domain of attraction of N(0,1).

o Essentially they believed that a second moment assumption
should suffice.

o Another related question is whether we can allow for non IID
coefficients beyond the Gaussian case, extending the results of
Dembo-M, AoP-15.
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Main question

o It was conjectured in Poonen-Stoll, AoM-99 that universality of
the asymptotics of g, should hold whenver {a;};>o is in the
domain of attraction of N(0,1).

o Essentially they believed that a second moment assumption
should suffice.

o Another related question is whether we can allow for non IID

coefficients beyond the Gaussian case, extending the results of
Dembo-M, AoP-15.

o To answer both these questions in a unified framework, in
Ghosal-M., Arxiv-24 we set a; = \/R(i)&; for i > 0.
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Main question

o It was conjectured in Poonen-Stoll, AoM-99 that universality of
the asymptotics of g, should hold whenver {a;};>o is in the
domain of attraction of N(0,1).

o Essentially they believed that a second moment assumption
should suffice.

o Another related question is whether we can allow for non IID

coefficients beyond the Gaussian case, extending the results of
Dembo-M, AoP-15.

o To answer both these questions in a unified framework, in
Ghosal-M., Arxiv-24 we set a; = \/R(i)&; for i > 0.

o Here {&;};>0 is a sequence of IID random variables with finite
second moment, and R(%) is a regularly varying function of order
a>—1.
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o In particular if we let R(7) = 1, we are back in the setting of IID
coefficients (Kac’s polynomials) studied in
Dembo-Poonen-Shao-Zeitouni, JAMS-02.
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o In particular if we let R(7) = 1, we are back in the setting of IID
coefficients (Kac’s polynomials) studied in
Dembo-Poonen-Shao-Zeitouni, JAMS-02.

o On the other hand, if we assume {&;}i>0 & N(0,1) and R(7)

regularly varying, we are back in the setting of Dembo-M,
AoP-15.
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o In particular if we let R(7) = 1, we are back in the setting of IID
coefficients (Kac’s polynomials) studied in
Dembo-Poonen-Shao-Zeitouni, JAMS-02.

o On the other hand, if we assume {&;}i>0 & N(0,1) and R(7)

regularly varying, we are back in the setting of Dembo-M,
AoP-15.

o Our main (and only) theorem shows that in this general setting,
we continue to have the universal asymptotics

qn — n72(ba+bo) .
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Connection to previous examples

o In particular if we let R(7) = 1, we are back in the setting of IID
coefficients (Kac’s polynomials) studied in
Dembo-Poonen-Shao-Zeitouni, JAMS-02.

o On the other hand, if we assume {&;}i>0 & N(0,1) and R(7)

regularly varying, we are back in the setting of Dembo-M,
AoP-15.

o Our main (and only) theorem shows that in this general setting,
we continue to have the universal asymptotics

gn = n~2batbo)

o Thus the leading order asymptotics does not depend on the
distribution of {;}i>¢ under the second moment assumption.
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Connection to previous examples

o

In particular if we let R(i) = 1, we are back in the setting of IID
coefficients (Kac’s polynomials) studied in
Dembo-Poonen-Shao-Zeitouni, JAMS-02.

On the other hand, if we assume {;};>0 & N(0,1) and R(7)

regularly varying, we are back in the setting of Dembo-M,
AoP-15.

Our main (and only) theorem shows that in this general setting,
we continue to have the universal asymptotics

gn = n~2batbo)

Thus the leading order asymptotics does not depend on the
distribution of {;}i>¢ under the second moment assumption.

Without the second moment assumption, it is expected that the
exponent will change.
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o Wr break the proof idea into the lower and upper bound.
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@ For the lower bound, we need to show

1
lim inf —log ¢, > —2(bo + ba)-
n—,oo N
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o Wr break the proof idea into the lower and upper bound.

