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&
Error- Correction Problem : Motivation (140s)

WE ARE NOW
WE ARE NOT

->ilyGunner-READY
READY

· Digital Information : Meaning Changes Discontinuously as

function of "distance".

· Need to Protect. What Protests ?

Shannon 148 : Maltumatical Theory of Communication

Hamming50 : Theory of Error - Detecting < Error-buatis

Codes-



Modellingthe Problem

&
Shannon/Random : Channel : maps -E independently

on each use.

Eg "Binary Symmetric Channel" (BSC(E)

o ......... Wp.E
-ta-

1 .
---- -.. Wit

#
Hamming/Advertial : Channel : E

"

-En

adversarially subject to "distance

-En"

Hamming Distance :
Ex+

-(x,y)E #(i) xi + yi3
XX

X. ... Yn Y.... In

S(X,y)) "relativized Hamming distance"

S: x[*+ [0 , 1)



Sintions :

E : E
*
-> &"I injectiveEncoding : lone-to-one)*Dewding : D : E-E

*

Desire : D (Channel (E(m))) = m /Whp·Over
General Intuition : E is "good" if related Code (

is "good" ".

code:Image(E) = EE(m)lmeE3
(c = 2)

LeyParameters :

Rate (CIE) = magelength
Distance (C/E) : O(Emin &* (x ,y)3

x+ y =C

8 (c) Emin [S(X ,y)3
X +ytC

Alphabet=: Extreme [ = 20 , 13 ; 11
= poly(n)



&GORMICPROBLEMS
Usually easy toy choice of E / "We"

choose E)

② Decode D :S +&
*

· Guarantee expected : if ((E(m) ,
x) = e

then D(X) = m

· Need to assume & < DE.
(why?)

· if we asoume e<Ethi on unique

(why ? )
L

③ ListDecode D : En +(EP)
· Expected Guarantee :&(E(m) , X) = e

=> me D(X) .

· D computable in poly(a) time-> L- polyla
· Hope esX) ! maybe even>



Zaten:Distancea 1
,
0 = S()2)

higher R ,
8 nicer.

n
- R ->

-ngtonBound LigeonholePrinciplek +↓(E) n + 1

EXC R(C) + S(c) = 1 + i

Proof : Let it : E
"
-[

*

"send (X ... Xn)# (X . . . Yu-1)

Then ToE : [P + &R+
not injective

=> Ex+ ye & st . H(E(x)) = π(E(y))

=>E EM
,
ElyIEC St D(E(x) ,

E(y)) = n-(R-



Zaten:Distancea 1
,
0 = S()2)

higher R ,
8 nicer.

n
- R ->

-ngtonBound LigeonholePrinciplek +↓(E) n + 1

EXC R(C) + S(c) = 1 + i

Proof : Let it : E
"
-[

*

"send (X ... Xn)# (X . . . Yu-1)

Then ToE : [P + &R+
not injective

=> Ex+ ye & st . H(E(x)) = π(E(y))

=>E EM
,
ElyIEC St D(E(x) ,

E(y)) = n-(R-



&

Need-Solomon Codes :

E Fg finite field with g elements

Parameters : &In q
G
... En distinct GitFy

Message= on = (Mo, . . . Mr) E Fg
Equated with M(x) = Emixi

n

Encoding : (MK1), . .
. . M(n) E FFg

Distance : deg R-1 non-zero poly has at most

R-1 roots

=> X(Reed · Solomon) > n-k+ 1

matches" Singleton !!

Turning: 93n



Smaller9 ?

① Existence: ECY JR>O X large n

7 E : 50 ,
13= 30 ,13

St . ELR, S(E) = E

R = 1 - H(E) ; H(l = Elog E + Heslogite

Proof : Pick E at random...

② E
,
D as above computable in time (2")

S Proof : Pich E(x) = T. X

for random Toeplitz cratrix.

③Can combine "concatenate" Reed-Solomon + 2
above to get polytime E ,

D.

wil Rate
,
6 > 0.



Loncatenation : View Fq = 201 t= log, 9
n

· Rs code : E : Ee0t3
*

-> [201373
- t4 Its Et -

11- >

-
· "Inner" Code : Ein : EQ13E 30 , 132 Ein

(from Q) 7 ...D
1

· Combined "Concatenated" Code

Ecoms (Mo . . .
. Mry) = Einly) , Ein (12) ... Ein(yn)

where (y.
... ya) = Eps(Mo ... Mr -)

· Lemma : S(Ecomi) = SIEs) · SlEin)
.#(Esmi) = RIERs) . R(Ein)

EXERCISE

Moral : Codes over q: no good enough for us.



