Large Eddy Simulation Reduced Order Models
(LES-ROMs) for Turbulent Flows

T. lliescu

Department of Mathematics
Virginia Tech

Computational Learning for Model Reduction Workshop
ICERM, January 6-10, 2025

National Science Foundation DMS-2012253 2020-2025

wvugmaTem

invent the Future

T. lliescu (Mathematics) LES-ROMs for Turbulence Computational Learning for ROMs 1/44



N
Collaborators

@ students, postdocs

lan Moore  (student, Virginia Tech)

David Wells  (research scientist, UNC Chapel Hill)

Zhu Wang  (professor, University of South Carolina)

Xuping Xie  (professor, Old Dominion University)

Changhong Mou  (postdoc, Purdue)

Birgul Koc  (postdoc, University of Seville)

Muhammad Mohebujjaman  (professor, University of Alabama)
Omer San  (professor, University of Tennessee)

Jorge Reyes  (postdoc, Virginia Tech)

Ping-Hsuan Tsai  (postdoc, Virginia Tech)

@ collaborators

Maria Strazzullo, Claudio Canuto (Politecnico di Torino)

Francesco Ballarin, Anna Sanfilippo (Brescia), Alessandro Veneziani (Emory)

Honghu Liu (Virginia Tech), Michael Schneier (Bettis, Pitt), Max Gunzburger (Florida State)

Gianluigi Rozza, Michele Girfoglio, Anna Ivagnes (SISSA, Trieste)

Giovanni Stabile (Pisa), Tomas Chacon Rebollo, Samuele Rubino (Seville) [yvug}nl}elﬁ'h];%%}i
Paul Fischer (lllinois), Annalisa Quaini (Houston), Nan Chen (Wisconsin)

T. lliescu (Mathematics) LES-ROMs for Turbulence Computational Learning for ROMs 2/44



ﬂ Goal, Solution, Vision

© (Under-Resolved) Turbulent Flows
e Turbulent Channel Flow

@ Data-Driven LES-ROMs

e Regularized ROMs (Reg-ROMs)

@ Conclusions and Outlook
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Commercial| ROM Software for Turbulence
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'LES-ROMs |

° two distinct research fields ~ (2010-2030)

o large eddy simulation (LES)

@ reduced order model (ROM)

@ sales pitch
o [principles|  [WHY?] |[HOW?|

@ not models

@ case studies

e Data-Driven LES-ROMs ©

° ’ Regularized ROMs (Reg-ROMs) ‘ @ mvugmaTem
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LES-ROMSs

Physics of Fluids

On closures for reduced order models—A spectrum
of first-principle to machine-learned avenues

Cito as: Phys. Fluids 33, 091301 2021): doi 101063/5 0061577
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LES-ROMSs
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ROM+MLALES+

@ “Reduced Order Modeling and Machine Learning for Large Eddy
Simulation and Related Topics (ROM+ML4LES+)”

@ organizers Veneziani, Quaini, San, lliescu

® | October, 2025, Virginia Tech | I VirginiaTech
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Vision

How will commercial software for
ROMs for fluids look in 20307

LES-ROMs

MVirginiaTech
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(Under-Resolved) Turbulent Flows

Turbulence

o [chaotic

@ unpredictable

@ | multiscale

@ spectrum of scales

@ nonlinear interaction

° ]convection-dominated

e incompressible flows both diffusion and convection

e +# transport

@ | under-resolved regime

e not enough DOFs M VirginiaTech

Invent the Future
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(Under-Resolved) Turbulent Flows

Thermohaline Circulation Red Sea Overflow
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Direct Numerical Simulation (DNS)

@ all scales

e | N~ O(Re%*)

e U~1m/s, L~100m = Re ~ 108

o [N ~10%]

° ] under-resolved \

wvugmaTem
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Large Eddy Simulation (LES)

@ spatial filter g;s
(i) physical space (Gaussian, differential)

(ii) Fourier space (sharp cutoff)

@ filtered variables large scales

@ filtered equations gs * NSE

© solve for filtered variables DViginiaTech
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Large Eddy Simulation (LES)

U —Re 'AU+V. - (UU)+VPp+V-(Uu—-uu)=0
V-u=0
@ closure problem uu Auu

@ closure model
@ functional (physical)
@ structural (mathematical)

