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Experimental Errors

Parameter Uncertainty
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Figure 2: Patient 6 CD4+ T-cell and viral load data, including censor points (lines at L̄1 =
400, L̄2 = 50) for viral load, and periods of on-therapy (solid lines on axis) and periods of oÆ-
therapy (dashed line on axis).

Of the 45 patients considered in this paper, sixteen (those numbered 2, 4, 5, 6, 9, 10, 13, 14, 15,
23, 24, 26, 27, 33, 46, and 47) spend 30–70% time oÆ treatment. Of these only patients 9, 15, and
47 do not spend appreciable time oÆ treatment during the early half of their observation period.

Due to the linear range limits described above, the clinical viral load assays eÆectively have
lower and upper limits of quantification. The upper limit is typically readily handled by repeatedly
diluting the sample until the resulting viral load measurement is in range and then scaling. The
lower limit, or left censoring point, however, directly influences the observed data. When a data
point is left-censored (below the lower limit of quantification), the only available knowledge is that
the true measurement is between zero and the limit of quantification L̄? for the assay. Those at
hand have two limits of quantification, L̄1 = 400 copies/ml for the standard and L̄2 = 50 copies/ml
for the ultra-sensitive assay. These are illustrated in sample data from patient 6 shown in Figure
2, where censored data points are those appearing identically on the horizontal censoring lines
L̄1 = 400, L̄2 = 50. A statistical methodology for handling this type of censored data is described
below in Section 3.2.

The observation times and intervals vary substantially between patients. The sample data in
Figure 2 also reveal that observations of viral load and CD4 may not have been made at the
same time points, so in general for patient number j we have CD4+ T-cell data pairs (tij1 , yij

1 ), i =
1, . . . , N j

1 and (potentially diÆerent) viral RNA data pairs (tij2 , yij
2 ), i = 1, . . . , N j

2 .
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Essentially, all models are wrong, but some are useful, George E.P. Box, 
Industrial Statistician
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Figure 2: Patient 6 CD4+ T-cell and viral load data, including censor points (lines at L̄1 =
400, L̄2 = 50) for viral load, and periods of on-therapy (solid lines on axis) and periods of oÆ-
therapy (dashed line on axis).

Of the 45 patients considered in this paper, sixteen (those numbered 2, 4, 5, 6, 9, 10, 13, 14, 15,
23, 24, 26, 27, 33, 46, and 47) spend 30–70% time oÆ treatment. Of these only patients 9, 15, and
47 do not spend appreciable time oÆ treatment during the early half of their observation period.

Due to the linear range limits described above, the clinical viral load assays eÆectively have
lower and upper limits of quantification. The upper limit is typically readily handled by repeatedly
diluting the sample until the resulting viral load measurement is in range and then scaling. The
lower limit, or left censoring point, however, directly influences the observed data. When a data
point is left-censored (below the lower limit of quantification), the only available knowledge is that
the true measurement is between zero and the limit of quantification L̄? for the assay. Those at
hand have two limits of quantification, L̄1 = 400 copies/ml for the standard and L̄2 = 50 copies/ml
for the ultra-sensitive assay. These are illustrated in sample data from patient 6 shown in Figure
2, where censored data points are those appearing identically on the horizontal censoring lines
L̄1 = 400, L̄2 = 50. A statistical methodology for handling this type of censored data is described
below in Section 3.2.

The observation times and intervals vary substantially between patients. The sample data in
Figure 2 also reveal that observations of viral load and CD4 may not have been made at the
same time points, so in general for patient number j we have CD4+ T-cell data pairs (tij1 , yij

1 ), i =
1, . . . , N j

1 and (potentially diÆerent) viral RNA data pairs (tij2 , yij
2 ), i = 1, . . . , N j
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Example 1: SIR Model for Disease Dynamics
SIR Model: Population N

Note:

Parameters:
Response:

dS
dt

= �N - �S - �kIS , S(0) = S0

dI
dt

= �kIS - (r + �)I , I(0) = I0

dR
dt

= rI - �R , R(0) = R0

• �: Infection coefficient
• k : Interaction coefficient
• r : Recovery rate
• �: Birth/death rate

Goal: Use sensitivity or identifiability analysis to isolate subset of 
influential or identifiable parameters 

