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The Gordian distance, and a tractable variant

u(L) = 1

,

nh(L) = 0

Question

Given a link (or knot) L, how many crossing
changes are needed to transform L to the unlink?

This is the Gordian distance from L to U, or the
unlinking number of L.

Alexander the Great cuts the Gordian Knot by Jean-Simon Berthélemy (1743–1811)
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The Gordian distance, and a tractable variant

u(L) = 1,

nh(L) = 0

Question

Given a link (or knot) L, how many crossing
changes are needed to transform L to the unlink?

This is the Gordian distance from L to U, or the
unlinking number of L.

Lots of tools: signatures [Mur65], Blanchfield
form [BF15], Gauge theory [CL86, KroMro93],
Heegaard-Floer homology [Ras03], etc.

[KT21] Computing the unlinking number is NP
hard.

Question (A simpler question)

Given a link L, how many crossing changes are needed to transform L to a
homotopy trivial link (a link that can be undone via self-crossing changes)?
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Link homotopy.

nh(L) =“homotopy trivializing number” of a link, L.

Question

Given a link L, can you determine nh(L)?

Why is it still interesting?

Same as the minimal number of
intersections between immersed disks in the 4-ball.

Why is it easier?

Link homotopy admits an “easy” (compared to link
isotopy) classification.

▸ (Milnor [Mi54])

L is link homotopic to the unlink if and only if
µI (L) = 0 for all I with no non-repeating indices.

▸ (Goldsmith [Go73] Habegger-Lin [HL90])

Hn ∶= string links/homotopy = pure braids/homotopy is a nilpotent group and
surjects onto LHn ∶= links/homotopy =∶ LHn. The failure of Hn ↠LHn to
be injective is computable.

▸ (Kotorii-Mizisawa [KotMiz23])

Link homotopy of n ≤ 5-component links
is classified. To go further solve a system of Diophantine equations
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Intuition, an answer

Linking number gives a lower bound,

nh(L) ≥ Λ(L) ∶= ∑
i<j
∣ lk(Li ,Lj)∣

What about higher order Milnor invariants?

If
linking numbers vanish but higher order linking
number are complicated, what can you say?

µ123 = 5, nh(L) = 2.

Theorem (D.-Orson-Park DOP22)

There is some Cn ∈ N so that for every n-component link L,
Λ(L) ≤ nh(L) ≤ Λ(L) + Cn.
C2 = 0, C3 = 2.

Problem

Compute Cn.
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Controlling Cn, today’s main theorem

DOP22 For some Cn, Λ(L) ≤ nh(L) ≤ Λ(L) + Cn.

C2 = 0, C3 = 2.
Today’s Goal: What is Cn?

Theorem (BDMOV Bosman-D.-Martin-Otto-Vance)

2 ⌈13n(n − 2)⌉

≤ Cn ≤

(n − 1)(n − 2)

.

C4 = 6 and

we can compute nh(L) for every 4-component link (even
with linking numbers).

10 ≤ C5 ≤ 12. To do:

One could compute nh(L) for every
5-component link.

Conjecture:

Cn = (n − 1)(n − 2).

Chris Davis – UWEC Gordian distance and link homotopy May 16, 2025 5 / 16



Controlling Cn, today’s main theorem

DOP22 For some Cn, Λ(L) ≤ nh(L) ≤ Λ(L) + Cn.

C2 = 0, C3 = 2.
Today’s Goal: What is Cn?

Theorem (BDMOV Bosman-D.-Martin-Otto-Vance)

2 ⌈13n(n − 2)⌉ ≤ Cn ≤ (n − 1)(n − 2).

C4 = 6 and

we can compute nh(L) for every 4-component link (even
with linking numbers).

10 ≤ C5 ≤ 12. To do:

One could compute nh(L) for every
5-component link.

Conjecture:

Cn = (n − 1)(n − 2).

Chris Davis – UWEC Gordian distance and link homotopy May 16, 2025 5 / 16



Controlling Cn, today’s main theorem

DOP22 For some Cn, Λ(L) ≤ nh(L) ≤ Λ(L) + Cn.

C2 = 0, C3 = 2.
Today’s Goal: What is Cn?

