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The Linear Boltzmann Transport Equation

▪ Integro-differential equation

▪ Conversation statement in phase space (losses = gains)

▪

▪ : energy-dependent angular “flux” (“flux”           particle/energy density)  

▪ neutral particles = neutrons; photons; coupled neutrons/photons

▪ can be amended to include time dependence, production from fission

▪ can be amended (Boltzmann-Fokker-Planck) for charged particles

▪ Outcome of particle interactions (cross-section material properties)

total       ,    scattering,    differential scattering  =  scattering × transfer probability

53
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Parametric Radiation Transport

▪ Parametric full-order model (FOM):

➢ Parameters:
• Volumetric + boundary sources

• Material properties (cross sections)

➢ Multi-query problems
• Design optimization

➢ Shielding
➢ Detection
➢ Therapeutics
➢ Power

• Uncertainty Quantification
➢ Cross-section error
➢ Manufacturing uncertainty

• Real-time applications
➢ Reactor monitoring
➢ Defense applications

• Design of Experiments

➢ Ideally suited for parametric ROM (pROM)
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Phase-space Discretization

▪ Energy variable:

▪ 𝐺: 10’s to 100’s groups

▪ Introduce                                                            and perform 

▪ 𝐺 coupled Transport eqs.

▪ Energy coupling occurs on the RHS. LHS is diagonal in groups

Material 

properties: 
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Blue: only 
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Phase-space Discretization

▪ Angular variable:

▪ Collocation (angular quadrature)

▪ 𝑁Ω: 100’s to 1000’s directions

▪ Solve for and

with:                                        and the angle-integrated solution 

▪ 𝐺 × 𝑁Ω coupled Transport eqs.

▪ Angular coupling occurs on the RHS. 

▪ LHS is still diagonal in groups and directions
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Phase-space Discretization

▪ Solving for a given group 𝑔 (omitted below) and a given direction 𝑑:

▪ Conundrum: the unknown and its angular integral appear on both sides.

▪ Lag the angular redistribution (~fixed-point iterative process):

▪ Spatial variable: DGFEM with upwinding
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Transport Sweeps: a Matrix-free Process

▪ The “transport sweep” is a task-directed graph that makes the advection-reaction 
operator block lower triangular

63
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Notation

▪ Parametric Transport Equation

▪ Angular integration:

▪ Hence, the Transport Equation is:

▪ Where is 𝐴𝑥 = 𝑏? 

➢ Standard solution procedure (radiation codes implement 𝐿−1 in a matrix-free manner):

Moment form of the eqs.:

➢ Another acceptable view for MOR: 

Angular form of the eqs.:
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Angular Form vs. Moment Form ROM?

▪ Governing law:

▪ The FOM solves always involve Ψ:

▪ However, the ROM is either built considering 

(angular form ROM)  or (moment form)

▪ If one only reconstructs Φ, only angle-integrated quantities can be calculated

▪ Ψ and Φ can be vastly different:

Φ Ψ
4 dir
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Why Transport and Not Diffusion?

▪ Under some circumstances (low absorption, distributed sources, high scattering), a 
Diffusion approximation is a suitable representation for Φ:

➢ “physics-guided” reduction: 4D problem (space (3) + energy (1)) instead of a 6D problem

➢ Then perform ROM on the multigroup diffusion eqs. 
• elliptic operators, 

• affine decomposition

▪ But diffusion is not suitable for all transport problems:

➢ Problems with strong absorption, localized sources, low scattering

➢ Problems that exhibit a streaming limit (hyperbolic nature) 
• → low decay of singular values

• Large Kolmogorov width
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Parametric MOR 



Texas A&M Nuclear Engineering 
187

6Jean C. Ragusa

Principle of MOR

𝑐
Ψ,Φ

෡Φ = 𝑈𝑐

෡Ψ, ෡Φ𝑈𝑈𝑇

▪ Linear manifolds: e.g., subspace is obtained via SVD, greedy RB, …

▪ Nonlinear manifolds: encoding/decoding learning (Willcox, Maday, …)

𝑐 = 𝑈𝑇Φ
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Data-driven Subspace Learning: Principles 

▪ Offline phase:

▪ Online phase:

Unseen parameter Ԧ𝜃
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Minimally-invasive Transport ROM: Procedure

GMRes: action of mat on vec
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Minimally-invasive Transport ROM: Results (1/2)

Some snapshots
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Minimally-invasive Transport ROM: Results (2/2)

▪ Minimally invasive but low-speedups due to the need to perform a full-order 
operation (𝐿−1 “transport sweep”) for each new parameter realization
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Minimally-invasive Transport ROM: a way forward 

▪ Interpolate the reduced operator using training data: (OMMI: Offline Maximizing 
Minimally Invasive) 

▪ Linear interpolation vs. Grassmann manifold interpolation

▪ WIP
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Affine-decomposed Radiation Transport: 1/3

▪ Based on angular form of transport:



Texas A&M Nuclear Engineering 
187

6Jean C. Ragusa

Affine-decomposed Radiation Transport: 2/3

Recall: 

not solved as is in codes
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Affine-decomposed Radiation Transport: 3/3
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Checkerboard bench.: Sweep-based vs. Affine-decomposed ROMs

Some snapshots
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Checkerboard bench.: Sweep-based vs. Affine-decomposed ROMs

Pointwise errors
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3-D graphite matrix with HDPE shrouds (affine ROM only)
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3-D graphite matrix with HDPE shrouds (affine ROM only)

Group 12

Some snapshots Group 9
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3-D graphite matrix with HDPE shrouds (affine ROM only)
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Motivation for Operator Inference

▪ Minimally-invasive ☺ ROM  based on the moment form of the TE requires 𝐿−1, a full-
order operation .