Typical Realization

y =

Z 5

0
R(t , ✓)dt

<latexit sha1_base64="ZzNcQhZHFJ/HdWpVFeg+Uletnn4="></latexit>

Parameters ✓ = [�, k , r , �] not uniquely determined by data y
<latexit sha1_base64="vsByyPErYzLEaNU1I7m65efN8gc="></latexit>
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SIR Model for Disease Dynamics
SIR Model: Population N

Note:

Parameters:
Response:

dS
dt

= �N - �S - �kIS , S(0) = S0

dI
dt

= �kIS - (r + �)I , I(0) = I0

dR
dt

= rI - �R , R(0) = R0

• �: Infection coefficient
• k : Interaction coefficient
• r : Recovery rate
• �: Birth/death rate

Uncertainty Quantification Goal: Predict I(t) with prediction intervals

y =

Z 5

0
R(t , ✓)dt

<latexit sha1_base64="ZzNcQhZHFJ/HdWpVFeg+Uletnn4="></latexit>

Parameters ✓ = [�, k , r , �] not uniquely determined by data y
<latexit sha1_base64="vsByyPErYzLEaNU1I7m65efN8gc="></latexit>



Example 2: Minimal PBPK Model for Brain
Model: Minimal Physiologically-Based Pharmacokinetic (mPBPK) of brain 
for antibody therapeutics [Bloomingdale, Bakshi, Maass, et al., 2021]

Note:

• 16 ODE

• 31 Parameters

Objective: Isolate parameters that are informed by concentrations of interest

Current Research:
• Digital Twins

• Virtual Populations



Minimal PBPK Model for Brain
Representative Differential Equation:

Note: C is antibody 
concentration

VP
dCP

dt
= (QT - LT )CTV + (QB - LB)CBV + (LT + LB) · CL - QT CP - QBCP

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

CP : Plasma
CTV : Tissue Vascular
CBV : Brain Vascular
CL: Lymph

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Parameters: 
QT : Tissue Blood flow
QB : Brain blood flow
LT : Tissue lymphatic flow
LB : Brain lymphatic flow

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Example 3: HIV Model to Guide Treatment Regimes
HIV Model: 7 coupled differential equations

Compartments: 

Note: 21 parameters 
Reference: B.M. Adams, H.T. Banks, 
M. Davidian and E.S. Rosenberg, 
”Model fitting and prediction with HIV 
treatment interruption data,” Bulletin of 
Mathematical Biology, 69(2), pp. 563-
584, 2007.

dT1

dt
= �1 - d1T1 - (1 - "1)k1VIT1

<latexit sha1_base64="ev3zEH0WtIzLR0q81yF9xjaLSho="></latexit>

E.g., 

Note: Similar differential equations for 

T2(t), T ⇤
1 (t), T ⇤

2 (t), VI(t), VNI(t), E(t)
<latexit sha1_base64="3uzKOkozr98YPMzsAvvRuDiGc1Q="></latexit>
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Model for Characterization and Treatment Regimes
Model: Several sources of uncertainty including viral measurement techniques
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Figure 2: Patient 6 CD4+ T-cell and viral load data, including censor points (lines at L̄1 =
400, L̄2 = 50) for viral load, and periods of on-therapy (solid lines on axis) and periods of oÆ-
therapy (dashed line on axis).

Of the 45 patients considered in this paper, sixteen (those numbered 2, 4, 5, 6, 9, 10, 13, 14, 15,
23, 24, 26, 27, 33, 46, and 47) spend 30–70% time oÆ treatment. Of these only patients 9, 15, and
47 do not spend appreciable time oÆ treatment during the early half of their observation period.

Due to the linear range limits described above, the clinical viral load assays eÆectively have
lower and upper limits of quantification. The upper limit is typically readily handled by repeatedly
diluting the sample until the resulting viral load measurement is in range and then scaling. The
lower limit, or left censoring point, however, directly influences the observed data. When a data
point is left-censored (below the lower limit of quantification), the only available knowledge is that
the true measurement is between zero and the limit of quantification L̄? for the assay. Those at
hand have two limits of quantification, L̄1 = 400 copies/ml for the standard and L̄2 = 50 copies/ml
for the ultra-sensitive assay. These are illustrated in sample data from patient 6 shown in Figure
2, where censored data points are those appearing identically on the horizontal censoring lines
L̄1 = 400, L̄2 = 50. A statistical methodology for handling this type of censored data is described
below in Section 3.2.

The observation times and intervals vary substantially between patients. The sample data in
Figure 2 also reveal that observations of viral load and CD4 may not have been made at the
same time points, so in general for patient number j we have CD4+ T-cell data pairs (tij1 , yij

1 ), i =
1, . . . , N j

1 and (potentially diÆerent) viral RNA data pairs (tij2 , yij
2 ), i = 1, . . . , N j

2 .