Theorem (BDMOV Bosman-D.-Martin-Otto-Vance)

2 ⌈13n(n − 2)⌉ ≤ Cn ≤ (n − 1)(n − 2).

C4 = 6 and

we can compute nh(L) for every 4-component link (even
with linking numbers).

10 ≤ C5 ≤ 12. To do:

One could compute nh(L) for every
5-component link.

Conjecture:

Cn = (n − 1)(n − 2).

Chris Davis – UWEC Gordian distance and link homotopy May 16, 2025 5 / 16



Controlling Cn, today’s main theorem

DOP22 For some Cn, Λ(L) ≤ nh(L) ≤ Λ(L) + Cn.

C2 = 0, C3 = 2.
Today’s Goal: What is Cn?

Theorem (BDMOV Bosman-D.-Martin-Otto-Vance)

2 ⌈13n(n − 2)⌉ ≤ Cn ≤ (n − 1)(n − 2).

C4 = 6 and we can compute nh(L) for every 4-component link (even
with linking numbers).

10 ≤ C5 ≤ 12. To do:

One could compute nh(L) for every
5-component link.

Conjecture:

Cn = (n − 1)(n − 2).

Chris Davis – UWEC Gordian distance and link homotopy May 16, 2025 5 / 16



Controlling Cn, today’s main theorem

DOP22 For some Cn, Λ(L) ≤ nh(L) ≤ Λ(L) + Cn.

C2 = 0, C3 = 2.
Today’s Goal: What is Cn?

Theorem (BDMOV Bosman-D.-Martin-Otto-Vance)

2 ⌈13n(n − 2)⌉ ≤ Cn ≤ (n − 1)(n − 2).

C4 = 6 and we can compute nh(L) for every 4-component link (even
with linking numbers).

10 ≤ C5 ≤ 12. To do: One could compute nh(L) for every
5-component link.

Conjecture:

Cn = (n − 1)(n − 2).

Chris Davis – UWEC Gordian distance and link homotopy May 16, 2025 5 / 16



Controlling Cn, today’s main theorem

DOP22 For some Cn, Λ(L) ≤ nh(L) ≤ Λ(L) + Cn.

C2 = 0, C3 = 2.
Today’s Goal: What is Cn?

Theorem (BDMOV Bosman-D.-Martin-Otto-Vance)

2 ⌈13n(n − 2)⌉ ≤ Cn ≤ (n − 1)(n − 2).

C4 = 6 and we can compute nh(L) for every 4-component link (even
with linking numbers).

10 ≤ C5 ≤ 12. To do: One could compute nh(L) for every
5-component link.

Conjecture: Cn = (n − 1)(n − 2).

Chris Davis – UWEC Gordian distance and link homotopy May 16, 2025 5 / 16



How to prove these results?

Cn ≤ (n − 1)(n − 2):

▸

work here
­
H(n) ↠ LH(n)

.

▸ H(n) =
work here
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
RF (n − 1)⋉H(n − 1)

.

C4 = 6:

▸ Translate to a “word length” problem in H(4)

.

2 ⌈13n(n − 2)⌉ ≤ nh(L).

▸ Build a link with nH(Li ∪ Lj ∪ Lj ∪ Lℓ) = 6

.

▸ Use extremal graph theory to do some book-keeping

.
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Links, string links, link homotopy

Why string links?

Is a group up to to link homotopy Milnor invariants are
well defined. Crossing changes and link homotopy still makes sense.
Fact: nh(T ) = nh(T̂ ), so we lose nothing by asking about homotopy
trivializing number for string links. The indeterminacy of Milnor
invariants is invisible to nh(L).
Properties of nh ∶ Hn → N

Subadditive.

nh(xij) = 1.
nh(T ) = 1 ⇐⇒ T = w−1xijw .

nh([xij ,w]) = 2 (or 0).

∗ =w−1 ww−1 w
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The reduced free group and the Habegger-Lin classification

RF (n) = the quotient of F ⟨x1, . . . xn⟩ by ⟨[xi ,w−1xi ,w]⟩ (i = 1, . . . ,n,
w =any word), so ⟨xi ⟩ is Abelian.