@ For the lower bound, we need to show

1
lim inf —log ¢, > —2(bo + ba)-
n—,oo N

o The proof requires that n is even.
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QR overview

o Wr break the proof idea into the lower and upper bound.
@ For the lower bound, we need to show

1
lim inf —log ¢, > —2(bo + ba)-
n—,oo N

o The proof requires that n is even.
o The upper bound states that

1
lim sup — log ¢, < —2(bo + bq)-
n

n—oo
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o Wr break the proof idea into the lower and upper bound.
@ For the lower bound, we need to show

1
lim inf —log ¢, > —2(bo + ba)-
n—,oo N

o The proof requires that n is even.
o The upper bound states that

1
lim sup — log ¢, < —2(bo + bq)-
n

n—oo

o This works for all n (as expected).
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o Partition the domain R into 5 disjoint parts
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o Partition the domain R into 5 disjoint parts

el £.5)
K h
A :<E’logn}’
Ao :<logn’oo)’
A :[_ loZn’_%)’
A :<_ ’_logn)

@ Note that A_1 = —Al, and A_Q = —A+2.
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o Partition the domain R into 5 disjoint parts

el £.5)
K h
A :<E’logn}’
Ao :<logn’oo)’
A :[_ loZn’_%)’
A :<_ ’_logn)

@ Note that A_1 = —Al, and A_2 = —A+2.
o Also,
UTE’RAT = Ra
where R = {0, £1, +2}.
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o Similarly, partition the set of indices [n] := {0,1,2,--- ,n} into 5

parts,
By =[n]N [E n—ﬂ]
0 — D7 D )
n
By =[n]N (n o Llogn]7
Biy =[n]N (n — Llogn,n],

B_5 =[n]N 0, Llogn).
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o Similarly, partition the set of indices [n] := {0,1,2,--- ,n} into 5

parts,
By =[n]N [E n—ﬂ]
0 — D’ D )
n
By =[n]N (n o Llogn],
Biy =[n]N (n — Llogn,n],

B_5 =[n]N 0, Llogn).

o Again note that
UTERBT = [n]
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o Similarly, partition the set of indices [n] := {0,1,2,--- ,n} into 5

parts,
n n
o =i B0 2.
n
By =[n]N (n o Llogn],
Biy =[n]N (n — Llogn,n],

B_5 =[n]N 0, Llogn).

o Again note that
UTERBT = [n]

o Also we can write

Qu(z) = Q) (w),

reER

where the polynomials ler) (£) =S". . a;z" are independent.
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o Using the above decomposition, and changing variables gives
(with o7 (u) = Var(Qn(+e"))),

{suan(x) < 0} = {Sup > M < o}.

u€R rER In (u)

z€R

Sumit Mukherjee, Columbia University ¢ e of random polynomials



o Using the above decomposition, and changing variables gives
(with o7 (u) = Var(Qn(+e"))),

{Suan(:ﬂ) < 0} = {sup > M < o} .

z€R ueR oo Un(u)

o Using the above decomposition, one way to guarantee persistence
is

(r) (:l:eu) Q("') K}
sup L~ < —§, max sup ——— < -
{ uefr Un(u) 55&72( ue}ﬁ)g On (’U,) 4 }
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Lower bound

o Using the above decomposition, and changing variables gives
(with o2 (u) = Var(Qn(£ev))),

{Suan(x) < o} = {sup > Q) (xe) < o} .

z€R ueR 5 Un(U)

o Using the above decomposition, one way to guarantee persistence

is
(M) (4 u (r)
n (£ n 1)
{ sup & < —0, max sup @ f}
u€A, Un(u) SET ucA, Un(“’) 4

@ Also these events are independent for different values of r, giving
the lower bound

(r) 4ot (r) 5
H P sup M < —4,max sup —— < — | .
reR uEA, Un(u) SET ueA, Un(u) 4
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o We need to deal with each of the terms separately.

Sumit Mukherjee, Columbia University



o We need to deal with each of the terms separately.

o The main contribution to the exponent comes from the terms
re{-1,1}.
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o We need to deal with each of the terms separately.

o The main contribution to the exponent comes from the terms
re{-1,1}.

o In this talk we will focus on r = —1.
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R bound

o We need to deal with each of the terms separately.

o The main contribution to the exponent comes from the terms
re{-1,1}.

o In this talk we will focus on r = —1.

o Thus we need to lower bound

=Dy u =Dy u
]P Sup ﬂ < _5’ Sup Qn—(:te) < é .
ued ,  on(u) u¢A_4 on(u) 4
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o We need to deal with each of the terms separately.

o The main contribution to the exponent comes from the terms
re{-1,1}.

o In this talk we will focus on r = —1.

o Thus we need to lower bound

=Dy u =Dy u
]P) Sup ﬂ < _5’ Sup Qn—(:te) < é .
ued ,  on(u) u¢A_4 on(u) 4

o Recall that
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o Fix M > 0, and partition the set B_; as

Tn
U B_, ,, where B_; , = [n]N [LM”_1 log n, LMP? logn).