6

Example: Upper and lower limits to assay sensitivity 

UQ Questions: 
• What are uncertainties in parameters which cannot be directly measured?

• What is optimal treatment regime which is “safe” for patient?

• What is expected viral load? Issue: very often requires high-dimensional integration!

• e.g., 

E[V (t)] =
Z

R21
V (t , ✓)⇢(✓)d✓

<latexit sha1_base64="4i0C+nD//C1iKqKSJarj+/NtYus="></latexit>
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Predictive Science
Components: All involve uncertainty and errors 

• Experiments
• Models
• Simulations

• Essentially, all models are wrong, but some are useful, George E.P. Box, Industrial 
Statistician.

• Experimental results are believed by everyone, except for the person who ran the 
experiment, source anonymous, quoted by Max Gunzburger, Florida State University. 

• Computational results are believed by no one, except the person who wrote the code, 
source anonymous, quoted by Max Gunzburger, Florida State University.

• I have always done uncertainty quantification.  The difference now is that it is 
capitalized. Bill Browning, Applied Mathematics Incorporated.



Steps in Uncertainty Quantification for Large-Scale Models

Note: Uncertainty quantification requires synergy between mathematics, statistics, 
engineering, and sciences

Input Representation

Surrogate Models

Stochastic Spectral Methods

Sparse Grids

Model Discrepancy

Local Sensitivity Analysis Global Sensitivity Analysis

Sparse Grids Model Calibration

Uncertainty Propagation

Parameter Selection
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Sensitivity Analysis: Motivation
Example: Linear constitutive relation

Nominal Values:

� = Ee + c
de
dt

Local Sensitivity Analysis:

Question: To which parameter E or c is stress most sensitive?

Conclusion: Model 
most sensitive to 
damping parameter c 

@�

@E
= e = 0.001

@�

@c
=

de
dt

= 0.1

E = 100 , c = 0.1

e = 0.001 ,
de
dt

= 0.1

�
(M

Pa
)

e

Limitations: 
• Does not accommodate potential uncertainty in 

parameters.
• Does not accommodate potential correlation 

between parameters.

• Sensitive to units and magnitudes of parameters.



Global Sensitivity Analysis
Example: Linear constitutive relation

Nominal Values:

Local Sensitivities:

Uncertainty: 10% of nominal values

Global Sensitivity: E is more influential

� = Ee + c
de
dt

E = 100, c = 0.1

@�

@E
= e = 0.001

@�

@c
=

de
dt

= 0.1

E ⇠ U(90, 110) , c ⇠ U(0.09, 0.11)

12



Variance-Based Methods
Sobol Representation:

Take

Here

Analogy: Taylor or Fourier series

For now, take Qi ⇠ U(0, 1) and � = [0, 1]p

f0 =

Z

�
f (q)dq

fi(qi) =

Z

�p-1
f (q)dq⇠i - f0

Variances:

Sobol Indices:

Statistical Interpretation: 

Di =

Z 1

0
f 2
i (qi)dqi

D = var(Y )

Si =
Di

D
Di = var[E(Y |qi)] ) Si =

var[E(Y |qi)]

var(Y )

Y = f (q) = f0 +
pX

i=1

fi(qi) +
X

16i<j6p

fij(qi , qj)
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Global Sensitivity Analysis: Analysis of Variance
Sobol’ Representation: Y = f (q)

f (q) = f0 +
pX

i=1

fi(qi) +
X

i6i<j6p

fij(qi , qj) + · · ·+ f12···p(q1, ... , qp)

= f0 +
pX

i=1

X

|u|=i

fu(qu)

Typical Assumption:  q1, q2, ... , qp independent. Then
Z

�
fu(qu)fv (qv )⇢(q)dq = 0 for u 6= v

) var[f (q)] =
pX

i=1

X

|u|=i

var[fu(qu)]

Su =
var[fu(qu)]

var[f (q)]
, Tu =

X

v✓u

Sv

Sobol’ Indices:  

Note: Magnitude of Su , Tu quantify
<latexit sha1_base64="T7G6AXDaik00Dy8Es2BExyTpmK4="></latexit>

contributions of qu to var[f (q)]
<latexit sha1_base64="qP9e74wDAph6RWe0Cy1RozYdi40="></latexit>
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Global Sensitivity Analysis
Example: Quantum-informed continuum model

Question: Do we use 4th or 6th-order Landau energy?