#Distanceus. Error-correction

Prop [Humming] : Code of distance 8 corrects

#Que Siz fruction adversarial errors
DECODING

#by picturein da ((x ,z) + S(z , y)

I -=

i
&

A

C=
Elm')

&

But.... unique decoding not the right objective !



Aist-decoding

· In English : Let dewder output small list of codewords.

"Success" E List includes transmitted codeword.

· Math : E : ER-E"

D : E" + ([R]he set of size L

#kinddabhi-me D(y).

Algorithmic : if E ,
D polytime computable.



Limits of Error-correction
-

Thihistdeodiscunique
decoding

⑧

00
-R-1



List-Decodingof Reed Solomon Codes

Given : R
,
K

, Eg ,
< . ... An

,
e

B . . . . Br

Output : All polynomials p s . t - deg(p)< R

· (Gi/Bi = p(xi)3) > (l-E) n

[c > z ?]

Algorithm : I . find &(x ,y) 0 St . degQ < In

Q(x ,y) = Esexye dayQ in

&Ki , Bil =0 i

II · Factor Q( , y) a report all pst.

y-p(x)/Q(x ,y)

Lemma 1 : Such Q always exists
-

Lemma 2 : if (Ei/p(i) =BiSk 2Rm
-

=> y -P(x)/Q(x , y)

solves problem if <1-2



·Can improve to E < 1 - Af by better

parameters

· an improve to <1- by more

careful design of Q . [S.97]

· Can improve to E < 1- with much

more ideas. [Gurnswami + S. 195]

A

Limit
↑- &:Xuunique-L

- R ->



#extLecturee07E Sit

E is (E
,
Polyi)) - List-decodable

& RatelE) > I-E-S .

A

Limit

:unique- &

- R ->



#LGEBRAIN ALGORITHMIC CODING THEORY-2
#

Rall :

Aist-decoding

· In English : Let dewder output small list of codewords.

"Success" E List includes transmitted codeword.

· Math : E : ER-E"

D : E" + ([R]he set of size L

Code E is (E , 2) - list-decodable if JD

↓ m
, y sit 6) (E(m) ,y) -

me D(y). :I
- R -

Algorithmic : if E ,
D polytime computable.

TODAY : E : -sh
121=q = n5

# 70
,

87E Sit

E is (E
,
poly(n)) - List-decodable

& RatelE) > I-E-S .



AsideBriefHistoraKiayias , Yung : Crypto scheme
↑ attack

⑦ Coppersmith ,
Sudan : Stronger attack

&avaresh ,Vardy : Novel Coding

⑭Gurnswami,
Rudra : Key Optimization

⑤ Salil Vadhan : reminder of BKY

⑥ Guruswami-Wang : Simpler proof,
more general construction



Thelodes : Folded Reed-Solomon Codes

Message = PmE #q = [x]

polys* of deg<
Parameters : UEFqi Ci .. GnE#q ; Integer my o

& Li3's all distinct

Encoding
-

Pia, ... P(UG), ..........PN)

E: -(E) 2=

↳ FE

Lemma : Can decode from
non-enors provided L ... In distinct a

order 2 large.



↳emm More
a

correction=+R)-m
[m = 5]

Oops ?

Ex : Start with FRSn,,r ,m = 100 . m

m
&

j &· 887

·
am n

k = same

- Fraction of errors = same

non

- # error corrected = (mR+=As
~ Ra + Sn



Lemma : Can decode from
non-enors provided L ... In distinct a

order 2 large.

Problem Given R
,
n-.
:
-

g
,
2.... Lu

4)

Bi B
:

pim ... pin

&put all p
,
deg pare

,

sit.

(Ei(vim] p(ridi)
= B 3k,ma
un

D

#nitmFind Q ,Y ...Ym) 0 St . QiB-B) = 0
Vi

Q (xi... Ym) = Ao(x) + Y, A , (x) +.. YmAm(X)

degArD ; degAiD-k

It . Find all p(x) s . t .