p=1

Sumit Mukherjee, Columbia University



o Fix M > 0, and partition the set B_; as

Tn
U B_, ,, where B_; , = [n]N [LM”_1 log n, LMP? logn).

p=1
o Here the integer T;, is chosen such that

n
LM™ logn = —
ogn
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o Fix M > 0, and partition the set B_; as

Tn

U B_, ,, where B_; , = [n]N [LM”_1 log n, LMP? logn).
p=1

o Here the integer T;, is chosen such that

logn —log D — loglogn

LM™ logn = % =T, =

log M
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o Fix M > 0, and partition the set B_; as

Tn

U B_, ,, where B_; , = [n]N [LM”_1 log n, LMP? logn).
p=1

o Here the integer T;, is chosen such that

logn —log D —loglogn  logn

LM™ logn = % =T, =

log M T logM’
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o Fix M > 0, and partition the set B_; as

Tn

U B_, ,, where B_; , = [n]N [LM”_1 log n, LMP? logn).
p=1

o Here the integer T;, is chosen such that

logn —log D —loglogn  logn

LM™ logn = % =T, =

log M T logM’
o Similarly, partition the set A_1 as
Sn
U A_1,4, where —A_y 4= ( h M9, h M—(q—l)}_
’ ’ logn logn

q=1

Sumit Mukherjee, Columbia University > e of random polynomials



o Fix M > 0, and partition the set B_; as

Tn

U B_1,p, where B_;, = [n]N |LMP 'logn, LM? logn).
p=1

o Here the integer T;, is chosen such that

logn —log D —loglogn  logn

LM™ logn = % =T, =

log M T logM’
o Similarly, partition the set A_1 as
Sn
U A_1,4, where —A_y 4= ( h M9, h M—(q—l)}_
’ ’ logn logn

g=1

o Here the integer S,, is chosen such that
h M—Sn K

logn T on
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o Fix M > 0, and partition the set B_; as

Tn

U B_1,p, where B_;, = [n]N |LMP 'logn, LM? logn>.
p=1

o Here the integer T;, is chosen such that

logn —log D —loglogn  logn

LM™ logn = % =T, =

log M T logM’
o Similarly, partition the set A_1 as
Sn
U A_1,4, where —A_y 4= ( h M9, h M—(q—l)]
’ ’ logn logn

q=1

o Here the integer S,, is chosen such that

h M—Sn — K =S, = logn + log h — log K — loglogn

logn n log M
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o Fix M > 0, and partition the set B_; as

Tn

U B_1,p, where B_;, = [n]N |LMP 'logn, LM? logn>.
p=1

o Here the integer T;, is chosen such that

logn —log D —loglogn  logn

LM™ logn = % =T, =

log M T logM’
o Similarly, partition the set A_1 as
Sn
U A_1,4, where —A_y 4= ( h M9, h M—(q—l)]
’ ’ logn logn

g=1

o Here the integer S,, is chosen such that

h M-S 5 _ 5 = logn +logh —log K —loglogn _ logn

logn n log M T logM’
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o Then we can write

Sn
Q@) => Q) (x), where Q' (x) = Y aia
p=1 i€B_1p

are mutually independent.
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o Then we can write

(1) ZQ ,p) ), where Q%_lyp)(x): Z a;xt

'L‘EBfl,p

are mutually independent.

o Using this, one way to guarantee persistence is to demand

(—=1,p) u
{ sup Qn " (£e") —926,
u€EA_1p Jn(u)

Qi (e")

max  su () < dp(lp — ql),

la—p|>1,,ca-1.q

<—17P) u
max , sup & (€Y

r€{0,1,2} yec A, on(u)

Qi (")
2w <)

<dp(n+1-p),
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o In the above calculation, p(-) is an arbitrary summable sequence
satisfying

o0

2> p(i) < 1.

i=0
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o In the above calculation, p(-) is an arbitrary summable sequence
satisfying

o A crude lower bound using P(E; N E3) > P(E,) — P(ES) gives
the lower bound

(=1,p) u
IP( sup ni(:te) < _2(5,
uEA_1,p Jn(u)
(*LP)(ieu)
max su xn A=) 5 _ )
1§qup\§rueA_p1,q on(u) p(lp —4ql)
(=1,p) (:l:eu)
—IF’( max  su Gn  EC) s _ )
\q—p|>ru€A,p1,q on (1) p(lp — ql)
(—1»P)(:|:€u)
_]P< ’ >4 1- )
7‘6%?1}52} usélfr on(u) > dp(n + D)
(—1,p) u
_]P< sup %7&6) > 6[7(]3))
u€A_o Un(u)
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@ As before we bound each term separately.
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o As before we bound each term separately.

o For the main term, we have the process convergence, after

.. _ h .
parametrizing v = — 70y lognt.