[HL90] Split exact sequence:

1 RF (n − 1) H(n) H(n − 1) 1.
ϕ p

s

ϕ: p: s:

ϕ(xi) = xi ,n = p↦ s↤

Strategy:

L = ϕ(x) ∗ s(p(L))
Bound nh(ϕ(x)) = how many xi ’s must be deleted to transform x ∈ RF
into 1.
nh(s(p(L))). Induction.
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Homotopy trivializing in RF (n − 1).

Theorem (BDMOV)

Any x ∈ RF (n − 1) can be realized as

x = xan−1n−1 ⋅ . . . x
a1
1 [x1,w1] . . . [xn−2,wn−2]

Consequence: If L is in the image of ϕ (aka L1 ∪ . . .Ln−1 = U) then
nh(L) ≤ Λ(L) + 2(n − 2).
Consequence: Any n-component Bruunian link is only 2(n − 2) crossing
changes from homotopy trivial.
L = ϕ(x)

±
nh≤Λ+2(n−2)

∗(L1 ∪ . . .Ln−1
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
n−1 components

∪U) =

ϕ(x)
±

nh≤Λ+2(n−2)

∗ ϕ(y)
±

nh≤Λ+2(n−3)

∗(L1 ∪ . . .Ln−2 ∪U ∪U)

nh(L) − Λ(L) ≤ (n − 1)(n − 2)
Conclusion:

Cn ≤ (n − 1)(n − 2).
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Homotopy trivializing in RF (n − 1). (Proof)

Theorem (BDMOV)

Any x ∈ RF (n − 1) is xan−1n−1 ⋅ . . . x
a1
1 [x1,w1] . . . [xn−2,wn−2]

Properties of RF (n − 1):

Nilpotent: RF (n − 1)n = 0

.

RFp/RFp+1 is an Abelain group generated by
xi1,...,ip = [xi1 , [xi2 , . . . [xip−1 , xip]]] with
1 ≤ i1 < (i2, . . . , ip−1) < ip ≤ n − 1

.

If a ∈ RFi , b ∈ RFj and c ∈ RFk then [a,b][a, c] = [a,bc] mod RFi+j+k

.

Strategy:

Push the realization into the lower central series quotients.
In RF/RF2 ≅ Zn−1:

x ≡ xan−1n−1 ⋅ . . . x
a1
1 =∶ xab

In RF/RF3:

x ≡ xab ⋅ ∏
1≤i<j≤n−1

[xi , xj]aij

≡ xab ⋅
n−2
∏
i=1

⎡⎢⎢⎢⎢⎣
xi ,

n−1
∏
j=i+1

x
aij
j

⎤⎥⎥⎥⎥⎦
= xab ⋅

n−2
∏
i=1
[xi ,wi ]
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If a ∈ RFi , b ∈ RFj and c ∈ RFk then [a,b][a, c] = [a,bc] mod RFi+j+k

.

Strategy: Push the realization into the lower central series quotients.
In RF/RF2 ≅ Zn−1: x ≡ xan−1n−1 ⋅ . . . x

a1
1 =∶ xab

In RF/RF3: x ≡ xab ⋅ ∏
1≤i<j≤n−1

[xi , xj]aij

≡

xab ⋅
n−2
∏
i=1

⎡⎢⎢⎢⎢⎣
xi ,

n−1
∏
j=i+1

x
aij
j

⎤⎥⎥⎥⎥⎦
= xab ⋅

n−2
∏
i=1
[xi ,wi ]
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Realization theorem in RF (n − 1) (proof ctd.)

Goal: x = xan−1n−1 ⋅ . . . x
a1
1 [x1,w1] . . . [xn−2,wn−2]

RFp/RFp+1 is an Abelain group generated by
xi1,...,ip = [xi1 , [xi2 , . . . [xip−1 , xip]]] with 1 ≤ i1 < (i2, . . . , ip−1) < ip
If a ∈ RFi , b ∈ RFj and c ∈ RFk then [a,b][a, c] = [a,bc] mod
RFi+j+k .