MVirginiaTech
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LES Testing

@ LES testing under-resolved turbulent channel flow

o turbulent channel flow v LES model used ©

e turbulent channel flow x LES model NOT used O

@ DNS benchmark database
@ Moser, Kim, Mansour, Phys. Fluids, 1999
@ Lee, Moser, J. Fluid Mech., 2015
MVirginiaTech
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Turbulent Channel Flow

LES Turbulent Channel Flow

FIG. 12. The x, y component of the Reynolds stress,
Re,~395. We compared the RLES model (12), the gra-
dient model (9), and the Smagorinsky model with Van
Driest damping with the fine DNS of Moser, Kim, and
Mansour (Ref. 42).

FIG. 3. Spectral element meshes: Re,=180 (top), and Re, =395 (bottom).

lliescu, Fischer, Phys. Fluids, 2003
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LES Thermohaline Circulation

Ozgsékmen, lliescu, Fischer, Ocean Model., 2009 @ VirginiaTech
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ROM (Lack of) Testing

8
~—3D channel flow
2D flow past a cylinder

% 1 % % o 10710 —+2Dg ophic equation
0 50 100 150
k
MVirginiaTech
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Turbulent Channel Flow

G-ROM

Mou, Merzari, San, lliescu, Nucl. Eng. Des., 2023
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Turbulent Channel Flow

G-ROM
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Mou, Merzari, San, lliescu, Nucl. Eng. Des., 2023 @VirginiaTech
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Data-Driven LES-ROMs

Algorithm 1 d2-VMS-ROM for NSE

1:
2:
3:

Use data (snapshots) to construct orthonormal basis {¢, ..., pg} | R = O(10%) |

In offline stage, construct r-dimensional operators Aand B, | r = O(10) |.
In offline stage, construct r-dimensional operators A and B,|r= O(10) |, which solve a

least squares problem:

_ {((URFOM(O).V)U FOM (1), tP,) ((urFOM(tj)'v) urFOM(tj)"Pi)]

M
min
A,B

=
2
(AQFOM(I;)+aFOM(tj)TBaFOM(l;')>H ) (1)

In online stage, for different parameters and/or longer time, repeatedly use d2-VMS-ROM

a=(A+Aa+a (B+Ba. @

Xie, Mohebujaman, Rebholz, lliescu, SIAM J. Sci. Comput.,

MVirginiaTech

Mou, Koc, San, Rebholz, lliescu, Comput. Meth. Appl. Mech. Eng., 2021 Invent the Future
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Physics Guided Machine Learning (PGML)

PR

o1 )
5 |G
2/
T R K
wie,t) =Y ai®)gi(@) + Y ailt)di(@) + D ai(t)di(e)
i=1 i=rtl i=R+1 /

[GROM (@, ¢1) = (Fw), 1), J {GROM (@, 4) = (F(w), 1), [a;;“(tn),u;”z(tu) ..... aK(t,.):|\
Vke{r+1,.. R}
s,
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Ahmed, San, Rasheed, lliescu, Veneziani SIAM J. Sci. Comp., 2023
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Data-Driven LES-ROMs

@ evolution
Xie, Mohebujjaman, Rebholz, lliescu, SIAM J. Sci. Comput., 2018
Mou, Koc, San, Rebholz, lliescu, Comput. Methods Appl. Mech. Engrg., 2021

@ physical constraints
Mohebujjaman, Rebholz, lliescu, Int. J. Num. Meth. Fluids, 2019

@ pressure
Ivagnes, Stabile, Mola, lliescu, Rozza J. Comput. Phys., 2023
Ivagnes, Stabile, Mola, lliescu, Rozza, Apl. Math. Comput., 2023

@ machine learning
Xie, Webster, lliescu, Fluids, 2020
Ahmed, San, Rasheed, lliescu, Veneziani, SIAM J. Sci. Comput., 2023

@ stochastic modeling, data assimilation W VirginiaTech
Mou, Chen, lliescu J. Comp. Phys., 2023 Invent the Future

T. lliescu (Mathematics) LES-ROMs for Turbulence Computational Learning for ROMs 23/44



Data-Driven LES-ROMs

r=10 r=10
2 ———— 0.2
—LES-proj
AV-G
-e-Constrained 2S (linear) 0
-e=Hybrid 2S (linear)
Hybrid 25 (quadratic)
-e=Constrained hybrid 2S (linear)