Qv (¢e")

on(u)

d
— {ZM(t: C)}te[M—F,Mr"’l],CG{i}

u€Ug:q—p|<r AT CE{£)
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@ As before we bound each term separately.

o For the main term, we have the process convergence, after
parametrizing u =

on(u)

~ Mp lognt:

d
} = {Zm (O b eppr—r mr+1y ce (4}
u€Ug:q—p|<r AT CE{£)

o Here Zj(t,() is a centered (non-stationary) Gaussian process
with correlation

gM(t1 + tg)

Cur ((t1,€0), (12,2)) =

Vo (20)/90 (2t)

if {1 = (2, and 0 otherwise.
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@ As before we bound each term separately.

o For the main term, we have the process convergence, after
parametrizing u =

{ Q7 (¢e")

on(u)

—MP lognt:

d
} = {Zm (O b eppr—r mr+1y ce (4}
u€Ug:q—p|<r AT CE{£)

o Here Zj(t,() is a centered (non-stationary) Gaussian process
with correlation

gt to)
CM((tla<1)7(t27C2)> Vo 2t/ 9 (2t2)

if {1 = (2, and 0 otherwise.

o Finally
A
am(t) = / % **dx, where A = hL.
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o By weak convergence of stochastic processes, the main term is
approximately

2
]P’( sup Zp(t) < =20, sup  Zm(t) < p(]€])6, for £ = £1,--- 7:I:l") .

te[1,M] te[M? M+
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o By weak convergence of stochastic processes, the main term is
approximately

2
P( sup Zp(t) < =20, sup  Zm(t) < p(]€])6, for £ = £1,--- ,:I:l") .

te[1,M] te[Me, M+
o By Slepian’s inequality, a further lower bound is

2
IP’( sup Zyp(t) < —25)
te(l,M]

2
xP( sup  Zu(t) < p(|€))6, for £ =+1,--- 7:{:F)

te[M*t M+
2 2
2]P’< sup  Zu(t) < —25) P( sup Zn(t) < —25)
te[M3S,M1-93] te[l,M3u[M1=% M]

2
xP( sup  Zm(t) < p(|€])5, for £ =1, .. ,iF) .
te[M*E M+
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o In the domain ¢ € [M?, M'~9], the correlations of the process
Y (t) are well approximated by that of Z.(t), whose correlation

° Goo(t1 + 12) B Ooxae_zt "
V900 (261)1/Goo (2t2) gm(t)_/o -
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-Gaussian processes

o In the domain ¢ € [M?, M'~9], the correlations of the process
Y (t) are well approximated by that of Zo(t), whose correlation

° Goo(t1 + 12) B Ooxae_zt "
V900 (261)1/Goo (2t2) gm(t)_/o -

o On changing variables to s = logt, this correlation is exactly
sech (il 92 ) o .
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.1a1yze Gaussian processes

o In the domain ¢ € [M?, M'~9], the correlations of the process
Y (t) are well approximated by that of Z.(t), whose correlation

° Goo(t1 + 12) B Ooxae_zt "
V950 (2t1) /950 (2t2) geolt) _/0 de.

o On changing variables to s = logt, this correlation is exactly
sech (—Sl 52 ) o .

o Using the continuity of persistence exponents (Dembo-M.,
AoP-15), one has

1
lim —logIP( sup Zy(t <—2(5)
M—oo M te[1,M] ( )
1
= lim log P sup Y (@(s) < —2(5).
M—o0 log <se[o,(1—25)] log M] (®)
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o Finally one takes 6 — 0, which on using continuity of levels of
persistence gives the answer

I
Mo log M

log]P’< sup Y(O‘)(s)<0).
s€[0,log M]
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o Finally one takes 6 — 0, which on using continuity of levels of
persistence gives the answer

I
Mb log M

log]P’( sup Y(O‘)(s)<0).
s€[0,log M]

o This is precisely the exponent b, defined above.
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Analyze Gaussian processes

o Finally one takes 6 — 0, which on using continuity of levels of
persistence gives the answer

I
Mb log M

log]P( sup Y(O‘)(s)<0).
s€[0,log M]

o This is precisely the exponent b, defined above.

o The other products in the main term, i.e.