Parameters:

q = [↵1,↵11,↵111]

Global Sensitivity Analysis:

Conclusion:
↵111 insignificant and can be fixed

 (P, q) = ↵1P2 + ↵11P4 + ↵111P6

↵1 ↵11 ↵111

Sk 0.62 0.39 0.01
Tk 0.66 0.38 0.06
µ⇤

k 0.17 0.07 0.03

Landau energy

Lead Titanate Zirconate (PZT)
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Global Sensitivity Analysis
Example: Quantum-informed continuum model

Question: Do we use 4th or 6th-order Landau energy?

Parameters:

q = [↵1,↵11,↵111]

Global Sensitivity Analysis:

Conclusion:
↵111 insignificant and can be fixed

 (P, q) = ↵1P2 + ↵11P4 + ↵111P6

Problem: We obtain different distributions 
when we perform Bayesian inference with 
fixed non-influential parameters

↵1 ↵11 ↵111

Sk 0.62 0.39 0.01
Tk 0.66 0.38 0.06
µ⇤

k 0.17 0.07 0.03

-420 -380 -340
α1

0

0.05

0.1

All
α1, α11 sampled

650 750 850
α11

0

0.04

0.08

0 75 150
α111

0

0.01

0.02

0.03

16



Global Sensitivity Analysis
Example: Quantum-informed continuum model

Question: Do we use 4th or 6th-order Landau energy?

Parameters:

q = [↵1,↵11,↵111]

Global Sensitivity Analysis:

Problem:
• Parameters correlated

• Cannot fix ↵111

↵11

↵1

Note: Must accommodate correlation

 (P, q) = ↵1P2 + ↵11P4 + ↵111P6

↵
11↵1 ↵11 ↵111

Sk 0.62 0.39 0.01
Tk 0.66 0.38 0.06
µ⇤

k 0.17 0.07 0.03
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Global Sensitivity Analysis: Analysis of Variance
Sobol’ Representation:

One Solution: Take variance to obtain 

f (q) = f0 +
pX

i=1

X

|u|=i

fu(qu)

Sobol’ Indices:

Su =
cov[fu(qu), f (q)]

var[f (q)]

Pros:

• Provides variance decomposition 
that is analogous to independent 
case

Cons:
• Indices can be negative and difficult 

to interpret

• Often difficult to determine underlying 
distribution

• Monte Carlo approximation often 
prohibitively expensive.Alternatives: 

• Parameter subset selection

• Active subspace techniques

• Both accommodate parameter correlation

var[f (q)] =
pX

i=1

X

|u|=i

cov[fu(qu), f (q)]



Parameter Subset Selection -- Motivation
Motivation: SIR model

Parameters:

dS
dt

= �N - �S - �kIS , S(0) = S0

dI
dt

= �kIS - (r + �)I , I(0) = I0

dR
dt

= rI - �R , R(0) = R0

• �: Infection coefficient
• k : Interaction coefficient
• r : Recovery rate
• �: Birth/death rate

Note: Parameters ✓ = [�, k , r , �] not uniquely determined by data
<latexit sha1_base64="OtDYZ3AtzVkN9uMZkEk9YIipRmg="></latexit>

Observation Model:

yi = I(ti , ✓) + "i , i = 1, ... , n
<latexit sha1_base64="UvexNGW0ZA/f33osVbYOkgKmWkg="></latexit>
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Parameter Subset Selection
Motivation: Consider statistical observation model  

Note: Nonidentifiable or noninfluential parameters have minimal influence on f  

Taylor Expansion: Consider  

f (ti ,✓⇤ +�✓) ⇡ f (ti ,✓⇤) +r✓f (ti ,✓⇤) ·�✓
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

J(✓) =
1
n

nX

i=1

[yi - f (ti ,✓)]2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

yi = f (ti , ✓⇤) + "i , i = 1, ... , n
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

about nominal value ✓⇤ and the functional
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

✓⇤
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

✓⇤ +�✓
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Note: Often based on optimization but does not require it; e.g., m-PBPK model 



Parameter Subset Selection – Theoretical Motivation
Taylor Expansion: Consider  

f (ti ,✓⇤ +�✓) ⇡ f (ti ,✓⇤) +r✓f (ti ,✓⇤) ·�✓
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Since yi ⇡ f (ti ,✓⇤),
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J(✓) =
1
n

nX

i=1

[yi - f (ti ,✓)]2
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Strategy:

Scaled Fisher Information Matrix 

• Incorporates parameter 
correlation 

Note:
� ⇡ 0 ) Perturbations J(✓⇤ +�✓) ⇡ 0
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) Nonidentifiable

about nominal value ✓⇤ and the functional
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Sensitivity Matrix

) ST S�✓ = ��✓

) J(✓⇤ +�✓) ⇡ �

n
k�✓k2

2
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Take �✓ to be eigenvector of ST S
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J(✓⇤ +�✓) ⇡ 1
n
[r✓f (ti , ✓⇤) ·�✓]2

=
1
n
�✓T ST S�✓
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Issue: Requires efficient 
gradient approximations



Parameter Subset Selection – Numerical Algorithm
Computational Algorithm:

History: [Reid, Transactions on Automatic Control, 1977]

Example:
dS
dt

= �N - �S - �kIS , S(0) = S0

dI
dt

= �kIS - (r + �)I , I(0) = I0

dR
dt

= rI - �R , R(0) = R0

Parameters:

Result:

✓ = [�,�, k , r ]
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• �, k not jointly identifiable
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Issues:
• Requires efficient gradient approximations

• Identifiable parameters based on threshold

• Local about a nominal value

• rank(ST S) = 3
<latexit sha1_base64="9+3v5KkdEEFPTNplEmEcVmN9SVw="></latexit>

Employ SVD or QR of S rather than eigenvalues of ST S
<latexit sha1_base64="cw8e88lQoW5prXU7mGWPl/c/7AQ="></latexit>

Unidentifiable Subspace: N(S) = N(ST S)
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Parameters ✓ sensitivity identifiable at ✓⇤ if and only if S(✓⇤) is one-to-one
<latexit sha1_base64="J3C5Mi5LgXb6RJtUc+5RvqvuAKg="></latexit>



Complex-Step Derivative Approximation

A Bit of History: Discussed in

• J.N. Lyness and C.B. Moler, SIAM Journal on Numerical Analysis, 1967.

Derivation: For sufficiently smooth f, consider 

f (x + ih) = f (x) + ihf
0(x)-

h
2

2!
f
00(x)- i

h
3

3!
f
(3)(x) + O‘ (h4)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Complex-Step Approximation:  

f
0(x) =

Im[f (x + ih)]

h
+ O‘ (h2)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Example

10-1610-1210-810-4100

Stepsize (h)

10-16

10-12

10-8

10-4

100
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Er
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Forward-Difference
Complex Step
Order h
Order h2

Note:

• Avoids subtractive cancellation; 
e.g., can use h=1e-14!



Role of Threshold Value

Computational Parameter Subset Selection Algorithm:

“book˙UQ˙TIA˙ed2”
2024/2/19
page 177i

i
i

i

i
i

i
i

8.8. Parameter Subset Selection (PSS) 177

Algorithm 8.20 Continued

else

Find index m for which (�m/�1) > b⌘ and (�m+1/�1)  b⌘
a. For smallest eigenvalue �p, determine index j of component in cor-

responding eigenvector vp having largest magnitude. Designate
parameter ✓j as unidentifiable and take L = L [ {j}.

b. Repeat for eigenvalues �p�1  . . .  �m+1 by selecting largest
eigenvector components, which have not previously been selected.

end

Remark 8.21. This algorithm has the theoretical advantage that the computation

of negligible eigenvalues � of bS
T bS directly corresponds to determining parameter

perturbations which yield negligible variations in J(✓⇤ + �✓). However, it is il-

lustrated in [145, 284] that, for certain matrices bS, the computation of bF = bS
T bS

produces a loss in accuracy, which can yield inaccurate values for small eigenvalues.
This can be avoided by computing instead the singular values �i of bS and

noting that theoretically �i =
p
�i. We illustrate this more robust computational

approach in Algorithm 8.22. We note that this algorithm selects identifiable pa-
rameters one-at-a-time. This is in contrast to Algorithm 8.20 which is all-at-once.

Algorithm 8.22 (Computational Parameter Subset Selection).