& (X , P(X) , P(uX) , ... Plumx)) = 0



Analysis
as required in StepI exists

Pf : #degrees of freedom = D + m (D-R) > n

2. O can be found algorithmically
Pf linear system

3. X Q found in Step 1 , if ip is a solution then

Q (X ,
P(X)

,
P(uX) , ... P(um "x)) = 0

If : let R(x) = Q(x
,
P(X), ... P(um"x))

ii) Day RE D

(ii) - i st . (p ... B) = (P(i) ,
Pludi)-- P(r)

R(xi) = 0
#

(iii) = R= 0 .

4. Can find all p st. Q(X
,
P(X)

,
.. PN

*

"x)) = 0

Pf : Solve Linear System ! P(x)
= Co + <X+. .X+

5. # such P small ? Dimension of linear System
Small ?



Welviewo5 abo
-C + 4X + -- Ex

*

·miB(r?) I
order (8) > k

(ii) M upper triangular 3008' ... ju-1} distinct

Captures condition Q(X
,
P(x)

,
... ) = 0 (mod X")

*f(x) (Q(X ,
Y
. .
. Ym)

(iii) Diagonal entries of M

· of the form Blu
,
B(r)

,
...

B(UP)

deg B = M
-

· Can ensure BO

(iv)# solution I am #



Summary : have show

· 80, O # sufflarge n Eq ,

L = poly(n)

· we E: with-
that is (E , L)- List-decodable.

· Proof is algorithmic !

· Improvements :

· q
= 01) : (Gurewami , Rudra] + [Gurnsman ;

- Indyk]

· L = 01) : [Kopparty ,
Ron Zewi

,

Sarat
,Wooters]



List-recoverability
BicE

Dial.
· (Pm
↓ channel

Usual List-Decoding (

...(

List. Recovery

...ForE
-

↓ Y U

B , Pc & - -- Bu

As long as # errors in list-recovery sense

for every 1 ,
6s solve (E ,

C
,2) Lut- recovery with

rale 1-E-f alphabet grows with 8, 1 .



NextLectures :

LocalCoolingHera
is really lange ... We can

encode it all together a benefit from
scale ; but decoding time grows with data

size
.

Is this necessary ?

- Local Coding Theory : Explores algorithms
that can recover any one bit of message

withfewndomizedquer.



ALGEBRAIN ALGORITHMIC CODING THEORY -3

CODES
-

#DECODABLEAif 7 Decoder D S .t V X s .7 . & (X ,
Elm) < E

· Vie [R] Pr[D(i) = mijz
to X

.· D only makesI queries

TimeliImm
Elm)-
Noisy channel

-
- -

-Er
&

iD-me
(l, E) - LDC : corrects E-fraction error with 1 queries



A Classical Example :Hadamara Code

· H : #* + #

(a ..
. an)- (((x))xe
L(x. . . . Xm) = Yaixi

i = 1

· Maps le bits - 2 bits

· Laim: (2, 4)-LDC
· Prot: Given received word W:

*
-2

· Pader(i) : Pick V = (r .. v)E war

output W/V+e:) -W(v)

· Correctness :
where

P(w() + Sai] < it

v

P[Woutt = ai

- Pr(WIv) = EajUi



#GeneralExample : REED MULLER CODES

· Messages m-variate polynomial of degree v over #q
· Encoding Evaluation on all of FM
· Formally: Let Tam,

& Fa be an interpolating set
-

ie,
a set with the property that for every

function f : Tam ,
r

-> #q F unique polynomial

PeFg[xi- xm] of total deger
,
ind . degree 9

# CE Tamp +(d) = P(d)

· MessageSpace of RM(9
,
m

,
v]= f : Tamir q3
E Fr

· Encoding Erm() = P sit . Pligmin f.

· Facts : if <9 then ITqml = (Mar)

if <9 then
(Exercise toProve this)



LocalDecodability of RM Codes : 19

Ram : RM codes decodable from (1-E) fraction
error wilt q locality

Fa, alt) " LOD

Rod : Lea : - To compute Pla) :

Firich randometecontaining a

univ
. dog r poly.

-Every point on1

(except a) is a uniform

point in FR
- Can recover Plewhp

& interpolate to get

Pla) .