2
P( sup Zu(t) < —26)
te[1,M3Ju[M1—% M)

2
xP( sup  Zu(t) < p(|€])s, for £ =1, - ,iF) .
te[ME M+

can be lower bounded by first using Slepian to decouple the
terms, then bounding each term using Borel-TIS inequality.
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@ To handle the error terms, we repeatedly use the following simple
lemma, which is a version of Kolmogorov-Chentsov (or
Kolmogorov continuity) lemma.
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.Error terms

@ To handle the error terms, we repeatedly use the following simple
lemma, which is a version of Kolmogorov-Chentsov (or
Kolmogorov continuity) lemma.

Suppose { X (t) }+e[c,q) s any mean zero stochastic process with
continuous sample paths, such that

]E[X(s) - X(t)]2 < O(s —t)2
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I Error terms

@ To handle the error terms, we repeatedly use the following simple
lemma, which is a version of Kolmogorov-Chentsov (or
Kolmogorov continuity) lemma.

Suppose { X (t) }+e[c,q) s any mean zero stochastic process with
continuous sample paths, such that

]E[X(s) - X(t)r < O(s— )2

Then there is a universal constant K such that

CK(c—d)?
P ( sup |X(f) — X(d)] > )\> < %
te(c,d]
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Error terms

@ To handle the error terms, we repeatedly use the following simple
lemma, which is a version of Kolmogorov-Chentsov (or
Kolmogorov continuity) lemma.

Suppose { X (t) }+e[c,q) s any mean zero stochastic process with
continuous sample paths, such that

]E[X(s) - X(t)r < O(s— )2

Then there is a universal constant K such that

CK(c—d)?
P ( sup |X(f) — X(d)] > )\> < %
te(c,d]

o To utilize this lemma, we need the second moment bound.
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Error terms

@ To handle the error terms, we repeatedly use the following simple
lemma, which is a version of Kolmogorov-Chentsov (or
Kolmogorov continuity) lemma.

Suppose { X (t) }+e[c,q) s any mean zero stochastic process with
continuous sample paths, such that

]E[X(s) - X(t)r < O(s— )2

Then there is a universal constant K such that

CK(c—d)?
P ( sup |X(f) — X(d)] > A) < %
te(c,d]

o To utilize this lemma, we need the second moment bound.

o The only other case where we need the second moment bound is
the process convergence, which utilizes the Lindeberg-Feller CLT.
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o For the upper bound, we can start by ignoring most of the
domain, focusing on just two parts:
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o For the upper bound, we can start by ignoring most of the
domain, focusing on just two parts:
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o For the upper bound, we can start by ignoring most of the
domain, focusing on just two parts:

o Correspondingly, we set

By =[n|N (n— nl_‘s,n—n‘;], B_=n]Nn [n‘s,nl_‘s).

Sumit Mukherjee, Columbia University dom polynor




o For the upper bound, we can start by ignoring most of the
domain, focusing on just two parts:

o Correspondingly, we set

By =[n|N (n— nt=% n — n‘;}, B_=n]Nn [n‘s,nl_é).

o Partition

T
Bo=JB y Bop=[]n [ M ndur),
p=1

where T;, is an integer chosen such that

(1 -26)logn

SasT, 1-6
M = =T =
" " " log M
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o For the upper bound, we can start by ignoring most of the
domain, focusing on just two parts:

o Correspondingly, we set

By =[n|N (n— nt=% n — n‘;}, B_=n]Nn [n‘s,nl_é).

o Partition

T
Bo=JB y Bop=[]n [ M ndur),
p=1

where T;, is an integer chosen such that

(1 -26)logn

SasT, 1-6
M = =T =
" " " log M
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o Similarly partition By .
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o Similarly partition B .

o Now partition a subset of A_ as

Tn

A A - 1 1
LJl - - [n‘qu—‘s’ n‘;M‘I—H“S}’
q:

where T;, is an integer chosen such that

1—20)logn
logM

n5MTn :nl—(s :>Tn _ (
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BT+ bound

o Similarly partition B .

o Now partition a subset of A_ as

Tn

A A - 1 1
LJl - - [n‘SM‘J—‘S’ n‘;Mq—H“S}’
q:

where T;, is an integer chosen such that

sagT, 1-6 (1 —26)logn
M = =T, =—.