Inputs: Nominal p⇥ 1 parameter vector ✓⇤, ✓ ⇤
j > 0, and n > p values ti

Output: Subset ✓id ✓ ✓ of identifiable parameters

1. Set threshold 0 < b⌘ ⌧ 1 in the manner noted for Algorithm 8.20.

2. Construct n⇥ p scaled sensitivity matrix bS(✓⇤), which we denote by bS.

3. For k = 1 to p

(i) Set r = p � k + 1. Compute singular value decomposition bS =
U⌃V

T , where the r ⇥ r diagonal matrix ⌃ contains the singular
values �1 � · · · � �r � 0 of bS, and the r ⇥ r orthogonal matrix
V

T contains the right singular vectors.

(ii) If (�r/�1)2 > b⌘, then
Return ✓id = ✓; all parameters are identifiable for threshold b⌘.

else

(a) For singular vector vr 2 V
T , determine index j of compo-

nent with largest magnitude. This specifies least identifiable
parameter.

(b) Remove jth column of bS and ✓j from ✓.

end
end



Parameter Subset Selection for Minimal PBPK Model
Model: Minimal Physiologically-Based Pharmacokinetic (mPBPK) of brain 
for antibody therapeutics [Bloomingdale, Bakshi, Maass, et al., 2021]

Note:

• 16 ODE

• 31 Parameters

Results: Kamala Dadashova, North Carolina State University



Specific Model Responses
Responses: 
• Concentration in Plasma (CP) and Brain ISF (CISF )

<latexit sha1_base64="8hUIB5aOgWovDjpLdsNquyq43RA="></latexit>

Note: Units and/or scaling important! 



Sensitivities for Minimal PBPK Model

Notes:

• Complex-step required modification of two lines of MATLAB code:

            S0_complex = complex(S0,h); S_S0 = imag(Y(:,1))/h

• Accuracy dictated by accuracy of ODE solver

• Significantly easier to code than sensitivity equations!
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Example: Verify by comparing complex-step and sensitivity equations

Note: Complex-Step
Sensitivity Equations
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Parameter Subset Selection for Minimal PBPK Model

Impact of Threshold: Concentration in Plasma

Notes: 

• Important when performing Bayesian inference to quantify parameter 
and response uncertainties;

• Subsets of identifiable parameters differ for other concentrations.

• Tissue volumes: VP , VTE , VTv
<latexit sha1_base64="b3K9F34wbrMffVv/ZQUcU+OP0MA="></latexit>

⌘̂ Values Subsets of Identifiable Parameters

10-6 VP �TV kdeg VTE VTI

10-8 VP �TV kdeg VTE VTI FR �BCSFB

10-10 VP �TV kdeg VTE VTI FR �BCSFB LT �BBB

10-12 VP �TV kdeg VTE VTI FR �BCSFB LT �BBB VTV
<latexit sha1_base64="5yPe4CICPqUP7UA4ycU/+jlGKHU="> UXptQunljy3pD3JWGGsJJ8+GCZOTQnBkzKI9GAKwsiA6LSjS8M8oVFkC7DssRZy2uhr8+1tRoLPbbFMIbsj6vZH4IBHjOfZv/yxum5xt/lY2/XuFTQa9LT1pnGAxoF0IV0Ch9oxvBHMtUr2d2CQYvQ4pt3G/qs0GvVm9/XW4fPV15uFM3+vvOV843z1Gk6PzkvnR2n7XQdb+7P+a/nV+efLP6x5CwtLD0wpnP3ijFfOpVr6dFf6anvvA==</latexit>



Parameter Subset Selection for Minimal PBPK Model

Setting: Considered doses (mg/kg) of 1, 3, 10, 30 100 

Concentration in Plasma: 7 nonidentifiable parameters 

Qualitative Verification:

• Randomly sample all 31 parameters from uniform distribution

• Randomly sample 7 identifiable parameters and fix 24 nonidentifiable

VP , �TV , kdeg , VTE , VTI , FR , �BCSFB
<latexit sha1_base64="CViiqInIPJSpog66On5Nj2rv9og="></latexit>

Results: 

• Response density at t=100

• Note units



Parameter Subset Selection for Minimal PBPK Model

Quantitative Verification: Hypothesis testing using “Energy Statistics”  

Conclusion: Test statistic less than both critical values so we do not 
reject null hypothesis at either 95% or 99% confidence levels 

Null Hypothesis: Two sets of samples come from same distribution 

Reference: G.J. Székely and M.L. Rizzo, The Energy of Data and Distance 
Correlation, CRC Press, 2023.