▸ So

xi1,i2,...,ip ⋅ xi1,j2,...,jp = [xi1 , xi2,...,ip ] ⋅ [xi1 , xj2,...,jp ]
≡

[xi1 , (xi2,...,ip ⋅ xj2,...,jp)]

In RF /RF4: x = xab
n−2
∏
i=1
[xi ,wi ]y . y ∈ RF3/RF4.

y ≡

∏
I

xaII ≡

n−2
∏
i=1
∏
J

[xi , xaiJJ ] ≡
n−2
∏
i=1
[xi ,∏

J

xaiJJ ]

≡

n−2
∏
i=1
[xi ,Di ]

x ≡

xab
n−2
∏
i=1
[xi ,wi ]

n−2
∏
i=1
[xi ,Di ] ≡

xab
n−2
∏
i=1
[xi ,wi ][xi ,Di ]

≡

xab
n−2
∏
i=1
[xi ,wiDi ]

RF /RFp: Same argument.
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Determining nh(L) for all 4-component links.

n = 3:

(DOP22) nh(L) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Λ(L) if Λ(L) ≠ 0
2 if Λ(L) = 0 and µ123(L) ≠ 0
0 otherwise

n = 4:

(4
2
) = 6 linking numbers, (43) = 4 pairwise linking numbers, 2 independent

length 4 Milnor invariants.
Any formula we get will be complicated looking
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Computing the homotopy trivializing number of every
4-component link
[Mi54, KotMiz23] Any α ∈ H4 has the form

α = xa1212 xa1313 xa1414 xa2323 xa2424 xa3434 xa123123 x
a124
124 x

a134
134 x

a234
234 x

a1234
1234 x

a1324
1324

xijk = [xik , xij] xijkℓ = [xiℓ, [xik , xij]]

BRa123
3 BRa124

3

BRa134
3 BRa234

3 BRa1234
4 BRa1324

4

nh(L) =?

Idea: nh(L) = 1 iff L = αxijα−1 for some α. Compute αxijα
−1 for each xij :

Conjugate of x12: x12x
a
123x

b
124x

c
1234x

−ab
1324, a,b, c ∈ Z.

Conjugate of x13 ∶ x13x
a
123x

b
134x

ab
1234x

c
1324, a,b, c ∈ Z.

Conjugate of x14: x14x
a
124x

b
134x

c
1234x

d
1324, c + d = ab.

Conjugate of x23: x23x
a
123x

b
234x

c
1234x

d
1324 c + d = ab.

Conjugate of x24: x24x
a
124x

b
234x

ab
1234x

c
1324, a,b, c ∈ Z.

Conjugate of x34: x34x
a
134x

b
234x

c
1234x

−ab
1324 a,b, c ∈ Z.

Consequence: L can be undone in a single (positive) L1,L2 crossing
change iff lk(L1,L2) = 1, µ134 = µ234 = 0 and µ1324 = −µ123µ124.
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c
1234x

−ab
1324 a,b, c ∈ Z.

Consequence: L can be undone in a single (positive) L1,L2 crossing
change iff lk(L1,L2) = 1, µ134 = µ234 = 0 and µ1324 = −µ123µ124.
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Computing the homotopy trivializing number of every
4-component link
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All 4-component links

L can be reduced to homotopy trivial in k crossing changes iff L is a
product of k conjugates of x±1ij ’s. Compute products of the terms in the
pervious page / their inverses:

Let Λ(L) = 0:
L can be undone in two L1,L2 crossing changes iff

µ134 = µ234 = 0
and µ1324 ∈ (µ123, µ124).

L can be undone in two L1,L2 and two L1,L3 crossing changes iff

µ234 = 0.

L can be undone in two L1,L2 and two L3,L4crossing changes iff

µ1324 ∈ (µ123, µ124, µ134, µ234).

C4 ≤ 6: “Everything else” takes six crossing changes.
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Constructing link with large homotopy trivializing number,
some graphical book-keeping

Let J be an n-component link whose every 4-component sublink has
nh(L) = 6. Goal: Determine nh(J).

3 3
3 3

1 1

Build an edge-weighted graph.
1 vertex per component. wt(ei , ej) = 1

2 ⋅
#( i , j crossing changes). Every 4-vertex subgraph
of Γ has wt ≥ 3.

(BDMOV) The minimal weight amongst all
such n-vertex graphs is ⌈13n(n − 2)⌉.
Cn ≥ nh(J) ≥ 2 ⌈13n(n − 2)⌉

all 1

2
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Thanks for listening!
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