" " " log M

o Thus the intervals are disjoint, and the total union of intervals is
contained in

M9 1
nt=9’ n5M5] <A
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- bound

o Similarly partition B .

o Now partition a subset of A_ as

Tn

A A 1 1
U1 T e [n‘sM‘I—‘S’n‘;M‘I—l‘H‘}’
q:

where T;, is an integer chosen such that

sagT, 1-6 (1 —26)logn
M = =T, =—.

" " " log M

o Thus the intervals are disjoint, and the total union of intervals is
contained in

M9 1
nt=9’ n5M5] <A

o Since we cannot through away coefficients (unlike the intervals),
set
By = [n]/(B+UB_).
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o An upper bound to g, is thus given by ignoring part of the
domain, to get the bound

Qn (iz eC1u)
on(u)

P| max sup on(u) <0

Cef-1,1} yeyy

q€[eTy ,(1—e)Ty] A¢q
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BT+ bound

o An upper bound to g, is thus given by ignoring part of the
domain, to get the bound

P ( max sup Mdn (u) < 0) .

¢e{-1,1} uelJ 1 Acq Un(u)

q€[eThn ,(1—&)Th

@ As in the lower bound, we can write

1

= Z Q") (z), where Q) () Z a;z’.

r=—1 i€B,

are independent.
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- bound

o An upper bound to g, is thus given by ignoring part of the
domain, to get the bound

n (e
. sup QnlH2e™) 0y <o)
¢e{-1,1} w€U e (e (1— )] A O’n(u)

@ As in the lower bound, we can write

1

= Z Q") (z), where Q) () Z a;xt.

r=—1 i€B,
are independent.
o Further we have
Ty Tn
V(@) =D QU(x), and QY (x) = Y QG (x).
p=1

nce of random polynomials
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RR e bound

o Fixing g € [T, (1 — ¢)T,,] and ( = —1, if
SUP,ca-1.a @n (—) < 0, then one of the following must hold:

on(u)

(—=1,9) u

Eq=4 sup Qn T g5l

uweA(=1,0) on(u)

(71‘17)(:':6“)

F,,= inf wn EC ) B

e {ueﬁlw () op(lp—al) ¢
(0)( u)

Foq = inf n b

0,q uefi?fl*‘n Un(u) <
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o Fixing g € [T, (1 — ¢)T,,] and ( = —1, if

SUP,ca-1.a @n (Uin—‘f:)) < 0, then one of the following must hold:

(—1711) u
Eq:{ s Qnu:wdé},

weA(—1,) on(u)

?(1*147) :teu
Fpq —{ inf 9 T(EC) < —=6p(lp — ql)},

weA(=1.9) on(u)

(0) u
Fo.q :{ I G —5}.

wea-1.0  opn(u)

o Here p(¢) = 75, where & is chosen such that

nce of random polynomials



-r bound

o Fixing g € [T, (1 — ¢)T,,] and ( = —1, if

SUP,ca-1.a @n (fn—?:)) < 0, then one of the following must hold:

(—1711) u
Eq:{ s Ww},

weA(—1,) on(u)

?(1*147) ieu
Fpq —{ inf 9 T(EC) < —=6p(lp — ql)},

weA(=1.9) on(u)

(0) u
Fo.q :{ I G —5}.

wea-1.0  opn(u)

o Here p(¢) = 75, where & is chosen such that




o We need to show that Fy = Up.4F}, 4 doesn’t happen for many
¢’s, and Fy 4 doesn’t happen for many ¢’s.
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JER: bound

o We need to show that Fy = Up.4F}, 4 doesn’t happen for many
¢’s, and Fp , doesn’t happen for many ¢’s.

o The events Fy , happen with pretty small probability (using our
Kolmogorov continuity lemma), and so can safely be ignored.
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-Jer bound

o We need to show that Fy = Up.4F}, 4 doesn’t happen for many
¢’s, and Fp , doesn’t happen for many ¢’s.

o The events Fy , happen with pretty small probability (using our
Kolmogorov continuity lemma), and so can safely be ignored.

o The challenge here comes from the fact that the events

{Foter, <q<i-o)T,,

have dependence across themselves, and also with

{EQ}ETHSqS(l—e)Tn .
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@ To control this, we need a quantitive bound on events of the form

IP( Nges Fy ﬂ mre[sTn,(l—s)Tn]/SEr> ;

where S is a subset of [T, (1 — E)Tn} which is not too small.
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-ical challenge

@ To control this, we need a quantitive bound on events of the form

]P’( Nges Fy ﬂ mre[sTn,(l—s)Tn]/SEr> ;

where S is a subset of [T, (1 — s)Tn} which is not too small.

o The key idea behind this bound is the following construction.
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-technical challenge

@ To control this, we need a quantitive bound on events of the form

]P’( Nges Fy ﬂ mre[sTn,(l—s)Tn]/SEr>a
where S is a subset of [T, (1 — E)Tn:| which is not too small.
o The key idea behind this bound is the following construction.