&it more formally (SIfip)=P]

PROBLEM : GivenOquery access to f:- #q St . 7

PeFq
*

[x ..Xm] s . S(f ,P) = E

② a i
Qput : P(a) (with probability (2)

(3, 2)

Algorithm Dt(a) :Pick TunitoreEart
② Define g(t) * lartb)-

queries
line

③ Compute herT] st
S19

,
h) = 3E

⑭Output
Correctness Claims Ple() = P(a+T. d)
-

① Pr[S(g , Ple) > 3)=
b

② Sla,ple) = Be bell-E) = Ple = h

③ Ple(o) = P(a)



Proofs :

①+ + = Algorithm correct !!

#rot of B : obvious by definitions : Ple(T) = Pla+Tb) =Pelo)=P()

#root d : Spe
,
h) = S(Ple

, g) + 81g ,h)

= G(Ple
, g) + S1g

, Ple) In minimizeh)
among E

*
[+]]

= GE 1-va
But Ple

,
he*] => S(Pe

,
h) < 1-1 or Ple= hi

-ProofD:Fi Unit
I a

b

I J = E

=> [
=> Pr[P(f(a + ob) = Pla+b. b], 3t]= (Averaging)

b

() P(P(g(0) = Ple(t)) = 3) = E

P(f(g ,Pe) 3E]= ⑪



Wherewe are ("were" in 2010)

· Can we v= 0(l) = m + 2 ; q = r+

↳ m = mer

n = q = exp(k") ; e= q- 1 =
r

-exp(memti
· Can me m = 0(1) = V-&; 9=

bm
Im

euqn

⑫ms) ; l = nimt
· One more setting: m = 0 ) : v= Ollog

q= 2u

Fieldse = 0(l5k)

Bottomline : No olk) locality unles<



2010 Breakthrough : [Kopparty Saraf Yekhanin]

-MultiplicityCodes" : will do special are to motivede

· for Poly PIX
,
Y) = #qIX ,Y]

,

at 4x =G
c Py=

· (m =2
,

S= 2 special case)

· messages : P(XX)E#q(X ,Y]
,
degPIr < 29

· Encoding : PH (Plaik) ,
Pxlaid)

,
Pylnk)
lang

2

-

Code : H (3)
· DistanceE Multiplicity Distance Lemma

Def: (a,b) - zero of multiplicity & If
-

(P ,P ,
Py)(a , b) = 10

,
0 ,0)

- zero of multiplicity 1 If Plab)=0
.

otherwise

mult (a ,
b) = 0 if plad) 0

= i if (b) is a zero of mult .

I of
P
.



#plicityDishnhemma : if PEX

[mult(a) = V . qm.
e F

=> S(Mult-Codemens=2) 1-(
--

Local-dending: Similar idea to before ; Given F
, Ex ,fy

-ecoverPlaib) : · Pick C , de Eq hair .

· g(+)E f(a+ cT
,
b+bt) : P(() =Plant,b+dT)

· g(+) = c . fylarct ,
b +di)

+ d . fy (arcT ,
b+di)

· Find h()E] that minimizes

S(hin')
,
(g .g)) ·

· Output h(0) .

recovering Px(a,b)
,
Py(a ,

b) : Similar

- first find c. Pylad) + d . Py(ab) Ycombine
... ten c

. Py(a ,b) + d . Py(ak)



Analysis :
Similar to Reed Muller

+ Derivatives.

-erformance : Can set V= (l-5) 29 ·

will set f= 0

to simplify

· k = (N+2) 29
expressions.

· n

=Big+↑
· locality O(q) =O()

-
Can improve further by taking higher order derivatives

=> R= -> 1 ; locality - OITE)

-
En improve even further by taking more variables

=> R+ 1 ; locality- Olk
* )

Thm(KSY 2010 : FG ,B>07830 st .JMultiplicity codes

with R= 21-C, that are (nP ,
6) - LDC



Stableof the art : [Kopparty ,

Meir
,

Ron-Zewi
,Sarat]

RECO1]
,

#230 7 codes of Rate R,

correctible from (1)-fractionarrow with locality

zlin) ,

O

~dea : More multiplicity + graph-Heoretic implifications)

NextLecture : Oll)-locality codes.



ALGEBRAIN ALGORITHMIC CODING THEORY -3
#

Today : Local Codes with 011) Locality

&PIR Schemes .