Steps in Uncertainty Quantification for Large-Scale Models

Note: Uncertainty quantification requires synergy between mathematics, statistics, 
engineering, and sciences
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Bayesian Inference: Motivation

e

Example: Displacement-force relation (Hooke’s Law)

Parameter: Stiffness E

Strategy: Use model fit to data to update prior information 

Prior Information

Information Provided 
by Model and Data

Updated Information

Non-normalized Bayes’ Relation:

ModelData

s
(M

Pa
)si = Eei + "i , i = 1, ... , N

"i ⇠ N(0,�2)

⇡0(E) e-
PN

i=1[si-Eei ]2/2�2 ⇡(E |s)

⇡(E |s) = e-
PN

i=1[si-Eei ]2/2�2
⇡0(E)
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Bayesian Inference
Bayes’ Relation: Specifies posterior in terms of likelihood and prior

Problem: Can require high-dimensional integration

• e.g., m-PBPK Model: p = 31

• One solution: Sampling-based Markov Chain Monte Carlo (MCMC) algorithms

• Current applications: Delayed Rejection Adaptive Metropolis (DRAM) 

• MATLAB, Python, R, Dakota

• Reference: H. Haario, M. Laine, A. Mira and E. Saksman, “DRAM: Efficient 
adaptive MCMC,” Statistics and Computing, 16(4), pp. 339-354, 2006

Posterior 
Distribution

Normalization Constant

Prior Distribution

Likelihood: e-
PN

i=1[si-Eei ]2/2�2

⇡(✓|y) =
p(y |✓)⇡0(✓)R

Rp p(y |✓)⇡0(✓)d✓
<latexit sha1_base64="uFnLguJqricY7zuZeGtoQVX+568="></latexit>

✓ = E
<latexit sha1_base64="9o0Ls2Wk26O9dlaB40sZd05J+N8="></latexit>

y = [s1, ... , sN ]
<latexit sha1_base64="cLVKDBc92aYuF2WcDtQK2T2itZ4="></latexit>
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Bayesian Model Calibration – HIV Example
Verification: Why do we trust results??

• Compare results from different 
algorithms; e.g., DRAM and DREAM

Parameter Chains and Densities: ✓ = [bE , �, d1, k2, �1, Kb]
<latexit sha1_base64="11sE+AmBENXPstNHc68oZllbPCg="></latexit>

Model: First equation
dT1

dt
= �1 - d1T1 - (1 - "1)k1VIT1

<latexit sha1_base64="ev3zEH0WtIzLR0q81yF9xjaLSho="></latexit>
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Propagation of Uncertainty in Models

Response: Immune effector cells

Techniques:

• Sample from parameter densities to 
construct prediction intervals for QoI

• Provides formal validation framework

Samples from Chain Data and Prediction Intervals Data and Prediction Intervals

HIV Model: First equation
dT1

dt
= �1 - d1T1 - (1 - "1)k1VIT1

<latexit sha1_base64="ev3zEH0WtIzLR0q81yF9xjaLSho="></latexit>



Combined role of PSS and Bayesian Inference

⌘̂ Values Parameter Candidates

2.5 ⇥ 10-8 VP �TV kdeg VTE VTI FR

1 ⇥ 10-8 VP �TV kdeg VTE VTI FR �BCSFB

2.5 ⇥ 10-10 VP �TV kdeg VTE VTI FR �BCSFB �BBB

1 ⇥ 10-10 VP �TV kdeg VTE VTI FR �BCSFB �BBB LT

1 ⇥ 10-12 VP �TV kdeg VTE VTI FR �BCSFB �BBB LT VTV
<latexit sha1_base64="LNZ8QnJ0kfd+MaYrXXhbDmMVSrk="></latexit>

Response: Concentration in Plasma

Response: Concentration in Plasma



Combined role of PSS and Bayesian Inference

Set 1:

Result: 

• Algebraic dependence between parameters 

• Differs from statistical dependence

{VP ,�TV , kdeg , VTE , VTI , FR}
<latexit sha1_base64="5BrEbWsVD1N2J1zB7tKzJsXJkJE="></latexit>

⌘̂ = 2.5 ⇥ 10-8
<latexit sha1_base64="liXI0VIB5cfk6pXEV6FeyQrY43I="></latexit>



Refined Parameter Set

Criteria:

• C1: No algebraic relations in joint posterior plots

• C2: Prior distribution informed by likelihood (data and model)