@ Suppose there are a lot of indices in S, which means a lot of bad
events have happened.
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-ain technical challenge

@ To control this, we need a quantitive bound on events of the form

]P’( Nges Fy ﬂ mre[sTn,(l—s)Tn]/SEr>a

where S is a subset of [T, (1 — s)Tn} which is not too small.

o The key idea behind this bound is the following construction.

@ Suppose there are a lot of indices in S, which means a lot of bad
events have happened.

o Since Fy = Usx.Fy s, for every ¢ € S there exists s, # ¢ such that
F, s happens.
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Main technical challenge

@ To control this, we need a quantitive bound on events of the form
]P( quS Fq m mTE[z—:Tn,(1—5)Tn]/S-ET)v
where S is a subset of [T, (1 — €)Tn:| which is not too small.

o The key idea behind this bound is the following construction.

@ Suppose there are a lot of indices in S, which means a lot of bad
events have happened.

o Since Fy = Usx.Fy s, for every ¢ € S there exists s, # ¢ such that
F, s happens.

o By a union bound, focus on one such event of the form

{quSFq,sq ﬂ mre[sTn,(lf.s)Tn]/Slar} .
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o By symmetry, without loss of generality, assume that for many
co-ordinates we have s, > q.
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-hnical challenge

o By symmetry, without loss of generality, assume that for many
co-ordinates we have s; > q.

@ Do an greedy inductive construction to get a subsequence of
strictly increasing indices S of the above indices S, which
guarantees _

q — 84 is strictly increasing on S.
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- technical challenge

o By symmetry, without loss of generality, assume that for many
co-ordinates we have s; > q.

@ Do an greedy inductive construction to get a subsequence of
strictly increasing indices S of the above indices S, which
guarantees _

q — 84 is strictly increasing on S.

o Then an upper bound is the larger event

{mqe§Fq,sq ﬂ mTG[eTn,(l—e)Tn]/SEr} .
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-ain technical challenge

o By symmetry, without loss of generality, assume that for many
co-ordinates we have s; > q.

@ Do an greedy inductive construction to get a subsequence of
strictly increasing indices S of the above indices S, which
guarantees _

q — 84 is strictly increasing on S.

o Then an upper bound is the larger event

{“qequ,sq N ﬁre[eTm(l—e)Tn}/sEr} :

@ These events are finally independent, and so decouple.
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o For each E,, we can upper bound the probability by weak
convergence of stochastic processes.
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-ical challenge

@ For each E,., we can upper bound the probability by weak
convergence of stochastic processes.

o For F, ; with |¢ — s| small, we can again upper bound the
probability by weak convergence of stochastic processes.
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-chnical challenge

@ For each E,., we can upper bound the probability by weak
convergence of stochastic processes.

o For F, ; with |¢ — s| small, we can again upper bound the
probability by weak convergence of stochastic processes.

o For F, ; with |¢ — s| large, we use our Kolmogorov-continuity
lemma.
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Main technical challenge

@ For each E,., we can upper bound the probability by weak
convergence of stochastic processes.

o For F, ; with |¢ — s| small, we can again upper bound the
probability by weak convergence of stochastic processes.

o For F, ; with |¢ — s| large, we use our Kolmogorov-continuity
lemma.

o Combining and summing over, we get the desired quantitative
bound, allowing us to ignore sets of the form

{NgesFy ﬂ mre[eTn,(1—s)Tn]/sEr}

whenever |S| is not too small.
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o Finally, we can focus on the term where |S| is small, i.e. most of
the E,’s happen.
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o Finally, we can focus on the term where |S| is small, i.e. most of
the E,’s happen.

o Also the events {Eg}.7, <q<(1—e)7,, are mutually independent.
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o Finally, we can focus on the term where |S| is small, i.e. most of
the E,’s happen.