▪ Affine-decomposition of the angular form of the TE is very code-invasive  but very 
effective ☺.

▪ Non-intrusive ☺ black-box schemes 

such as POD + coefficient interpolation / regression / kriging 

Only uses snapshot data and bypasses projection of the PDE.

Are we still adequately encoding the physics? 

▪ Can we effectively infer the reduced operator from snapshot data without code 
intrusiveness?

→ Operator inference [Willcox/Peherstorfer/Geelen/…]
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Operator inference, with linear manifolds

▪ Start with the angular form, seen previously:

▪ Recognize reaction terms (𝑻 and 𝚺) are affine in the parameters:

▪ Recall that we use DGFEM, so the reaction terms are also block diagonal matrices

➢ Terms are computable, even without access to source code
• Need: Mesh (connectivity, material block IDs), and elemental mass matrices/load vectors

➢ Material-independent FOM matrices/vectors do not depend on groups or directions
• But their small ROM counterparts (because of the POD modes) will be group- and direction-

dependent

▪ Seek solution as:                                                (recall, snapshots often are centered)
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Operator inference, with linear manifolds

▪ After Galerkin projection, the reduced-order system is:

➢ where only         is unknown

▪ Using training data and form a least-square system (with Tikhonov regularization)

▪ LS Solution:

Note: can        be inferred per group and per direction independently 
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Operator Inference, with nonlinear manifolds
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Operator Inference, with nonlinear manifolds
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Operator Inference, with nonlinear manifolds

▪ LS solution

with
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Problem Set-up

Source               Absorber        Void Source in      Scatterer

in absorber scatterer

𝑆fixed, 𝜎𝑡 𝜎𝑡 𝑆fixed, 𝜎𝑡, 𝜎𝑠 𝜎𝑠, 𝜎𝑡 6 params

Solution in 8 discrete directions at nominal values of the parameters

Left-going directions

Right-going directions
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Sample snapshots

▪ Parametric range +/- 50% of nominal values

▪ Sample snapshots for first and last directions:

Source               Absorber        Void Source in      Scatterer

in absorber scatterer

𝑆fixed, 𝜎𝑡 𝜎𝑡 𝑆fixed, 𝜎𝑡, 𝜎𝑠 𝜎𝑠, 𝜎𝑡 6 params
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OpInf reconstruction, with linear manifolds
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OpInf reconstruction, with linear manifolds

rank=4



Texas A&M Nuclear Engineering 
187

6Jean C. Ragusa

OpInf reconstruction, with linear manifolds

rank=4



Texas A&M Nuclear Engineering 
187

6Jean C. Ragusa

OpInf reconstruction, with linear manifolds

rank=4



Texas A&M Nuclear Engineering 
187

6Jean C. Ragusa

OpInf reconstruction, with linear manifolds

rank=4rank=8
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OpInf reconstruction, with linear manifolds

rank=4rank=8
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OpInf, with linear and nonlinear manifolds
rank=4
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OpInf, with linear and nonlinear manifolds
rank=4
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Operator inference: Time-dependent problems

▪ Time-evolution FOM:

▪ Same philosophy:

➢ All reaction terms are affine-decomposable, hence computable easily

➢ is the only unknown

▪ Using training data and form a least-square system (with Tikhonov regularization)

➢ : computed using high-order finite-differences from the collected temporal snapshots

▪ LS solve (same as before):
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Problem Set-up

Incident radiation

Vacuum         Scatterer Vacuum

Tracking radiation in 

4 directions (cones)1                                     4

2             3
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Exact (reference) Solution

d = 1                                                                      d = 2

d = 3                                                                      d = 4
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Singular values plots per direction

d = 1                                         d = 2

d = 3                                         d = 4
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POD modes

d = 1                                         d = 2

d = 3                                         d = 4
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Reconstruction with OpInf

d = 1                                                                      d = 2

d = 3                                                                      d = 4

𝒓 = 𝟒 𝒓 = 𝟓

𝒓 = 𝟓 𝒓 = 𝟏𝟗
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Conclusions

▪ Parametric ROM for radiation transport

➢ Minimally-invasive approach

➢ Affine Decomposition

➢ Non-intrusive POD+regression (Gaussian process, sparse-grid interpolant, MARS)

➢ Operator inference with linear and nonlinear manifolds

▪ Operator inference for time-dependent problems (with linear manifolds) 

▪ Next:

➢ Operator inference for TD with nonlinear manifolds

➢ Low-rank approximation in the 6D phase-space (space+energy+direction)
• Tensor decomposition

▪ Open-source Software: OpenSn

➢ https://github.com/Open-Sn/OpenSn

➢ Massively parallel Linear Boltzmann solver

➢ No physics: user supplies interaction properties 𝝈

jean.ragusa@tamu.edu 

https://github.com/Open-Sn/OpenSn
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