-

Recall : LDCs
↓ E-

-Elm)
33 Noisy channel

↑
iCE-D- Me

Ei is 1,6) - locally decodable code (LDC)
it F D Sit . #X St . D(X

,
Elm)E. U

,
Xi

,

PrIDYi) = mic D makes & queries to X.



-PRScheSe Sa
o l-servers ;

· User(i) : sends = (bits to each server

receives <C bits from each server.

recover f(i)
· Y server : distribution of message received ind of i

[i is private]

-x-

LDC is uniform if Vick
,
each query of decoder D(i)

-

is marginally uniform on [n]

Facts : · LDCs we know are uniform

· Uniform LDCs => PR schemes.

suppose E : Sol+ (2) is uniform (1 , 211)) - LDSC.

Im PR scheme for f: [K] + 30 , 13 is as follows.

Given i : let 9 · %e be queries of D(i).

Send 9 : + Server ; (log N bits ner-server)

Server sends ECt)g + User (log& bits Servet user)



Best known PIR schemes
-

· Based on RM Codes : C-server => K
+ derivatives communication

·Some improvements : e-server => kole)

·(2006-2008] (Yekhanin . Efremenko]

3-query LDC with exp(i) = k
: (1)

( = 3-server PIR) communication .

· [2015] (Dviv-Gopi)

2-server LDC with exp(rk) comm

Tay : Proof via [Ghasemi ,Kopparty ,
S.24].



HeyIngredient
: Matching Vectora

form s-matching vectors

t for S & Em if
i

: Em
① is <Vi

,
Vi)ES

Uk V ② (Vi ,Vi) = 0

# i= j

Example: S= 20 , 13
,

m = prime

then t> K= [matrix M with Mij = [Ui
,
Vi) is

almost full varite]

② S general m = prime

t kYm-1 [Exercise]

(shocking) Theorem : [Beiget Barrington Rudich] [Grolmus=]
if m = Pq (distinct prime) then can make

to exp(Ologi))



MatchingVed S ... f(k)

& matching rectorsU11) . .·(k) E Em
*

V (1) ...V(k) EZm

-
Pick Eg so that it has wit root of unity W

- Notation: XU(i) @ y Vli) , xUil· xOil
Given B = (p·PLE Ent let WB = (wi--

,

wBt)

- Encoding of f = [F(wB)] t
N=mt

BEEmK

where F(x) = F(X ...Xz) = Ef(i) yosil
i= 1

-Dedintrecovervarzmt

· Define C(Y) = (B
,
YV , ..., ByVile]

· let R(8) = F(( !0)) - EE1 ,
w

,
- - .
ym13

· Interpolate degree m +1 poly P(y) St . P(O) = R(0)

· Output 1 Iff P(o) + 0
·



-ParameterCheck :

· N = mt ; communication user -> Server logN
=+
= exp(Ngk)

server -> user : logg bits = 0(1)

X

· # servers = m = 0(1) -

[Not as good as Efremento... ]

[Can be improved to 3 using
special properties of S in

[BBR] a notion of

5- interpolating set]

· Correct ?

· 2-Server?



Correctness :

-

MinIdea : for simplicity fix B= 10.. 0) ; so can ignore
wE

① Define G(y) = F(c(y)) -

K <Vli) ,
v(i)7a

integer
= Eti) · Y

inner

j = 1 product

Note : dey G "high" = G(t)

② But we plan to evaluate G on roots of unity.

So really care about

· R(Y) = G(Y) mod(ym-1)
K [U(j)

,
v(i)] mod m

= [f(j) Y
& matching

rector

j= 1 property

= f() .y + SYS·stuft .

SES10]
- deg R M ; weffet yo is what we wants

- Can compute R(O) GE El , W
,

..
wh

=> Can compute R(Y) as polynomial !

[ general po will scale coeft by some non-zero value,

but preserves non-zero-ness.]



2Servers ?

- Idea : Use multiplicities. Say m= 2 . 3

Pick Fig of characteristic 3 Leg.3)

- Notice (Y* 1) = (Y= 13 = (4-1)
3

(y+ 1) 3
in #LY] .

- First server asked for enough information as to

33 compute R(Y) mod ( +1)

I
- second server ...

R(Y) mod <Y-13·

=> together R(Y).

How?: Ask for all first a second deviatives of FL)

at 2()



ObenQuestions

- Can we get 2-server PR with polylogk comm?

- Can we rule it out ?
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