• C3: Chains adequately mix and converge

Response: Concentration in Plasma

⌘̂ Values Refined Parameter Candidates C1 C2 C3 Excluded Parameter

2.5 ⇥ 10-8 VP �TV kdeg VTE VTI FR ⇥ X ⇥ VTE

1 ⇥ 10-8 VP �TV kdeg VTI FR �BCSFB X X X �BCSFB

2.5 ⇥ 10-10 VP �TV kdeg VTI FR �BBB X ⇥ X �BBB

1 ⇥ 10-10 VP �TV kdeg VTI FR LT X ⇥ X LT

1 ⇥ 10-12 VP �TV kdeg VTI FR VTV X X X –
<latexit sha1_base64="NfGZ/N3RTMhX4iOlbCz//+uyb0w="></latexit>



Final Parameter Set
Final Set: ⌘̂ = 1.0 ⇥ 10-12

<latexit sha1_base64="bS3MQ36qEDR/jJzh/o03z5+o5vE="></latexit>

{VP ,�TV , kdeg , VTI , FR, VTV }
<latexit sha1_base64="YAFkZYXw2kYE4YNUsAsCmN+aPfg="></latexit>



Bayesian Inference and Uncertainty Propagation 
m-PBPK Model:
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UQ Application Field: Digital Twins

Early Example: Apollo 13: NASA Mission Control employed spacecraft data to 
update simulation models to inform strategies to bring spacecraft back to earth.

Present Application Areas:
• Semiautonomous nuclear power plant monitoring:  NCSU Nuclear Engineering

• Aerospace/aeronautic health monitoring

• Medical treatment and surgery strategies (NIH)

• See later presentations

Roles of Sensitivity Analysis/Uncertainty Quantification:

• Sensitivity analysis required to determine subsets of influential parameters;

• Experimental design necessary to guide where to collect future data to best 
inform models;

• Uncertainty quantification required to guide design and validation;

• Uncertainty analysis often required to assess risk, increase profits, and 
inform policy.
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UQ Application Field: Virtual Populations

Recent Reference: 
• R. Rao, C.J. Musante and R.J. Allen, ``A quantitative systems pharmacology 

model of the pathophysiology and treatment of COVID-19 predicts optimal timing 
of pharmacological interventions,’’ NPJ Syst Biol Appl., 9(1): 13, 2023.

Example: Minimal PBPK Model

• 16 ODE, 31 Parameters 

Goal: Determine parameter distributions so that distribution for model response 
reflects that of population under consideration

Objective: Employ virtual population to guide:

• Drug discovery

• Develop safe and effective treatment regimes

• Guide clinical decisions and dose selection



4343

UQ Application Field: Virtual Populations

Example: Cheng et al, “Virtual populations for Quantitative Systems Pharmacology 
Models,” in Systems Medicine, 2022.

2 A Brief Introduction to QSP Model Development

There exists a number of different potential mathematical modeling
formalisms for QSP models [7], and QSP models intend to facili-
tate an understanding of a pathophysiological system. However,
not all network-based analyses to identify interaction points for a
pharmacological inhibition, although potentially useful, would
necessarily be described as QSP modeling approaches. As the
name implies, a QSP model intends to capture quantitative out-
comes. QSP models mechanistically describe pathophysiological
processes, model dynamic quantitative physiologic endpoints, and
are used to predict how the dynamics of biomarkers and clinical
endpoints change in response to a pharmacological intervention
[1]. Systems of ordinary differential equations (ODEs) are com-
monly used for QSP modeling, and the VPop examples will focus
on application with ODE models.

Determining the scale of a QSP model is an important step in
planning its development, and scale can vary significantly depend-
ing on the scope and application of the model. For many discovery
and preclinical applications, small-scale QSP models focusing on
very specific biological pathways proximal to the drug target could

Fig. 1 VPops facilitate actionable clinical development insight by integrating pathway knowledge, nonclinical
insights, and clinical data into a simulation-based framework that is both in quantitative agreement with these
inputs and facilitates modeling new scenarios not included in the source information
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Concluding Remarks
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Notes:

• UQ requires a synergy between statistics, applied 
mathematics, engineering and science.

• Model calibration, model selection, uncertainty 
propagation and experimental design natural in a 
Bayesian framework.

• Goal: Predict model responses with quantified and 
reduced uncertainties.

• Parameter selection critical to isolate identifiable and 
influential parameters.

• Surrogate models critical for computationally intensive 
simulation codes.

• Codes and packages: MATLAB, Python, R, UQLab, 
Sandia Dakota.

• Significant role of UQ for Digital Twins and Virtual 
Populations

• Prediction is very difficult, especially if it’s about the 
future. Niels Bohr.
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