o Also the events {Eg}.7, <q<(1—e)7,, are mutually independent.

o On each E, we have weak convergence of stochastic processes,
giving us a Gaussian process Z/(t) on a block of the form
t e [M°, M.
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-ain term

o Finally, we can focus on the term where |S| is small, i.e. most of
the E,’s happen.

o Also the events {Eg}.1, <q<(1—c), are mutually independent.

o On each E, we have weak convergence of stochastic processes,
giving us a Gaussian process Z/(t) on a block of the form
t e [M°, M.

o Changing to stationary scale s = logt and taking limits as
M — oo, we again get the limiting Gaussian process with

a+1
covariance sech ( o2 ) .
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Main term

o Finally, we can focus on the term where |S| is small, i.e. most of
the E,’s happen.

o Also the events {Eg}.1, <q<(1—c), are mutually independent.

o On each E, we have weak convergence of stochastic processes,
giving us a Gaussian process Z/(t) on a block of the form
t e [M°, M.

o Changing to stationary scale s = logt and taking limits as
M — oo, we again get the limiting Gaussian process with
§1—S82 Oé+1
3 .

covariance sech(

@ The fact that this convergence allows the exponents to converge
again follows form Dembo-M., AoP-15, as in the lower bound.
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o For the lower bound proof, the asymptotics depend on « if
x € [-1,1], and do not depend on « outside.
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o For the lower bound proof, the asymptotics depend on « if
€ [-1,1], and do not depend on « outside.

@ Our proof should go through if €2 = R(z) are uniformly
integrable, instead of requiring them to be IID.
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-1 comments

o For the lower bound proof, the asymptotics depend on « if
€ [-1,1], and do not depend on « outside.

@ Our proof should go through if €2 = R(z) are uniformly
integrable, instead of requiring them to be IID.

o In that case we will need either of the following assumptions:

< >, P& € [—p',0]) > ¢, for some 0 < p’ < p,
or P(& < —p) > ¢, P(&; € [0, p]) > ¢ for some p > 0.
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Final comments

o For the lower bound proof, the asymptotics depend on « if
€ [-1,1], and do not depend on « outside.

@ Our proof should go through if €2 = f) are uniformly
integrable, instead of requiring them to be IID.

o In that case we will need either of the following assumptions:

P& € [—p',0]) > ¢, for some 0 < p’ < p,

< =y
< > ¢, P(& € [0, p]) > ¢ for some p > 0.

o For IID coefficients, these conclusions follow from mean 0 and
variance 1 (for either &; or —&;, which is enough for us).
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Final comments

o For the lower bound proof, the asymptotics depend on « if
€ [-1,1], and do not depend on « outside.

@ Our proof should go through if €2 = f) are uniformly
integrable, instead of requiring them to be IID.

o In that case we will need either of the following assumptions:

P& € [—p',0]) > ¢, for some 0 < p’ < p,

< =y
< > ¢, P(& € [0, p]) > ¢ for some p > 0.

o For IID coefficients, these conclusions follow from mean 0 and
variance 1 (for either &; or —&;, which is enough for us).

o If one wants to only consider no roots in the domain [0, 1] or
[1,00) or [0,00), n even is not needed.
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o What if we drop the second moment assumption, and consider «
stable coefficients?

Sumit Mukherjee, Columbia University © 1dom po



o What if we drop the second moment assumption, and consider «
stable coefficients? The answer is expected to depend on .

Sumit Mukherjee, Columbia University © 1dom po



o What if we drop the second moment assumption, and consider «
stable coefficients? The answer is expected to depend on .

o What about computing by(= 1%)?

Sumit Mukherjee, Columbia University



o What if we drop the second moment assumption, and consider «
stable coefficients? The answer is expected to depend on .

o What about computing by (= 1%)? What about b, for a # 0?7

Sumit Mukherjee, Columbia University



o What if we drop the second moment assumption, and consider «
stable coefficients? The answer is expected to depend on .

o What about computing by (= 1%)? What about b, for a # 0?7

o If we change the polynomial (Kostlan, Weyl), can we repeat all
the steps?
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o What if we drop the second moment assumption, and consider «
stable coefficients? The answer is expected to depend on .

o What about computing by (= 1%)? What about b, for a # 07

o If we change the polynomial (Kostlan, Weyl), can we repeat all
the steps? Seems easier than the other two questions.

o Generalize to higher dimensions?
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