200000098858800208

—LESproj
AV-G
-e-Constrained 25 (linear)
-e=Hybrid 2S (linear)
Hybrid 2S (quadratic)
-e=Constrained hybrid 25 (linear)

0.5

-1.2
0 02 04 06 08 I 0 02 04 06 08 1
Y
@ data ©
@ | hybrid = data + physics ®)
MVirginiaTech
Invent the Future
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Data-Driven LES-ROMs

Data-Driven Variational Multiscale ROM  Verifiability

Theorem (Koc, Mou, Liu, Wang, Rozza, lliescu, J. Sci. Comput., 2022)
Accurate ROM closure —> accurate ROM approximation:

en|? +AtZFa’e*1 HVe’H < exp (Atz1_Atd)

/=0

(Ati Re~' HP, (TFOM(u',;) — RoM (P,(uf,'q))) H2> .

Proof.
@ Galerkin + filtering = mathematical framework
@ data-driven closure =—> accurate closure
@ Galerkin + data = accurate ROM

0

v

T. liescu (Mathematics) LES-ROMs for Turbulence Computational Learning for ROMs
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LES-ROM Criteria

@ accuracy v

o efficiency v
@ mathematics v
@ commercial ROM software X

o [WHY?]

MVirginiaTech
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LES-ROM Criteria

NOT easy to implement, O

MVirginiaTech
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Regularized ROMs (Reg-ROMs)

ROM Filters  Projection

@ given uge XA =span{yp....0, 0.1,

e find Uge X ={¢q,...,0,}

(1nn) - (vn9)

Wang, Akhtar, Borggaard, lliescu, Comput. Meth. Appl. Mech.

Eng., 2012

Wells, Wang, Xie, lliescu, Int. J. Num. Meth. Fluids, 2017

Kaneko, Tsai, Fischer, Nucl. Eng. Des., 2020

T. lliescu (Mathematics)

LES-ROMs for Turbulence
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ROM Filters Differential

@ given u,eX’

e find u, X

° ((]I—52A)Ur7cp/>:(ur,goj> Vji=1,...r

o (]1 + 628r) ar = ar

° ] low-dimensional \ linear system

Wells, Wang, Xie, lliescu, Int. J. Num. Meth. Fluids, 2017
MVirginiaTech
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Regularized ROMs (Reg-ROMs)

ROM Lengthscale

@ input

@ FOM
@ meshsize h
@ solution ufoM

@ computational domain lengthscale L

Q@ ROM
@ dimension r
@ total number of ROM basis functions R
@ eigenvalues );

@ basis functions ¢,

@ output

° @ VirginiaTech

Invent the Future
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Regularized ROMs (Reg-ROMs)

Dimensional Lengthscale ¢4

@ definition

1/2
Ly plp plg 3 ' FOM /FOM
P o Jo Joo it y; dxy dxo dxs
1.= L1 FOM au/FOM
ZI 121 1 Bx, dX1 ng dX3
@ check
m m a3 1/2
s s M
Bil={51 5] =m v
11 ms
S S
@ Aubry, Holmes, Lumley, Stone, J. Fluid Mech., 1988
MVirginiaTech
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Energy Lengthscale 6,

@ principle
A not;tion 2521 Aj _ KE((SZ)
>F o KE()
@ tools
o KE(K) = [, E(K') K’

o E(k) ~ Ce?P k=53

@ Mou, Merzari, San, lliescu, Nucl. Eng. Des., 2023
MVirginiaTech
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Energy Lengthscale 6,

@ formula
3/2
§a = [/\ W23 4 (1 — A) [2/3

@ dimensions v
@ | asymptotics v

er—R — 0o — h

o r—1 E 0o — L
@ Mou, Merzari, San, lliescu, Nucl. Eng. Des., 2023 MVirginiaTech

Invent the Future
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Numerical Results Magnitude and Asymptotics

r 4 8 16 32 40 50
01 | 4.64e-02 4.65e-02 4.68e-02 4.68e-02 4.66e-02 4.62e-02
d2 | 1.63e00 1.41e+00 1.08e+00 6.84e-01 5.56e-01 4.32e-01

Table: ROM lengthscales for different r values.

