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SETTING

® (M, g) Riemannian manifold of dimM = n, compact, possibly with
boundary.

e f: M — R Gaussian field, smooth, centered.

® The nodal volume L¢(M) = Vol"~1(f~1(0))

Credit: webpage https://unirandom.univ-

Credit: Alex Barnett
redi ex Barne rennesl.fr/ Credit: Michele Stecconi
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Given two Gaussian variables 1,7y, ~ N(0, 1),

E[Hy (1) Hy ()] = {g!(ﬂ*zm])q o Z:
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Flq] := L? - projection onto W, := {Hq(v) : v ~ N(0,1)} are
uncorrelated
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DECOMPOSITION OF NODAL VOLUME

|| - llg# is the norm induced by f on T, M
® f € C? Gaussian random field:
E{f(x)?} =1, and |ul3 :=E{[df(u)]} >0,
for every x € M and u € T,M~{0};

® Gass-Stecconi 2024, Ancona-Letendre 2025, Angst-Poly 2020:

Le(M) € I? = Li(M) = Li(M)[q]

qeN

= Var(Lf(M ZE[ (Ls(M)[q])?]



EXISTING CHAOS DECOMPOSITION

L¢(M)[2g + 1] =0, for
q

_ ﬁ2q72p
Lr(M)[2q] = Z Ga 2%l
X Z %/ ng 2p(f X) HH2SJ 8f( ))
S=(S1,.-+s sp)EN" 1) e j=1

where f2q_2p = \/%ng_zp(O) and, for s = (s1,...,s,) € N,

1 Var(g+i+3)
_2112’ r(s+1)

Q2sy ...
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PROBLEMS:

® Computation of the variance:
E[Haq—2p(f(x)) [T}y Has (0;f (x)) Hag—2p (F(y)) TT;=1 Hos; (0;F ()]

® depends on a basis 91(x), ..., d,(x) of T,M

® assumes that 017(x),...,0,f(x) are i.i.d. ~ N(0,1)

Duy (%), -+, D, (X) ~ N(0,1) iid & wy,...,u, is gf-orthonormal

In general g # g’ (Nash’ Isometric Embedding theorem)



MAIN RESULT: NEW CHAOS DECOMPOSITION
Assumptions above on f.
Let ||ul2, = E[|dxf(u)|?] be the norm induced by f on T, M

THEOREM (STECCONI-T.2025)

For all g even

Le(M)][q]
© a, b dxf7 u
= Z (S ) / / Hza(f(X))sz <<||u||f>) ||U||gfdudx,
abeNatb=g " IMIS(TM) g
where
(_1)a+b71
=——' —  forall
O(a, b) 5+75(2b — 1)albl" oralla,beN
on s

and s, := Vol"(§") =
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DiAGRAM FORMULA

LEMMA

Let v1,72,73,7a ~ N(0,1) with correlations Ev;y; = C; and assume that
Cio = G334 = 0. Then,

E {H:(v1)Ho(2)Ha (v3)Hpr (74) }
min{a,a’} _ - .
albla'lp’! Z ClsCly "G e -
_ Ipla'lb’! T v _,
o k=max{0,a’—b} k(a k)(a k)l(b a + k)l
0 ifatbta +b,

(Caramellino-Giorgio-Rossi 2024)



SEMPLIFIED VARIANCE
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k=max{0,2a’—2b}
) 2b—2a"+k

c’ 2a—k c’ 23’ —k C’ (u,
X(ny)k( Xy(v)) ( yxw)) (y(”v> ||| || ull g dveludlydx
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REMARKS

® Marinucci-Rossi-T. 2023: Hermite-Laguerre expansion

q

L¢(M)[2q] Z( Paq- 2P) V2C(n, p)
=0

x ], Hoa-2pFOONLSY (W) dx.

he]

M

the number of terms involved grows linearly with g and is constant
in the dimension n.

® Notarnicola 2023: Matrix-Hermite expansion of fo(XX ") for
Gaussian matrix X (with independent columns).

(Homothetic case)
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COMPARISON WITH LAGUERRE

® F(&) e L2 = F(&)[q] is its L? projection onto the closed subspace
of L2 generated by the random variables { Hy((¢,v)) : v € S"71},
i.e., the space

W,[€] := span { Hg((¢, v)) : v € S" 1}

DEFINITION
Let Spq: R” = R, be the function

Snal) = [ Ho (o)) 1 ().

® Any L? random variable of the form F(||¢]|) has a chaotic
decomposition of the form

F(lIl) Zcq Sn.q(8)-

geN



COMPARISON WITH LAGUERRE

® In particular, since for all even g, the Laguerre polynomial
n__ 2
LG (@) is in the g chaos space W,[¢] (Marinucci-Rossi-T.

