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X
‘Mse problem y

y=F(x)+e

Goal. Estimate the brain’s electromagnetic activity from its magnetic field!2
Challenge. Resulting inverse problem y = F(x) + e is ill-posed

Belief. x€ R" is sparse  — min[ IF(x)-yll + AR(x) }, R(x) = ||x/l1
2 ——— ~——
data fidelity regularization

1 Telenczuk et al., “RAMP: predicting the neural origin of magnetic signals,” 2025

2Calvetti et al., “A hierarchical Krylov—Bayes iterative inverse solver for MEG with physiological preconditioning,” 2015



* Treat the observations y and parameters x as random variables

* Goal: Explore the posterior x|y, given by Bayes’ theorem as
¥ (x) oc ;) 7°(x)
e The likelihood f(x;y) is a probabilistic versions of the data fidelity term

e The prior no(x) is a probabilistic versions of the regularization term

3Stuart, “Inverse problems: a Bayesian perspective,” 2010

4Calvetti & Somersalo, “Bayesian Scientific Computing,” 2023 2



Sparse Bayesian learning (SBL) priors:2?

(joint prior) n%(x,8) = 7°(x|6) 7°(6),

(cond. prior) n0(x|0) = ]_IN(X,'|0, 0:),

(hyper-prior) n%(6) = Hgg(9i|r,ﬁ,8)

ATipping, “Sparse Bayesian learning and the relevance vector machine,” 2001

bcatvetti et al., “Sparse reconstructions from few noisy data,” 2020
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Sparse Bayesian learning (SBL) priors:2?
(joint prior) n%(x,8) = 7°(x|6) 7°(6),
(cond. prior) n0(x|0) = I_IN(X,-|O, 0:), Zos
i
(hyper-prior) (@)= |g66ilr.5,9)
i 0.0
—04
Intuition: b a
* GG makes 9, ~ 0 likely, while allowing for outliers :
e If6; ~ 0, then x,.2 ~ 0 is most likely ;
%0.5 j
* If 6; is outlier (6; > 0), x,-2 > 0 becomes more likely j
H
0.0 :

ATipping, “Sparse Bayesian learning and the relevance vector machine,” 2001

bcalvetti et al., “Sparse reconstructions from few noisy data,” 2020



Goal. Probe posterior 7 (x, 8) o« f(x;y) t%(x, 8) using MCMC

Challenges for SBL.? 0.015]
(i) multi-modal
(ii) strong correlation between x and 6 >
>
(iii) high-dimensional 0.005]
0.000

0.0

ACalvetti & Somersalo, “Computationally efficient sampling methods
for sparsity promoting hierarchical Bayesian models,” 2024
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Idea. Transform the SBL prior t%(x, 8) into a standard normal one ¢°(u, 7)

Need. S : (x,0) — (u,7) s.t. (u, ) follows ¢° whenever (x, 8) follows 7°




Idea. Transform the SBL prior t%(x, 8) into a standard normal one ¢°(u, 7)

Need. S : (x,0) — (u,7) s.t. (u, ) follows ¢° whenever (x, 8) follows 7°

Get. Simpler “prior-normalized” posterior

(0,0 = (S)(w7) = S0, 2y) %0, 2)
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Product-like form.
n s1(x1,61)
n%(x,0) = | [N(x10,6)GG(6ilr,B,9) = S(x,0)=

= Sn(an 6”)

with s; : (x;,0;) = (u;, T;) transforming N (x;|0,8;) GG (6;|r, B, 9) into N (05, 15)



Product-like form.
n s1(x1,61)
79(x, ) = ]_[N(x,.|o, 6,)GG(6;Ir, B,8) = S(x,0) =
=1 Sn(an en)

with s; : (x;,0;) — (u;, T;) transforming N (x;|0, 8;) GG(6;|r, B, 9) into N (05, 15)
Knothe-Rosenblatt (KR) rearrangements.
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Goal. Recover n = 128 nodal values from m = 22 noisy blurry observations:

y=Fx+e where |[Lx];=x;;1 —xissparse

e0o0
o0
X
-0.5 ®
-1.0 —— true signal
@ observational data
0.00 0.25 0.50 0.75 1.00

Compare. AM sampler applied to original and prior-normalized posterior



Setup. r = 1, J = 6 chains, 10’ samples, MAP initialization

2
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Setup. r = —1, J = 6 chains, 10’ samples, MAP initialization
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e | g
kit 3 )
E £ £
—— : | S
A l i |
0.00 0.25 0.50 0.75 1.00
t
true signal
-
A |
0.00 0.25 0.75 1.00

------ true signal
- X -t A
) l
t Ty,
E t
s P Y,
‘ Il |
0.00 0.25 0.75 1.00




x[22]

1.0 AR EE - 1.0 »
b . T
) = = ala (]
.
0.5 5 - 0.5
" t
- m
0.0} metug-tasd” = 0.0
-0.5
=050 [ true signal E J ------ true signal
—— sample 1 1.0 o —— sample 1
1.0 —— sample 3334 T —— sample 3334
. —— sample 6667 h —— sample 6667
H —— sample 10000 -1.5 —— sample 10000
nas
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
t t
1.000
0.975
0.950
0.925
0.900
0.875
0 2.50x10° 5.00x10° 7.50x10° 1.00x107 0 2.50x10° 5.00x10° 7.50x10° 1.00x107
Iterations Iterations

10



Setup. r = -1, J = 6 chains, 107 samples, random initialization
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Burgers’ equation. d,u(x, t)+ dyu(x, t)> = 0 with u(x,0) = ug(x)
Goal. Recover ug at n = 100 points from m = 20 noisy solution observations:

b=F(u)+e where [Lu];=uj;—uy;issparse
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Setup. r=-1, J =1 chain, 107/ samples, random initialization
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Goal. Recover 20 x 20 impulse image from its noisy DCT:

y=Fx+e where xissparse
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Compare. Original posterior (Gibbs sampler, 10° samples, ~ 20m runtime) vs

prior-normalized posterior (ESS, 104, ~ 3m runtime) "



STATISTICS

Original (left) vs prior-normalized (right) posterior
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Takeaways.

* We propose hierarchical prior-normalization
* Yields significant improvements

e Can be done analytically

Outlook.

e Generally applies to scale-mixtures-of-normal priors
e Combine with geometry-exploiting samplers

e Group/joint-sparsity

16



The End

Thank You!

jan.glaubitz@liu.se

For more details:
Glaubitz and Marzouk. “Efficient sampling for sparse Bayesian learning using
hierarchical prior normalization.” arXiv preprint arXiv:2505.23753 (2025)
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