Mou, Merzari, San, lliescu, Nucl. Eng. Des., 2023
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Regularized ROMs (Reg-ROMs)

Evolve-Filter-Relax ROM (EFR-ROM)

@ Evolve-Filter-Relax ROM (EFR-ROM)

I) Evolve: wr -y Re~' (Vu",v V)u -0
(1) Evolve: Ap e | T ReT (VU V) + (uf - VUi, | =
() Filter: W™ —s witT

() Relax:  u™" = (1 — ) W™ + yw/™"

Wells, Wang, Xie, lliescu, Int. J. Num. Meth. Fluids, 2017
Gunzburger, lliescu, Mohebujjaman, Schneier, SIAM-ASA J. Uncertain., 2019
Girfoglio, Quaini, Rozza, J. Comp. Phys., 2021

[
Strazzullo, Girfoglio, Ballarin, lliescu, Rozza, Int. J. Num. Meth. Eng., 2022 Vlfg%ﬁ;{?ﬁ%
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Regularized ROMs (Reg-ROMs)

LES-ROM Criteria

Embarrassingly Easy toimplement| ©

Almost Nonintrusive| ©

MVirginiaTech
Invent the Future
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Leray ROM (L-ROM)

@ Leray ROM (L-ROM)

ou _
(8;, sak) L Re! (VU Vi) + ((ur Yy, sak) ~0

a—Aa+a Ba

Wells, Wang, Xie, lliescu, Int. J. Num. Meth. Fluids, 2017
Kaneko, Tsai, Fischer, Nucl. Eng. Des., 2020

MVirginiaTech
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Time-Relaxation ROM (TR-ROM)

@ Time-Relaxation ROM (TR-ROM)
ou, 1 _
Wﬂpk + Re (vurav‘Pk) + (ur : v)uh(pk +X ur — uhcpk =0

Tsai, Fischer, lliescu, J. Comput. Phys., 2024

wvugmaTem
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Regularized ROMs (Reg-ROMs)

Reg-ROMs Developments

@ model consistency
Strazzullo, Girfoglio, Ballarin, lliescu, Rozza, Int. J. Num. Meth. Eng., 2022

@ control
Strazzullo, Ballarin, lliescu, Canuto, arXiv, 2023

@ approximate deconvolution
Sanfilippo, Moore, Ballarin, lliescu, Finite Elem. Anal. Des., 2023

@ parameter optimization
Ivagnes, Strazzullo, Girfoglio, lliescu, Rozza, arXiv, 2024

@ variational multiscale
Strazzullo, Ballarin, lliescu, Chacon Rebollo, arXiv, 2024

@ numerical analysis
Moore, Sanfilippo, Ballarin, lliescu, arXiv, 2024

Reyes, Tsai, Novo, lliescu, arXiv, 2024 m”VirginiaTe ch
@
Invent the Future

Ballarin, lliescu, arXiv, 2024
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Turbulent Channel Flow Re, = 395

EFR-ROM

=

Mou, Merzari, San, lliescu, Nucl. Eng. Des., 2023 wVirginiaTech
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Turbulent Channel Flow Re, = 395

2002 10* Ene‘rgy
1.90
1.80
1.70 !
0 5 10

Mou, Merzari, San, lliescu, Nucl. Eng. Des., 2023 MVirginiaTech
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Regularized ROMs (Reg-ROMs)

Turbulent Channel Flow Re, = 395

Reynolds normal stress (u'u') Reynolds shear stress (u'v')

R
——FOM A ——FOM -\
—— ROM projection / —— ROM projection /

hear Stress

1

004 006 008

MVirginiaTech
Invent the Future

Tsai, Fischer, lliescu, J. Comput. Phys., 2024
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Conclusions

o [LES-ROWS)

MVirginiaTech
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Conclusions

o [LES-ROWS)

o ROM filters
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Conclusions

o [LES-ROWS)

o ROM filters

o ROM lengthscale
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Conclusions

o [LES-ROWS)

o ROM filters

o ROM lengthscale

@ Reg-ROMs
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Conclusions

o [LES-ROWS)

o ROM filters

o ROM lengthscale
@ Reg-ROMs

@ turbulent channel flow
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Vision

How will commercial software for
ROMs for fluids look in 20402

LES-ROMs
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