2023+):

Ly L ko) vzt (1P
D Dl vt | KT R P

st te=q L j=1

= there exist constants ¢, 4 € R such that

0 2
L(; 2 (”i) = Cog Snqll), VEER



HUHgf ~ const

2

gt = (& +0(c))

DEFINITION

® frequency of f:

1
NP = ey [, EIDFIF o

1

= ey L B FAR) = " eigenvalue’

® maximal eccentricity of f: € = (f) := maxxem ||%ng — &l



HUHgf ~ const

g : (g + 0(e))

T
DEFINITION

® frequency of f:

1
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1
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® f is homothetic ife(f) =0  (Pistolato-Stecconi 2024)



||ul|gr = const

g = (g + 0(e)

~n
DEFINITION

® frequency of f:

1
NP = o . EUIVAFIP] o

1

= ey L B FAR) = " eigenvalue’

* maximal eccentricity of f: & = (f) := maxsem || % &F — &||
® f is homothetic ife(f) =0  (Pistolato-Stecconi 2024)

X g+ 0)

For random waves Z,\,-e[A,/\Jro(A)] Yigi(x) g = "



HOMOTHETIC FORMULA: ||u||,r = const

1
2 _ 2. 2

Lelq] = A
bGN a+b= q

s,,f / / s Haa(F(x)) Hab ((v f, v)() dvdx.

E{Ls(M)}  sp1
A s/n

Vol"(M)



HOMOTHETIC CASE: FIRST CHAOSES

Li(M)[2] Sn—1

5 = s gy = X7V )
Spn—1 Af 1
= - : =)= fATWVEY) )
g (e 5e) = [ romonm),
L(M)4] e [ f / .
= f)— Hy ((A f d
A 245/ | S s s (WTIVF ) V)

+2H; (f) <f+ izf>dx - ;/OM Hs (f) ()\1Vf,1/>dx].

Var (Eng)) > Var (W;’)[Q]) 4 Var (ﬁf(";’)[“]>



UPPER BOUND

DEFINITION
® the pointwise frequency of f as the function x — A(f,x) > 0 such
that
2. 27 _ 2
NF o = Bl 2] =n [ uldu
S(TxM)
for all x € M.
[ ]
c (v |C (V)| |C (u,v
1, Cle =, g, { o Gt S e
’ ue T,M~ ul| ,f V|| of Ul of f
ve T, M~{0} € & & &
THEOREM

Let f : M — R as above.

Var (£¢(M)[q]) < 2°- / AMENEY)

o 12, ClIE oy,
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REDUCTION TO THE HOMOTHETIC CASE

g = %gx +0()

beN a+b=3



REDUCTION TO THE HOMOTHETIC CASE

& = g+ 0(e)

Gt g e[ [ g (25)

a,beN,a+

Le(M)la] _ Le(M){q}
f s _ ~f X + O(E)

L[] = oo



PROOF MAIN RESULT: NEW CHAOS DECOMPOSITION
Assumptions above on f.
Let ||ul2, = E[|dxf(u)|?] be the norm induced by f on T, M
THEOREM (STECCONI-T.2025+4)

For all g even

Le(M)[q]
S(a, b d.f, u
= Z (s ) / / Haa(f(x))Hab <<||U||f>) [|ul| gr dudx,
a,beN,a+b=3 n M JS(TM) g
where
(_J)a+b71
= K
O(a, b) 257b(2b — 1)albl’ or all a,b € N
on's

and s, := Vol"(5") =

r(n;l)




PROOF OF THE MAIN RESULT: CHAOTIC EXPANSION

® The nodal volume can be expressed

£o(M) = /M 50(F () |V

LEMMA
For -y ~ N(0,1), the chaos expansion of the distribution &y makes sense
and is equal to:

do(7) = Z Hao(7) 5y ——=

aeN



PROOF OF THE MAIN RESULT: CHAOTIC
DECOMPOSITION OF |[¢]|

THEOREM (STECCONI-T.2025)

Let £ ~ N(0, G) be a Gaussian random vector in R", with
non-degenerate covariance matrix G. Then, the q'" chaotic component
of ||€|| vanishes if q is odd and for q even is

(el = Ana) [ o (<L) VTG an

vT Gv
where
L (_1)b—1
Sn 2b=1\/27(2b — 1)b!”
for all b € N. In particular, when G = 1, the above formula yields the
chaotic components of a chi random variable of parameter n.

A(n, 2b) =



PROOF OF THE MAIN RESULT: CHAOTIC EXPANSION

Observe that in an orthonormal basis of T, M, the covariance matrix G of
Vf is such that

vTGv = E{[(Vif,v)[} = gl (v, v),
for any v € S(T, M).

Vol (f‘l(o)) :/50(f(><))Hfo\|dX
M

(-1y / (Vuf, V)
- Haa(F(x)) A(n, 2b) Hyp | DY/ \/mdv dx
/"” (% 233!@) (% S(TiM) (\/ gf(Vw)) >
- Y Y eean | Hh(f(x)w%( (V.10 )mdvdx
qEN 2(a+b)=q M S S(TxM)

g"(v,v)

so that

~ _ (=1 _ (=) o (-1
O(n,a, b) = Yoy A(n,2b) = 2eavn 5 2 1v/om(2b — 1)l

thus we conclude.



PROOF OF THE CHAOTIC EXPANSION OF |[¢]]|

LEMMA
Let £ € R" be any vector, then

Il =2 [ el

PROOF.
The integral depends only on the norm of £, by rotational invariance,

/ (€, v = €] / lvaldv = [I€ll8(n, 1)
Sn—l Sn—l

where 3(n,1) = 2.
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=2 [ e =" [ B0 TG

° \}% is a unit variance Gaussian variable.
v v

® v~ N(0,1),

(1)1
26-1\/27(2b — 1)b!

V=" c(2b)Han(7),  with ¢, (2b) =
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® setting A(n, q) := 7 ¢,(q) concludes the proof.
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