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A link map is a continuous map such that

connected components of the domain have
pairwise disjoint images.

A link homotopy is a homotopy through link maps.

— Introduced for classical links by Milnor
(1954) to study “Linking modulo knotting”.



EXAMPLES:

A Hopf link is not link homotopically trivial.
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A Whitehead link is link homotopically trivial.
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Link Homotopy of circles in the 3-sphere

— Milnor (1954 ): A classical link is link
homotopic to the unlink if and only if it has all
vanishing non-repeating \mu-invariants.

— Habegger-Lin (1990): A link homotopy
classification of classical links via \mu-invariants
of “string links” (based links) and a “partial
conjugation” equivalence relation.
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Natural to study link maps of spheres in
spheres since such “act” on manifolds via
connected sums.

Focus of this talk:
Link maps of 2-spheres in the 4-sphere;
first 2-components, then 3-components.

So from now on “link map” means
“spherical link map”...
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2-component link homotopy of 2-spheres in the 4-sphere

Bartels-Teichner (1999): no 4-dimensional Hopf link!

In fact, codimension-2 embedded (spherical) link
maps with any number of components are link
homotopically trivial above the classical dimension.




2-component link homotopy of 2-spheres in the 4-sphere

Bartels-Teichner (1999): no 4-dimensional Hopf link!

Fenn-Rolfsen (1986): exists a 2-component
immersed link map of 2-spheres in the 4-sphere
which is not link homotopically trivial.




A “movie” of the Fenn-Rolfsen link map FR:
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(Figure courtesy of Audoux—Meilhan—Yasuhara)



One half of the Fenn-Rolfsen link map FR:

A double point loop thru the self intersection in
the first component links the second component:
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The Kirk invariant of a link map “counts” linking
numbers of double point loops on one component
with the other component:

(f1, f2) : S? 11 S? — Stww~oi(fi1, f2) == M fi, fi) € Z|Z]



The Kirk invariant of a link map “counts” linking
numbers of double point loops on one component
with the other component:

(f1, f2) : S? 11 S? — Stww~oi(fi1, f2) == M fi, fi) € Z|Z]

Kirk (1988): 2-component link homotopy classes
map onto an infinitely generated Abelian group.
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Corollary: Kirk’s invariant classifies 2-component
link maps in the 2-sphere up to link homotopy.
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S-Teichner (2017): Kirk’s invariant is injective.

Proof strategy:
Express link homotopy to the trivial link in terms of

Z[Z]-intersections between one component and
“metabolic” Whitney disks on the other component.

More on the proof later; for now some ingredients...
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S-Teichner (2017): Kirk’s invariant is injective.
Proof uses:

— Whitney spheres around Whitney disks
— Whitney sphere link homotopies
— Accessory spheres dual to Whitney disks

— Freedman’s technology (!) to find certain
framed embedded topological Whitney disks



3-component link homotopy of 2-spheres in the 4-sphere

Stirling (2023): There exist infinitely many distinct
link homotopy classes of Brunnian 3-component
link maps.

“Brunnian” means that deleting any one component
yields a link which is link homotopically trivial.
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link maps.

Stirling (2023): There exist infinitely many pairs of
3-component link maps with pairwise equal
iImages that are not link homotopic.



Stirling (2023): There exist infinitely many distinct

link homotopy classes of Brunnian 3-component
link maps.

Stirling (2023): There exist infinitely many pairs of

3-component link maps with equal images that
are not link homotopic.

Proofs later; first the invariant...
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Recall Kirk’s invariant: ~ ( f1, fo) : S* I §% — S*

; self-intersection of f;
in the complement of f;

oi(f1, f2) == A fis [i) € Z]Z)

10

— After finger moves: w1 (S*\ f;) 2 Z

— mod out indeterminacies from double point
loop orientation choices and trivial linking



self-intersection of f;

Recall Kirk’s invariant: .
in the complement of f;

(f1, f2) : S211 8% — Stwsoi(f1, f2) = Afi, fi) € Z|Z)]

— After finger moves: 71 (S*\ f;) 2 Z

— mod out indeterminacies from double point
loop orientation choices and trivial linking:

M fiy fi) = p(fi) +u(fi)+e(w(f)) -1




Recall Kirk’s invariant:

self-intersection of f;
in the complement of f;

(f1, f2) : S211 8% — Stwsoi(f1, f2) = Afi, fi) € Z|Z)]

— mod out indeterminac

iles from double point

loop orientation choices and trivial linking:

)\(fz'; fz) = p(fi) -

-u(fi)+e(v(fi) - 1

Work modulo regular (

e(v(fi))=

iInk) homotopy, with
0




Stirling’s invariant:

(f17f27f3) : 52]—[32]—[32 _>S4



Stirling’s invariant:

(fi, fa, f) : S2 1 S2 11 8% — §*

S
0i(f1, f2, f3) == A(fi, fi) € Z[M"]

self-intersection of f; in the complement of f; U fx
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Stirling’s invariant: self-intersection of f; in the complement of f; U fx

(f17f27f3) : SQHSQHSQ _>S4

; __free Milnor group on
3 " meridians to f; and f;

!
Ui(f17f27f3) c= )\(fwfz) c Z[MZ]

— After finger moves: /\
T (ST (f5 U fu)) 22 M




self-intersection of f;

Stirling’s invariant: in the complement of f; U 7,

(f1, fas f3) : SPILSP L S* — S*arms 05(f1, fa, f3) := M fi, fi) € Z[M"]

__free Milnor group on

M "~ meridians to f;and fy

— After finger moves:

T (S*\ (f5 U fr)) =2 M

— mod out indeterminacies...?



Definition:

The free Milnor group M is the quotient
of the free group on z,; and xj by the
“selt-finger move” relations:

[ajjﬁxgg'] =1= [xk?xi]



Lemma: Each g in M*can be written as

g = iz i, x]"

for unique integers u, v, and w.

Here x; and Xk are meridian generators to

fi and fi, with m1(S*\ (f; U fx)) = M



Ui(f17f27f3) = )\(f’L)fZ)
_Z(u VW) auvw 9 .CEijkE Z[MZ]

(u,v,w) CELDLDL

€ Z, with cji == |z, xi]

’U/U’U)
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:Z(u,v,w) aszx;'bzzc;uk S Z[MZ]
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Ui(f17f27f3) - = )\(f’L)fZ)
:Z(u,v,w) aszwymzczuk < Z[MZ]
(u,v,w) E ZD L DL

7
UVW

atow € Z, With cjp = |2, x|

Depends on basing choice defining generators!

Need to mod out by effect of basing change...
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Basing change:
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linking of base-change loops with components




Basing change: .
u A~V W (/
TiTyChp, € M

[

(:L‘/-)u(ilj;c)v(C;k)(gjk_gik)u_'_(gij_gkj)v_'_w c (Mz>/

Need to quotient by these relations in the target of

Uz’(fla 2, fS) F= )\(fia fi)



Basing change:

U U LW 7
:ijl?cjk 6 M

[

(aj/')u@j%)v(C;k)(éjk—éik)u+(€¢j—Kkj)v—l—w c (M’L)/

with exponent of c;k = %, z;.] determined by
linking of base-change loops with components




For example, in the case 1 = 1:

1
01(f17f27f3) = )\(]imfl)e ZM

Relations




For example, in the case 1 = 1:

1
o\(fu, for f3) = Mf )€ LM

Relations

1 U U W
E : a’uvwmQQjSCQS

(w,v,w)
| <

u+qu+tw _
E : a’uvwa L3 Cg for arbitrary p,q € 7,

(u,v,w)




Stirling (2023): There exist infinitely
many distinct link homotopy classes
of Brunnian 3-component link maps.

Construction to follow...



Schematic picture of FR in S™4:

LMD



Disjoint union of FR with its
reflection FR' in S”4:
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FR U FR'U unknotted f{}(SAz) C SM4:
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Stirling (2023): There exist infinitely many pairs of
3-component link maps with equal images that
are not link homotopic.

Construction:

Flip orientatign of unknotted
component §, of Y= § 1)

Check that invariant changes...
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3-component link homotopy questions:

—Compute the image of Stirling’s triple invariant?

—Does Stirling’s triple invariant detect link homotopy to the unlink?

—Techniques for computing in the target of Stirling’s triple invariant?

—Classify 3-component link homotopy?



S—Teichner (2017):
Kirk’s invariant is injective.

Proof uses:

— Whitney spheres around
Whitney disks

— Elementary link homotopies
which shrink Whitney spheres

— Accessory spheres dual to
Whitney disks

— Freedman’s technology (!) to
find certain framed embedded
topological Whitney disks



Whitney move:




Whitney sphere:

[ApAR=_=aN )]
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Whitney sphere bounds ball after
Whitney move:




Accessory spheres and Whitney spheres:
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